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The ensemble inequivalence in a (unscreened) Coulomb liquid has been known since the years
1960s. The static structure described by the canonical ensemble and the grand canonical ensemble
are not equivalent in these cases. This occurrence is reviewed in the larger setting of the ensemble
inequivalence in long range fluids. We suggest that this inequivalence should continue to hold even
in correspondence of a phase transition where one may have a “sum rules melting”.
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I. INTRODUCTION

Systems in d dimensions with a pairwise interaction potential which decays at large distances as v(r) ~ b/r4+7 as
r — oo with —d < o < 0, are referred to as nonintegrable, or systems with long range interactions. Such systems
have an ill defined thermodynamic limit [I]. This may be correctly restored by applying the Kac prescription [2],
within which the potential is rescaled by an appropriate factor which vanishes as the range of the interaction diverges.
Or, for Coulomb systems [3H7], this problem is solved by making the liquid globally neutral. In a one component
plasma one uses a uniform neutralizing background of opposite charge than the total charge of the particles and in
a two component plasma the two components will have opposite charges so as to result in a net zero total charge of
the whole system. Non quantum Coulomb systems offer some exact analytic solutions in one dimension [3} @], in two
dimensions [§], and at a special value of the coupling constant in two dimensions [5] on various surfaces: The plane [5],
the cylinder [9], the sphere [10], the pseudosphere [I1], the Flamm’s paraboloid [12, [13]. However the energy remains
non additive, i.e. the system cannot be divided into independent macroscopic parts, as is usually the case for short
range interactions. Ensemble inequivalence, i.e. the possibility of observing different thermodynamic or structural
properties depending on the statistical ensemble which describes the system, is one of the hallmarks of long range
physics, which has been demonstrated in numerous classical systems [T4HI§].

In introductory books of statistical mechanics [19] we find that a statistical system can be described equally well
by the four statistical ensembles: The microcanonical ensemble in which nothing fluctuates and it is completely
constrained, the canonical ensemble where only the entropy S fluctuates, the grand canonical ensemble where S, N
fluctuate, N being the number of particles, and the isothermal isobaric ensemble where S,V fluctuate, V being the
volume of the system. In a strategy of reduction of the extensive variables (S,V, N) in favor of the intensive ones
(temperature T, pressure P, chemical potential ) which gives rise to the thermodynamic potentials in the various
ensembles, starting from the internal energy E of the microcanonical, it is also natural to consider the completely
unconstrained ensemble [I5] as the one where all three of the extensive variables S, V, N fluctuates. Clearly, for
additive systems the thermodynamic potentials are linear homogeneous functions of the extensive variables so that
the thermodynamic potential of the unconstrained ensemble only makes sense for non additive systems such as the
long range ones [15]. Non additivity is also responsible for the loss of convexity/concavity of thermodynamic potentials
which in turn may result, from a Legendre transfrom, to non differentiable points and phase transitions [20].

The thermodynamic properties of a fluid can be extracted by its (static) structure, i.e. the knowledge of its many
body correlation functions [21I] and not vice versa. In this brief work we will show how the structure of long range
many body systems displays an inequivalence between its canonical and grand canonical descriptions. This fact, which
affects computer experiments on these kind of models as well, should be stressed clearly because it is often overlooked.
Therefore, when dealing with long range systems, one should always specify which kind of ensemble he is using to
extract the properties of the fluid he is studying. This becomes very important in numerical experiments as outlined
in Section [[TIl

The oldest, more important, and best studied of all long range systems is the many body Coulomb system. When
talking about Coulomb systems we should have in mind its prototypical and simplest model, the Jellium. This is
a system of pointwise electrons of charge e and number density n in the three dimensional Euclidean space filled
with an uniform neutralizing background of charge density —en. The zero temperature, ground-sate, properties of
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the statistical mechanical system thus depends just on the electronic density m, or the Wigner-Seitz radius ry =
(3/47n)'/3 Jag where ag is Bohr radius, or the Coulomb coupling parameter T’ = €2 /7 a.

The model can be used for example as a first approximation to describe free electrons in metallic elements [22]
(2 S rs S 4) or the interior of a white dwarf [23] (rs ~ 0.01). More generally it is an essential ingredient for the
study of ionic liquids (see Ref. [2I] Chapter 10 and 11): molten-salts, liquid-metals, and ionic-solutions. In molten
alkali halides the masses of the cation and the anion are comparable whereas in liquid metals the anions are replaced
by electrons from the valence or conduction bands. The very small mass of the electron leads to a pronounced
disymmetry between the two species present in the metal. In particular, whereas the behavior of the cations can be
discussed in the framework of classical statistical mechanics, the electron form a degenerate Fermi gas for which a
quantum-mechanical treatment is required. Restricting to the class of simple metals in which the electronic valence
states are well separated in energy from the tightly-bound core states; their properties are reasonably well described
by the nearly-free-electron model. Metals that are classified in this sense include the alkali metals, magnesium, zinc,
mercury, gallium, and alluminium. Other liquid metals (noble and transition metals, alkaline earths, lanthanides, and
actinides) have more complicated electronic structures, and the theory of such systems is correspondingly less well
advanced. Molten-salt solutions are mixtures of liquid metals and molten salts. Ionic-solutions are liquids consisting
of a solvent formed by neutral, polar molecules, and a solute that dissociates into positive and negative ions. They
vary widely in complexity: in the classic electrolyte solutions, the cations and anions are comparable in size and
absolute charge, whereas macromolecular ionic solutions contain both macroions (charged polymers chains or coils,
micelles, charged colloidal particles, etc.) and microscopic counterions.

Whereas the finite, non zero, temperature T properties of Jellium depend additionally on the electron degeneracy
parameter © = T/Tr, where Tr is the Fermi temperature. Apart from its purely speculative interest, the temperature
dependence of the Jellium properties are certainly of great astrophysical relevance. Examples are dense plasmas in
the interior of giant planets [24] and brown dwarfs atmospheres. Other uses could be in highly compressed laboratory
plasmas, such as laser plasmas [25], inertial confinement fusion plasmas [26], and pressure-induced modifications of
solids, such as insulator-metal transitions [27]. These examples justify the growing interest recently emerged in matter
under extreme conditions in the warm-dense regime [28].

II. ENSEMBLE INEQUIVALENCE

Given a fluid of N particles of mass m in a volume V with a density p = N/V at an absolute temperature T in the
canonical ensemble, the n-particle density of the many body system is defined as [21]
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where r = (ry,...,r,) and p” = (p1,...,Pn) are respectively the coordinates and momenta of the n particles,

we denote with dr™ = dridry---dr,, 8 = 1/kgT, Hn (N, pY) = Kn(p"Y) + Vn(r") is the Hamiltonian of the
many body N particle fluid, Qn = [ [exp[—BHn(r™,p")] drVdp” is the canonical partition function, and Zy =

J exp[—BVYN(r)]drV. So that the pg\?) are normalized as fpg\?)(r) dr™ = N!/(N —n)\.
The n particles distribution functions are
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where r =r; —ry and Sy(k) =1+ pf[g](\?)(r) — 1] exp(—ik - r) dr is the static structure factor of the fluid, with k
the wave vector of the beam scattering with the fluid.

Eq. is correct for Coulomb systems even in the thermodynamic limit [29] where it is also known as the charge
sum rule, the first of a hierarchy of sum rules called multipolar [6] imposed by electrostatics and the hypothesis of
exponential clustering, i.e. the asymptotic exponential decay of correlation functions as two groups of particles are
largely separated. Systems for which Eq. holds in the thermodynamic limit are called hyperunifrom [30]. For
long range non Coulombic potentials, o # —2, (even if, instead of considering the Coulomb potential as the solution of
the Poisson’s equation, one could alternatively define it as v(r) oc 1/r in any dimension) the Fourier transform of the
pair potential ¥(k) ~ a4bk? as k — 0, and an analysis of the equilibrium equations of the Born-Green-Yvon hierarchy
shows (see section II.B.3 of Ref. [6]) that the Fourier transform of the static structure factor, in the thermodynamic
limit, S¢(k) = (Baqgb)k~ 7 +g(k) where g(k) depends on the three points correlation functions and is such that g(k) — 0
as k — 0 due to clustering. When o # —2 the first term is not analytic in k at k = 0 and this singularity introduces
an algebraic term of order r~(¢=7) in the asymptotic, large r, development of S¢(r) = [ S¢(k) exp(—ik - r) dk/(2m)?
[31]. Therefore among all possible long range potentials, it is only in the Coulomb case that a decay law of correlations
faster than any inverse power is compatible with the structure of equilibrium equations.

For short range fluids, on the other hand, we know [32] that, in the thermodynamic limit,
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where 7 = |r| is the modulus of the relative vector r, x17 = [p(0P/0p)n |~ ! is the isothermal compressibility of the
fluid, and x = B/p is the isothermal compressibility of the ideal gas. Eq. assumes the existence of a finite
correlation length in a liquid [32]. It will break down in a neighborhood of a phase transition when correlation lengths
diverge at criticality.

Then from Eq. follows that, in the thermodynamic limit,

S(0) =1+ p/[g@)(r) — 1] dr — ’;—; (2.6)

in fact the integral can be split in two pieces: one over a volume V in a neighborhood of the origin and one over

the remaining volume V' outside of V where to a good approximation ¢(?) ~ gc(f)). But we know that the first piece

must tend to —1 due to the property whereas in the second piece we can replace ¢(?) with the gg) of Eq.
and notice that in the thermodynamic limit V//V — 1. Eq. shows how for short range systems in the
thermodynamic limit both the canonical and grand canonical ensembles give the same result and . This
is not generally true anymore for long range systems as is proven by the counterexample of a Coulomb system where
Eq. breaks down since due to electrostatics the charge sum rule must hold also in the thermodynamic limit.

On the other hand, in the grand canonical ensemble, where P(N) is the probability that the fluid contains N
particles irrespective of their coordinates and momenta, we define instead
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where z = A3 exp(Bu) is the activity, with z the chemical potential and A = y/273h? /m the de Broglie thermal
wavelength, and © = exp[—Q(u, V,T)] = exp(BPV) = Y N_oexp(NBu)Qn, with Q the grand potential and P the
pressure. Then the p(™ are normalized as [ p(™ (r™) dr™ = (N!/(N —n)!), where (...) denotes an average with respect

to P(N) = exp(NBu)Qn/O.
The average number of particles in the system is

(N)= " NP(N)= ‘;lli(j, (2.9)
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so that
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It follows then
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where this intensive ratio is related to the isothermal compressibility. In fact, for an infinitesimal isothermal change it
follows that VdP = Ndu, where P is the pressure. If the change also takes place at constant volume, both dP and du
are proportional to dN: dP = (0P/ON)yrdN and dyp = (Ou/ON)y,rdN. So that N(Ou/ON)y.r =V (OP/ON)yr =
(0P/0p)n 1 = 1/pxr, with xr the isothermal compressibility. At equilibrium N may be replaced by (N) so that [21]
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with X9 the isothermal compressibility of the ideal gas.
The n particles distribution functions are
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From the normalization condition for p(™ and the thermodynamic condition of Eq. (2.11)), it follows immediately
that, if the system is homogeneous, i.e. p!) is constant and equal to p = (N)/V,

59¢(0) =1+ p/[g<2> (r) — 1] dr

(2
P

g (NN 1)
=14 )
2
- <<];fv>> — (N) = ;% (2.14)

which agrees with the calculation in the canonical ensemble in the thermodynamic limit , but only for short range
systems, since generally xr # 0.

Comparing Eq. with Eq. we then see that the structure predicted by the canonical ensemble does
not agree with the one predicted by the grand canonical ensemble for long range (unscreened) Coulomb fluids but
they agree only for short range fluids for which Eq. holds. They do give rise to ensemble inequivalence. Here
we are thinking of unscreened charged liquids, i.e. liquids whose constituents particles are (not completely screened)
charges. Not liquids like water or even like ionic screened two component liquids where one should rather look at the
Bhatia-Thornton structure factors as done in Refs. [33H35]. In particular the work of Aqua and Fisher [35] suggests
to look for ensemble inequivalence in ionic liquids near the critical point when there is a ionic asymmetry which
couples charge and density fluctuations in a direct manner: The charge correlation length then diverges precisely
as the density correlation length. For short range or long range non Coulomb systems one should study ensemble
inequivalence case by case.

III. PRACTICAL IMPLICATIONS

The ensemble inequivalence in Coulomb fluids has practical implications in many numerical experiment that can
be found in the literature. For example in the canonical ensemble the quantum one component electron plasma, the
Jellium, has been studied by various authors using path integral Monte Carlo methods (see for example the works
[36H38] and references therein). We clearly see from these studies that S(0) = 0. While those studies are on a
plasma of pointwise charged fermions in the canonicalensemble, the authors of Ref. [39] study a plasma of pointwise
charged bosons in the grand canonical ensemble (with the worm algorithm). The difference between these studies
illustrates the role played by the different statistics used to describe the same quantum Coulomb system of identical
charged particles. But it should not be overlooked the role played by the here discussed ensemble inequivalence when
analyzing their results. In the two dimensional two component plasma of Ref. [40] the ensemble inequivalence is found
for what they call the “underscreened” Coulomb fluid. At low temperature below the Kosterlitz-Thouless transition
the ensemble inequivalence emerges in the insulator phase.



In classical Coulomb unscreened charged liquids one can consider for example the case of the two component plasma.
Here one should rather look at the Bhatia-Thornton structure factors as done in Refs. [33H35]. The work of Aqua
and Fisher [35] suggests to look for ensemble inequivalence in ionic liquids near the critical point when there is a ionic
asymmetry which couples charge and density fluctuations: The charge correlation length then diverges precisely as
the density correlation length giving rise to the breaking of the exponential clustering. Nonetheless the arguments
outlined in the previous section will continue to hold since they are just normalization conditions for the correlation
functions. So we still expect inequivalence between the canonical and the grand canonical ensembles.

The structure factor of a fluid can be obtained experimentally from measurements of cross-section for scattering of
neutrons or X-rays as a function of the scattering angle. Since the structure factor [S(k)—1]/p is the Fourier transform
of the total correlation function h(r) = g(r) — 1, and viceversa, the large r asymptotic behavior of h determines the
small k asymptotic behavior of S [3I]. On the other hand the small r behavior of h determines the large k behavior
of S. So that, for example, an integrable h that is analytic, i.e. infinitely derivable, produces a decay to zero of S — 1
faster than any inverse power of k. Non analyticities will give rise to oscillations. In a computer experiment where
one only has finite simulation cells, and mimics the thermodynamic limit by choosing periodic boundary conditions
on it, Egs. and will be subject to finite size errors.

IV. CONCLUSIONS

We showed that it has long been known about the ensemble inequivalence in Coulomb liquids which manifests itself
for example comparing the structure of the liquid in the canonical and grand canonical ensembles. For example we
can compare the canonical path integral Monte Carlo simulation of the Fermi one component plasma (the Jellium)
of Ref. [36] where we clearly see from their Fig. 2 that S(0) = 0 with the grand canonical (worm algorithm) path
integral Monte Carlo simulation of the Bose one component plasma of Ref. [39] where S(0) # 0. Recently there
has been a revival of interest in this fact also for what concerns the inequivalence between the micro canonical and
canonical ensembles of some long range fluids [I4] or the inequivalence between the unconstrained and isothermal
isobaric ensembles of the modified Thirring model [I5HIg]. In this short work we showed that long range fluids may
or may not be inequivalent in the static structure described by the canonical and the grand canonical ensembles.

On approaching a phase transition [35] [41H43] some sum rules will merge and some will cease to hold. In particular,
once a description in terms of an order parameter is found, we may end up with a unified treatment of sum rules and
upon the divergence of certain correlation lengths some other may fail.

We will call this process the “melting or evaporation of the sum rules”. An example of failure is given by the second
and fourth moment sum rules for ionic liquids at their vapor-liquid phase transition [43]. In this case the divergence
of the correlation length produces the exponential clustering breaking and the consequent failure or violation of
multipolar sum rules except for the very first one, the charge sum rule, the zeroth moment sum rule, which, being
just a consequence of the electrostatic charge neutrality, should always hold

The universality property of the renormalization group [44] theory of critical phenomena is a consequence of the
existence of a fixed point for the scaling symmetry on which expand the smooth Hamiltonian space [45H51] on its
tangent space. A different universality holds for the mathematical validity of a sum rule in the theory of many body
systems which holds in different physical liquids like for example in the Jellium problem [3, 4\ 6], [7, [52H54]. From this
perspective it is rather amusing to notice how one often experiences a breakdown of sum rules at criticality.

The ensemble inequivalence should always be kept in mind when studying or simulating these kinds of long range
many body systems.

AUTHOR DECLARATIONS
Conflict of interest

The author has no conflicts to disclose.

Data availability

The data that support the findings of this study are available from the corresponding author upon reasonable
request.



Funding

None declared.

[1] D. Ruelle, Classical statistical mechanics of a system of particles, Helvetica Physica Acta 36, 183 (1963).

[2] M. Kac, G. E. Uhlenbeck, and P. C. Hemmer, On the van der waals theory of the vapor-liquid equilibrium. i. discussion
of a one-dimensional model, J. Math. Phys. 4, 216 (1963 ).

[3] A. Lenard, Exact Statistical Mechanics of a One Dimensional System with Coulomb Forces, |J. Math. Phys. 2, 682 (1961).

[4] S. F. Edards and A. Lenard, Exact Statistical Mechanics of a One Dimensional System with Coulomb Forces. II. The
Method of Functional Integration, |J. Math. Phys. 3, 778 (1961).

[5] B. Jancovici, Exact Results for the Two-Dimensional One-Component Plasma, Phys. Rev. Lett. 46, 386 (1981).

[6] Ph. A. Martin, Sum rules in charged fluids, Rev. Mod. Phys. 60, 1075 (1988).

[7] N. H. March and M. P. Tosi, Coulomb Liquids (Academic Press Inc Ltd, London, 1984).

[8] A. M. Salzberg and S. Prager, Equation of State for a Two-Dimensional Electrolyte, J. Chem. Phys. 38, 2587 (1963).

[9] P. Choquard, The two-dimensional one-component plasma on a periodic strip, Helv. Phys. Acta 54, 332 (1981).
[10] J. M. Caillol, Exact results for a two-dimensional one-component plasma on a sphere, J. Phys. (Paris) -Lett. 42, L (1981).
[11] R. Fantoni, B. Jancovici, and G. Téllez, Pressures for a one-component plasma on a pseudosphere, [J. Stat. Phys. 112, 27

(2003).

[12] R. Fantoni and G. Téllez, Two dimensional one-component plasma on a flamm’s paraboloid, .J. Stat. Phys. 133, 449 (2008).

[13] R. Fantoni, Two component plasma in a flamm’s paraboloid, |J. Stat. Mech. 04015 (2012).

[14] J. Barré, D. Mukamel, and S. Ruffo, Inequivalence of ensembles in a system with long-range interactions, Phys. Rev. Lett.
87, 030601 (2001).

[15] 1. Latella, A. Pérez-Madrid, A. Campa, L. Casetti, and S. Ruffo, Thermodynamics of nonadditive systems, Phys. Rev.
Lett. 114, 230601 (2015).

[16] 1. Latella, A. Pérez-Madrid, A. Campa, L. Casetti, and S. Ruffo, Long-range interacting systems in the unconstrained
ensemble, Phys. Rev. E 95, 012140 (2017).

[17] A. Campa, L. Casetti, I. Latella, and S. Ruffo, Phase transitions in the unconstrained ensemble, J. Stat. Mech. 014004,
10.1088/1742-5468 /ab6098 (2020).

[18] A. Campa, L. Casetti, P. D. Cintio, I. Latella, J. M. Rubi, and S. Ruffo, Modified thirring model beyond the excluded-
volume approximation, J. Stat. Mech. 103202, |10.1088/1742-5468 /ac9464 (2022).

[19] A. L. Fetter and J. D. Walecka, Quantum Theory of Many-Particle Systems (Dover Publications Inc., New York, 1971).

[20] H. Touchette and C. Beck, Nonconcave Entropies in Multifractals and the Thermodynamic Formalism, J. Stat. Phys. 125,
455 (2006).

[21] J.-P. Hansen and I. R. McDonald, Theory of simple liquids, 2nd ed. (Academic Press, London, 1986).

[22] N. W. Ashcroft and N. D. Mermin, Solid State Physics (Thomson Learning Inc, Australia, 1976).

[23] S. L. Shapiro and S. A. Teukolsky, Black Holes, White Dwarfs, and Neutron Stars. The Physics of Compact Objects (John
Wiley & Sons Inc, New York, 1983).

[24] M. D. Knudson et al., Probing the Interiors of the Ice Giants: Shock Compression of Water to 700GPa and 3.8g/cm?,
Phys. Rev. Lett. 108, 091102 (2012).

[25] R. Ernstorfer et al., The formation of warm dense matter: experimental evidence for electronic bond hardening in gold,
Science 323, 5917 (2009).

[26] L. B. Fletcher et al., Observations of Continuum Depression in Warm Dense Matter with X-Ray Thomson Scattering,
Phys. Rev. Lett. 112, 145004 (2014).

[27] G. Mazzola, S. Yunoki, and S. Sorella, Unexpectedly high pressure for molecular dissociation in liquid hydrogen by electronic
simulation, Nat. Commun. 5, 3487 (2014)!

[28] T. Dornheim, S. Groth, T. Sjostrom, F. D. Malone, W. M. C. Foulkes, and M. Bonitz, Ab Initio Quantum Monte Carlo

Simulation of the Warm Dense Electron Gas in the Thermodynamic Limit, Phys. Rev. Lett. 117, 156403 (2016).

E. H. Lieb and H. Narnhofer, The Thermodynamic Limit for Jellium, J. Stat. Phys. 12, 291 (1975).

S. Torquato, Hyperuniform states of matter, [Physics Reports 745, 1 (2018).

M. J. Lighthill, Introduction to Fourier analysis and generalized functions (Cambridge University Press, 1959).

J. L. Lebowitz and J. K. Percus, Long-range correlations in a closed system with applications to nonuniform fluids, Phys.

Rev. 122, 1675 (1961).

[33] R. Fantoni and G. Pastore, Monte carlo simulation of the nonadditive restricted primitive model of ionic fluids: Phase
diagram and clustering, [Phys. Rev. E 87, 052303 (2013).

[34] R. Fantoni and G. Pastore, The restricted primitive model of ionic fluids with nonadditive diameters, Europhys. Lett. 101,
46003 (2013).

[35] J.-N. Aqua and M. E. Fisher, Ionic Criticality: An Exactly Soluble Model, Phys. Rev. Lett. 29, 135702 (2004 ).

[36] E. W. Brown, B. K. Clark, J. L. DuBois, and D. M. Ceperley, Path-Integral Monte Carlo Simulation of the Warm Dense
Homogeneous Electron Gas, Phys. Rev. Lett. 110, 146405 (2013)!

[37] R. Fantoni, Jellium at finite temperature using the restricted worm algorithm, [Eur. Phys. J. B 94, 63 (2021).

[2
3
[3
3


https://doi.org/10.1063/1.1703946
https://doi.org/10.1063/1.1703757
https://doi.org/10.1063/1.1724281
https://doi.org/10.1103/PhysRevLett.46.386
https://doi.org/10.1103/RevModPhys.60.1075
https://doi.org/10.1063/1.1733553
https://doi.org/10.1023/A:1023671419021
https://doi.org/10.1023/A:1023671419021
https://doi.org/10.1007/s10955-008-9616-x
https://doi.org/10.1088/1742-5468/2012/04/P04015
https://doi.org/10.1103/PhysRevLett.87.030601
https://doi.org/10.1103/PhysRevLett.87.030601
https://doi.org/10.1103/PhysRevLett.114.230601
https://doi.org/10.1103/PhysRevLett.114.230601
https://doi.org/10.1103/PhysRevE.95.012140
https://doi.org/10.1088/1742-5468/ab6098
https://doi.org/10.1088/1742-5468/ac9464
https://doi.org/10.1007/s10955-006-9174-z
https://doi.org/10.1007/s10955-006-9174-z
https://doi.org/10.1103/PhysRevLett.108.091102
https://doi.org/10.1126/science.1162697
https://doi.org/10.1103/PhysRevLett.112.145004
https://doi.org/10.1038/ncomms4487
https://doi.org/10.1103/PhysRevLett.117.156403
https://doi.org/10.1007/BF01012066
https://doi.org/10.1016/j.physrep.2018.03.001
https://doi.org/10.1103/PhysRev.122.1675
https://doi.org/10.1103/PhysRev.122.1675
https://doi.org/10.1103/PhysRevE.87.052303
https://doi.org/10.1209/0295-5075/101/46003
https://doi.org/10.1209/0295-5075/101/46003
https://doi.org/10.1103/PhysRevLett.92.135702
https://doi.org/10.1103/PhysRevLett.110.146405
https://doi.org/10.1140/epjb/s10051-021-00078-y

[38] R. Fantoni, Jellium at finite temperature, Mol. Phys. 120, 4 (2021).

[39] C. Zhang, B. Capogrosso-Sansone, M. Boninsegni, N. V. Prokof’ev, and B. V. Svistunov, Superconducting transition
temperature of the bose one-component plasma, Phys. Rev. Lett. 130, 236001 (2023).

[40] C. Gray, S. T. Bramwell, and P. C. W. Holdsworth, Electric field fluctuations in the two-dimensional Coulomb fluid, New
J. Phys 23, 093039 (2021).

[41] Y. C. Kim, M. E. Fisher, and E. Luijten, Precise Simulation of Near-Critical Fluid Coexistence, Phys. Rev. Lett. 91,
065701 (2003).

[42] M. E. Fisher, J.-N. Aqua, and S. Banerjee, How Multivalency Controls Ionic Criticality, [Phys. Rev. Lett. 95, 135701
(2005).

[43] S. K. Das, Y. C. Kim and M. E. Fisher, When is a conductor not perfect? sum rules fail under critical fluctuations, Phys.
Rev. Lett. 107, 215701 (2011).

[44] M. E. Fisher, Renormalization group theory: Its basis and formulation in statistical physics, Rev. Mod. Phys. 70, 653
(1998).

[45] K. G. Wilson, Renormalization Group and Critical Phenomena I. Renormalization Group and Kadanoff Scaling Picture,
Phys. Rev. B 4, 3174 (1971).

[46] K. G. Wilson and J. Kogut, The Renormalization Group and the epsilon Expansion, Phys. Rep. 12, 75 (1974).

[47] M. E. Fisher, The Renormalization Group in the Theory of Critical Phenomena, Rev. Mod. Phys. 46 597 (1974).

[48] F. J. Wegner, Corrections to Scaling Laws, Phys. Rev. B 5, 4529 (1972).

[49] F. J. Wegner, Critical Exponents in Isotropic Spin Systems, Phys. Rev. B 6, 1891 (1972).

[50] F. J. Wegner, The Critical State, General Aspects, in Phase Transitions and Critical Phenomena, Vol. 6, edited by C. Domb
and M. S. Green (Academic, London, 1976) p. 6.

[61] L. P. Kadanoff, Scaling, Universality, and Operator Algebras, in Phase Transitions and Critical Phenomena, Vol. 5a, edited
by C. Domb and M. S. Green (Academic, London, 1976) p. 1.

[62] G. F. Giuliani and G. Vignale, Quantum Theory of the Electron Liquid (Cambridge University Press, Cambridge, 2005).

[63] D. M. Ceperley and B. J. Alder, Ground State of the Electron Gas by a Stochastic Method, [Phys. Rev. Lett. 45, 566
(1980).

[64] B. Jancovici, Exact Results for the Two-Dimensional One-Component Plasma, Phys. Rev. Lett. 46, 386 (1981).


https://doi.org/10.1080/00268976.2021.1996648
https://doi.org/10.1103/PhysRevLett.130.236001
https://doi.org/10.1088/1367-2630/ac0c52
https://doi.org/10.1088/1367-2630/ac0c52
https://doi.org/10.1103/PhysRevLett.91.065701
https://doi.org/10.1103/PhysRevLett.91.065701
https://doi.org/10.1103/PhysRevLett.95.135701
https://doi.org/10.1103/PhysRevLett.95.135701
https://doi.org/10.1103/RevModPhys.70.653
https://doi.org/10.1103/RevModPhys.70.653
https://doi.org/10.1103/PhysRevB.4.3174
https://doi.org/10.1016/0370-1573(74)90023-4
https://doi.org/10.1103/RevModPhys.46.597
https://doi.org/10.1103/PhysRevB.5.4529
https://doi.org/10.1103/PhysRevB.6.1891
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/PhysRevLett.45.566
https://doi.org/10.1103/PhysRevLett.45.566

	Ensemble inequivalence in the structure of a Coulomb liquid
	Abstract
	Introduction
	Ensemble inequivalence
	Practical implications
	Conclusions
	Author declarations
	Conflict of interest
	Data availability
	Funding

	References


