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The landmark paper, 1983-1984
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Very simple concept, nonetheless missed by the founding
fathers of QM in the 1920s and 1930s

Nowadays in any modern elementary QM textbook
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Sakurai QM textbook, p. 464
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Basics

Parametric Hamiltonian, non degenerate ground state

H(ξ)|ψ(ξ)⟩ = E(ξ)|ψ(ξ)⟩ parameter ξ: “slow variable”

Berry phase: Fundamentals

The Hamiltonian depends on a parameter (and has nondegenerate
ground eigenstate): H(ξ)|ψ(ξ)〉 = E(ξ)|ψ(ξ)〉.

|ψ(ξ1)〉

|ψ(ξ2)〉

|ψ(ξ3)〉

|ψ(ξ4)〉

e
−i∆ϕ

12 =
〈ψ(ξ1)|ψ(ξ2)〉

|〈ψ(ξ1)|ψ(ξ2)〉|

∆ϕ12 = − Im log 〈ψ(ξ1)|ψ(ξ2)〉
Berry’s phase — 2010 – p. 7

e−i∆φ12 =
⟨ψ(ξ1)|ψ(ξ2)⟩
|⟨ψ(ξ1)|ψ(ξ2)⟩|

∆φ12 = − Im log ⟨ψ(ξ1)|ψ(ξ2)⟩

γ = ∆φ12 +∆φ23 +∆φ34 +∆φ41

= − Im log ⟨ψ(ξ1)|ψ(ξ2)⟩⟨ψ(ξ2)|ψ(ξ3)⟩⟨ψ(ξ3)|ψ(ξ4)⟩⟨ψ(ξ4)|ψ(ξ1)⟩

Gauge-invariant!
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From discrete “geometry” to differential geometry

A smooth closed curve C in ξ space

e
−i∆ϕ =

〈ψ(ξ)|ψ(ξ + ∆ξ) 〉

| 〈ψ(ξ)|ψ(ξ + ∆ξ) 〉 |

−i∆ϕ $ 〈ψ(ξ)|∇ξ ψ(ξ) 〉 · ∆ξ

Polarization in solids:A modern view – p. 24/33

e−i∆φ =
⟨ψ(ξ)|ψ(ξ+∆ξ)⟩
|⟨ψ(ξ)|ψ(ξ+∆ξ)⟩|

If we choose a differentiable gauge:

−i∆φ ≃ ⟨ψ(ξ)|∇ξψ(ξ)⟩ ·∆ξ

γ =
M∑

s=1

∆φs,s+1 −→
∮

C
dφ

dφ = A(ξ) · dξ = i ⟨ψ(ξ)|∇ξψ(ξ)⟩ · dξ

dφ linear differential form, i ⟨ψ(ξ)|∇ξψ(ξ)⟩ vector field
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Berry connection & Berry curvature

Domain S: ξ ∈ S ⊂ Rd

Berry connection
A(ξ) = i ⟨ψ(ξ)|∇ξψ(ξ)⟩

real, nonconservative vector field
gauge-dependent
“geometrical” vector potential
a.k.a. “gauge potential”

Berry curvature (ξ ∈ R3)
Ω(ξ) = ∇ξ ×A(ξ) = i ⟨∇ξψ(ξ)| × |∇ξψ(ξ)⟩

gauge-invariant (hence observable)
geometric analog of a magnetic field
a.k.a. “gauge field”
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The Berry connection is real

⟨ψ(ξ)|ψ(ξ)⟩ = 1 ∀ξ

∇ξ⟨ψ(ξ)|ψ(ξ)⟩ = 0

= ⟨∇ξψ(ξ)|ψ(ξ)⟩+ ⟨ψ(ξ)|∇ξψ(ξ)⟩
= 2 Re ⟨ψ(ξ)|∇ξψ(ξ)⟩

⟨ψ(ξ)|∇ξψ(ξ)⟩ purely imaginary

A(ξ) = i ⟨ψ(ξ)|∇ξψ(ξ)⟩ real (1)

Last but not least:
What about time-reversal invariant systems?
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Berry connection vs. perturbation theory

|ψ0(ξ +∆ξ)⟩ − |ψ0(ξ)⟩

≃
∑
n ̸=0

′
|ψn(ξ)⟩

⟨ψn(ξ)| [H(ξ +∆ξ)− H(ξ) ] |ψ0(ξ)⟩
E0(ξ)− En(ξ)

|∂αΨ0(ξ)⟩ =
∑
n ̸=0

′
|Ψn(ξ)⟩

⟨Ψn(ξ)|∂αH(ξ)|Ψ0(ξ)⟩
E0(ξ)− En(ξ)

Aα(ξ) = i⟨ψ0(ξ)|∂αψ0(ξ)⟩ = 0

“parallel transport” gauge
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Parallel transport

|∆ψ0(ξ)⟩ =
∑
n ̸=0

′
|ψn(ξ)⟩

⟨ψn(ξ)| [H(ξ +∆ξ)− H(ξ) ] |ψ0(ξ)⟩
E0(ξ)− En(ξ)

|ψ0(ξ +∆ξ)⟩ ≃ |ψ0(ξ)⟩+ |∆ψ0(ξ)⟩
|∆ψ0(ξ)⟩ orthogonal to |ψ0(ξ)⟩

Differential Geometry:

Gaussian curvature of the
spherical surface Ω = 1/R2

∫
ΣΩdσ = angular mismatch

Connection?

a curved space but not in a flat space may lead to the idea of using it as a way to
measure curvature. We cannot prove it mathematically here, but it turns out that if we
choose a loop that is small enough around a point in a curved space, the amount of
change in the direction of a vector that is parallel transported along it is proportional
to the area enclosed by the loop. So, the ratio between the area of the loop and the
amount of change in the direction of the vector (whatever way we chose to measure
it) can be used as a measure to the curvature of the surface that includes the loop.
Actually we define curvature by the value of this ratio.
 

 
Riemann Curvature Tensor
 
Riemann tensor is a rank (1,3) tensor that describes the curvature in all directions at a
given point in space. It takes 3 vectors and returns a single vector. The vectors that are
fed to the tensor should be very small and have a length ε. If we use the first two
vectors to form a tiny parallelogram and we parallel transport the third vector around
this parallelogram, the vector that the function returns is approximately the vector
difference between the original vector and the vector after the parallel transport.
Mathematically it can be written like this:
 

 
 
Where U and V are the vectors of length ε that form the parallelogram, R is Riemann
tensor, W is the third vector before the parallel transport and W' is the vector after the
parallel transport. Note that ε³ get smaller much faster then ε² as we reduce the value
of ε, so that for any required precision we can choose ε small enough so that the terms
of ε³ will be negligible and we can write:
 

 
Using coordinates it will look like this:
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Berry connection vs. perturbation theory, better

|∆ψ0(ξ)⟩ =
∑
n ̸=0

′
|ψn(ξ)⟩

⟨ψn(ξ)| [H(ξ +∆ξ)− H(ξ) ] |ψ0(ξ)⟩
E0(ξ)− En(ξ)

|ψ0(ξ +∆ξ)⟩ ≃ |ψ0(ξ)⟩+ |∆ψ0(ξ)⟩

Better:

|ψ0(ξ +∆ξ)⟩ → [ |ψ0(ξ)⟩+ |∆ψ0(ξ)⟩ ] e−i∆φ(ξ)

≃ [1 − i ∆φ(ξ) ] |ψ0(ξ)⟩+ |∆ψ0(ξ)⟩

A(ξ) · dξ = i⟨ψ0(ξ)|∇ξψ0(ξ)⟩ · dξ

= 0 + dφ
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Berry curvature: perturbation theory is OK

The Berry curvature is gauge invariant

Ω(ξ) = ∇ξ ×A(ξ) (ξ ∈ R3)

= i
∑
n ̸=0

′ ⟨ψ0(ξ)|∇H(ξ)|ψn(ξ)⟩ × ⟨ψn(ξ)|∇H(ξ)|ψ0(ξ)⟩
[E0(ξ)− En(ξ)]2

Ω(ξ) singular at degeneracy points

Stokes’ theorem: C = ∂Σ

γ =

∮
∂Σ

A(ξ) · dξ =

∫
Σ
Ω(ξ) · n dσ

.......only if Σ is simply connected!
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Berry phase

Loop integral of the Berry connection on a closed path:

γ =

∮
C
A(ξ) · dξ

Berry phase, gauge invariant modulo 2π
corresponds to measurable effects

Main message of Berry’s 1984 paper:

In quantum mechanics, any gauge-invariant quantity is
potentially a physical observable



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Berry phase

Loop integral of the Berry connection on a closed path:

γ =

∮
C
A(ξ) · dξ

Berry phase, gauge invariant modulo 2π
corresponds to measurable effects

Main message of Berry’s 1984 paper:

In quantum mechanics, any gauge-invariant quantity is
potentially a physical observable
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Coupling to “the rest of the Universe”

γ cannot be cast as the expectation value of any Hermitian
operator: instead, it is a gauge-invariant phase of the
wavefunction

The quantum system is not isolated:
the parameter ξ summarizes the effect of “the rest of the
Universe”
Slow variables: ξ (e.g., a nuclear coordinate).
Fast variables: here, the electronic coordinates
For a genuinely isolated system, no Berry phase occurs
and all observable effects are indeed expectation values of
some operators
What about classical mechanics?
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Semantics: why “Geometric”?

So far, everything time-independent.
Suppose instead that:

The energy of |ψ(ξ)⟩ is E(ξ)

The parameter moves adiabatically on the closed path in
time t : ξ → ξ(t), with ξ(T ) = ξ(0)

Then the state acquires a total phase factor eiγeiα(T )

The phase γ is independent of the details of motion: hence
“geometric”
The additional phase is the “dynamical phase’’, and does
depend on the motion: α(T ) = −1

ℏ
∫ T

0 dt E(ξ(t))
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Berry phase

Loop integral of the Berry connection on a closed path:

γ =

∮
C
A(ξ) · dξ

Berry phase, gauge invariant only modulo 2π
corresponds to measurable effects

If C = ∂Σ is the boundary of Σ, then (Stokes th.):

γ =

∮
∂Σ

A(ξ) · dξ =

∫
Σ

dσ Ω(ξ) · n̂

requires Σ to be simply connected
requires A to be regular on Σ
no longer arbitrary mod 2π

What about integrating the curvature on a closed surface?
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A simple example: Two level system

H(ξ) = ξ · σ⃗ nondegenerate for ξ ̸= 0
= ξ (sinϑ cosφ σx + sinϑ sinφ σy + cosϑ σz)

lowest eigenvalue − ξ

lowest eigenvector |ψ(ϑ, φ)⟩ =
(

sin ϑ
2 e−iφ

− cos ϑ
2

)
Aϑ = i⟨ψ|∂ϑψ⟩ = 0

Aφ = i⟨ψ|∂φψ⟩ = sin2 ϑ

2

Ω = ∂ϑAφ − ∂φAϑ =
1
2
sinϑ

Ω gauge invariant

What about A? Obstruction!
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Integrating the Berry curvature

Gauss-Bonnet-Chern theorem (1940):

1
2π

∫
S2

Ω(ξ) · n dσ = topological integer ∈ Z

Integrating Ω(ϑ, φ) over [0, π]× [0,2π]:

1
2π

∫
dϑdφ

1
2
sinϑ = 1 Chern number C1

Measures the singularity at ξ = 0 (monopole)

Berry phase on any closed curve C on the sphere:
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Berry phase on any closed curve C on the sphere:
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spectrum of eigenvalues,

where |n(λ)〉 and En(λ) are eigenstates and eigenvalues, respectively, of H(λ).

Suppose that the values of λ change slowly along a smooth path in . Under
the adiabatic approximation, a system initially prepared in an eigenstate
|n(λ)〉 remains in the corresponding instantaneous eigenspace.

In the simplest case of a non-degenerate eigenvalue, the evolution of the
eigenstate is specified by the spectral decomposition (2.1) up to a phase
factor. This phase factor can be evaluated by solving the Schrödinger equation
under the constraint of the adiabatic approximation, yielding

where  is the usual dynamical phase, and the extra
phase factor is the geometric phase, φ. This phase has the form of a path
integral of a vector potential A (analogous to the electromagnetical vector
potential) called the Berry connection, whose components are

As the eigenstates |n(λ)〉  are defined up to an arbitrary phase factor, the
Berry connection is not uniquely defined. Nevertheless, when the path integral
in expression (2.2) is performed on a closed loop, its value is independent of
this arbitrary choice, and φ is uniquely defined. Berry was the first to recognize
that the additional phase factor in (2.2) has an inherent geometrical meaning:
it cannot be expressed as a single-valued function of λ, but it is a function of
the path followed by the state during its evolution. Surprisingly, the value of
this phase depends only on the geometry of the path, and not on the rate at
which it is traversed. Hence the name ‘geometric phase’.

The simplest, but still significant, example of a geometric phase is the one
obtained for a two-level system, such as a spin-1/2 particle in the presence of
a magnetic field. Its Hamiltonian is given by

where (θ, ϕ) determine the orientation of the magnetic field; 

 is a SU(2) transformation which rotates the
operator B.σ to the z-direction; and σ=(σx, σy, σz) is the vector of Pauli's
operators, given by

With this parametrization, the Hamiltonian can be represented as a vector on a
sphere, centred in the point of degeneracy of the Hamiltonian (|B|=0), as
shown in figure 1.

Figure 1

The geometric phase is
proportional to the solid
angle spanned by the
Hamiltonian with respect to
its degeneracy point.

For θ=ϕ=0, we have U=  and the two eigenstates of the system given by |+〉

γ ≡
∮

C
A(ξ) · dξ

=
1
2
× (solid angle spanned)
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obtained for a two-level system, such as a spin-1/2 particle in the presence of
a magnetic field. Its Hamiltonian is given by

where (θ, ϕ) determine the orientation of the magnetic field; 

 is a SU(2) transformation which rotates the
operator B.σ to the z-direction; and σ=(σx, σy, σz) is the vector of Pauli's
operators, given by

With this parametrization, the Hamiltonian can be represented as a vector on a
sphere, centred in the point of degeneracy of the Hamiltonian (|B|=0), as
shown in figure 1.
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The sphere as the sum of two half spheres

2πC1 =

∫
S2

Ω(ξ) · n dσ

=

∫
S+

Ω(ξ) · n dσ +

∫
S−

Ω(ξ) · n dσ

Stokes:
∫

S±

Ω(ξ) · n dσ = ±
∮

C
A±(ξ) · dξ∫

S2
Ω(ξ) · n dσ =

∮
C
A+(ξ) · dξ −

∮
C
A−(ξ) · dξ

Gauge choice: A−(ξ) regular in the lower hemisphere:
hence it has an obstruction in the upper hemisphere

2πC1 =

∫
S+

Ω(ξ) · n dσ −
∮

C
A−(ξ) · dξ
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Bloch orbitals (noninteracting electrons in this talk)

Lattice-periodical Hamiltonian (no macroscopic B field);
2d, single band, spinless electrons

H|ψk⟩ = εk|ψk⟩
Hk|uk⟩ = εk|uk⟩ |uk⟩ = e−ik·r|ψk⟩ Hk = e−ik·rHeik·r

Berry connection and curvature (ξ → k):

A(k) = i⟨uk|∇kuk⟩
Ω(k) = i⟨∇kuk| × |∇kuk⟩ = −2 Im ⟨∂kx uk|∂ky uk⟩

BZ (or reciprocal cell) is a closed surface: 2d torus
Topological invariant:

C1 =
1

2π

∫
BZ

dk Ω(k) Chern number
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Bloch orbitals (noninteracting electrons in this talk)

Lattice-periodical Hamiltonian (no macroscopic B field);
2d, single band, spinless electrons

H|ψk⟩ = εk|ψk⟩
Hk|uk⟩ = εk|uk⟩ |uk⟩ = e−ik·r|ψk⟩ Hk = e−ik·rHeik·r

Berry connection and curvature (ξ → k):

A(k) = i⟨uk|∇kuk⟩
Ω(k) = i⟨∇kuk| × |∇kuk⟩ = −2 Im ⟨∂kx uk|∂ky uk⟩

BZ (or reciprocal cell) is a closed surface: 2d torus
Topological invariant:

C1 =
1

2π

∫
BZ

dk Ω(k) Chern number
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Computing the Chern number

Discretized reciprocal cell
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Computing the Chern number

Discretized reciprocal cell

Periodic gauge choice:
where is the obstruction?
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Computing the Chern number

Discretized reciprocal cell

Curvature ≡ Berry phase per unit (reciprocal) area
Berry phase on a small square:

γ = −Im log ⟨uk1 |uk2⟩⟨uk2 |uk3⟩⟨uk3 |uk4⟩⟨uk4 |uk1⟩
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Computing the Chern number

Discretized reciprocal cell

Curvature ≡ Berry phase per unit (reciprocal) area
Berry phase on a small square:

γ = −Im log ⟨uk1 |uk2⟩⟨uk2 |uk3⟩⟨uk3 |uk4⟩⟨uk4 |uk1⟩

Which branch of Im log?
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Computing the Chern number

Discretized reciprocal cell

NonAbelian (many-band):

γ = −Im log det S(k1,k2)S(k2,k3)S(k3,k4)S(k4,k1)

Snn′(ks,ks′) = ⟨unks |unks′
⟩
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Outline

1 Appendix: Metric and curvature
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The simplest geometrical property: Distance

Two state vectors |Ψ1⟩ and |Ψ2⟩ in the same Hilbert space

D2
12 = − log |⟨Ψ1|Ψ2⟩|2

D2
12 = 0 if the two quantum states coincide

apart for an irrelevant phase: gauge-invariant

D2
12 = ∞ if the two states are orthogonal
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A second geometrical property: Connection

D2
12 = − log |⟨Ψ1|Ψ2⟩|2 = − log⟨Ψ1|Ψ2⟩ − log⟨Ψ2|Ψ1⟩

The two terms are not gauge-invariant
Each of the two terms is a complex number
What is the meaning of Im log ⟨Ψ1|Ψ2⟩ ?

⟨Ψ1|Ψ2⟩ = |⟨Ψ1|Ψ2⟩|eiφ12

−Im log ⟨Ψ1|Ψ2⟩ = φ12, φ21 = −φ12

The connection fixes the phase difference
The connection is arbitrary
Given that it is arbitrary, why bother?
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Differential quantities in quantum geometry

The state vector |Ψκ⟩ depends on the continuous parameter κ

Quantum metric gαβ:

d D2 = D2
κ,κ+dκ = gαβdκαdκβ

Berry connection Aα:

d φ = Aαdκα

Berry curvature Ωαβ = ∂καAβ − ∂κβ
Aα

d × dφ = Ωαβ dκαdκβ

All of the above depend on the state vector only
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Differential quantities in quantum geometry

The state vector |Ψκ⟩ depends on the continuous parameter κ

Quantum metric :

d D2 = D2
κ,κ+dκ = gαβdκαdκβ 2-form

Berry connection :

d φ = Aαdκα 1-form

Berry curvature

d × dφ = Ωαβ dκαdκβ 2-form

All of the above depend on the state vector only
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Differential quantities in quantum geometry

The state vector |Ψκ⟩ depends on the continuous parameter κ

Quantum metric :

d D2 = D2
κ,κ+dκ = gαβdκαdκβ

Berry connection :

d φ = Aαdκα
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All of the above depend on the state vector only
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A more general geometrical quantity

Beside the state vectors, even the Hamiltonian is involved:

H |Ψ0⟩ = E0|Ψ0⟩

G = ⟨Ψκ| (H − E0 ) |Ψκ⟩

G vanishes when Ψκ = Ψ0

G is invariant by translation of the energy zero
Differential of G
(when |Ψκ⟩ is varied in a neighborhood of |Ψ0⟩)

d G = ⟨Ψdκ| (H − E0 ) |Ψdκ⟩
= ⟨∂καΨ| (H − E0 ) |∂κβ

Ψ⟩dκαdκβ
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A more general geometrical quantity

Beside the state vectors, even the Hamiltonian is involved:

H |Ψ0⟩ = E0|Ψ0⟩

G = ⟨Ψκ| (H − E0 ) |Ψκ⟩

G vanishes when Ψκ = Ψ0

G is invariant by translation of the energy zero
Differential of G
(when |Ψκ⟩ is varied in a neighborhood of |Ψ0⟩)

d G = ⟨Ψdκ| (H − E0 ) |Ψdκ⟩
= ⟨∂καΨ| (H − E0 ) |∂κβ

Ψ⟩dκαdκβ 2-form
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