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ABSTRACT

Quantum Spin Liquids (QSLs) are exotic states of matter characterized by their many-body
quantum entanglement and emergent fractionalized excitations, whose low energy physics
is described using gauge theories. The experimental realization of QSLs in crystalline

materials and their existence as stable ground states in spin models have been fundamental
and widely studied questions in condensed matter physics in recent years. In this thesis, we
employ quantum Monte Carlo simulations to investigate two questions related to QSLs in two
dimensions: one focused on gapped spin liquids and the other on gapless spin liquids.

The first question concerns whether Projected Entangled Pair States (PEPS, a type of Tensor
Network) can accurately represent Chiral Spin Liquids (CSL). Questions have been raised due to
a no-go theorem preventing free fermion PEPS representations of chiral non-interacting states.
We construct fermionic PEPS (fPEPS) approximants of Gutzwiller-projected Chern insulators
(a type of CSL), and demonstrate that fPEPS (of finite bond dimension) can capture the correct
topological ground-state degeneracy of the CSL. Further, more general fPEPS are optimized
to describe the CSL phase of a frustrated Heisenberg antiferromagnet, and the chiral edge
modes in the entanglement spectrum are shown to follow the predictions from conformal field
theory. Consequently, our work provides additional supporting evidence that PEPS can effectively
represent CSL phases.

The second question focuses on the nature of low-energy excitations in gapless Dirac Spin
Liquids (DSLs), which, unlike gapped spin liquids, lack well-defined fractionalized quasiparticle
excitations. Since mean-field descriptions of DSLs may not fully capture their behavior, it is
crucial to account for gauge fluctuations beyond the mean-field level. Additionally, the stability of
DSLs as ground states in frustrated Heisenberg antiferromagnets remains an unsettled question.
In this work, we construct variational ansatzes for low-energy excitations of DSLs. Our results
indicate that Heisenberg models on triangular and Kagome lattices support gapless monopole
and spinon excitations even after Gutzwiller projection. We also analyze the momentum quantum
numbers of the monopoles, before and after projection. Further, the energetics for monopole
excitations of generic charge agree remarkably well with field theory computations on the
conformal sphere (in the limit of large number of fermion modes). Finally, we construct flux
excitations localized on (pairs of) individual plaquettes which are gapped in the thermodynamic
limit due to having a large overlap with the Dirac state. All our findings lend support to a stable
U(1) Dirac spin liquid in these two frustrated spin models.
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INTRODUCTION

This thesis concerns Quantum Spin Liquids (QSLs), exotic phases of matter that have

gained prominence over the past few decades. Quantum spin liquids are most often

characterized by their absence of magnetic order even at zero temperature, but as we shall

see, exhibit several other exotic properties. These states have significant connections to several

important areas in physics and technology, including quantum computing, high-temperature

superconductivity, and lattice gauge theories [1–4].

Enormous amount of theoretical work has helped shape our understanding of this subject

(gauge theories, QFT, topology. . .). Additionally, numerical methods have also been devised to

represent quantum spin liquid states and look for them in spin models. The latter is crucial

because these states are typically beyond the reach of exact analytical solutions (except in rare

and beautiful cases). Robust numerical techniques at times can be the only line of attack to

understand the physics of real-world spin systems. Despite their power, numerical methods come

with limitations and biases that need caution and careful consideration.

Finally, extensive experimental efforts have been made to identify quantum spin liquids

in nature, but a universal consensus on a material exhibiting all the predicted characteristics

of QSLs has not yet been reached. This is because the low energy behaviour of QSLs are very

subtle, characterized by new emergent particles and many-body entanglement - both of which are

extremely difficult to study in experiment. Typically, a combination of different techniques (e.g.

NMR, Inelastic Neutron Scattering, thermodynamic measurements) must be used to develop a

complete picture of a candidate material. Nevertheless, the search continues to be a frontier in

condensed matter physics, and the number of QSL candidates has grown substantially in the past

decade. Surely the discovery of a true QSL material will be a great achievement of condensed

matter physics, and will have profound implications for practical applications.

In this thesis, we shall use numerical techniques (predominantly the variational quantum
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monte carlo method) to understand better the properties of some QSLs in two dimensions.

Specifically, the two main questions we address in our thesis are:

1. Can topological properties of gapped chiral spin liquids be faithfully represented
using Tensor Networks?

2. What are the properties of low energy excitations of Dirac spin liquids?

In the subsequent chapters, we will describe in more detail the context of the problems we

address, why they are important, our results and their implications. To set the stage, in this

chapter we give a brief overview into the field of quantum spin liquids. We discuss the main

properties of QSLs, and their classification via the projective symmetry group approach, an

exactly solvable model, and some experimental considerations.

1.1 Quantum Spin Liquids

The concept of quantum spin liquids (QSLs) has developed over several decades, with different

aspects of their behavior gaining prominence at various times. Historically, a QSL was first

defined as a system of interacting quantum spins that remains magnetically disordered even at

zero temperature due to quantum fluctuations. QSLs were proposed by Anderson in his seminal

work [5]. Although QSLs must satisfy the above definition, it may be considered too broad, as it

also includes states like Valence Bond Solids (VBS), which, while not breaking spin rotational

symmetry, do break some lattice symmetries. To refine the definition, a QSL must not break

either lattice or spin rotational symmetry. A state that preserves all symmetries is known as a

fully symmetric spin liquid [6]. In this thesis, we will also focus on a different class of spin liquids

known as chiral spin liquids, which break time-reversal and parity symmetries, but preserve

their combined product (and also preserve spin rotation and lattice symmetries).

From a modern perspective, it has become evident that the defining feature of quantum spin

liquids (QSLs) is their entanglement. QSLs cannot be continuously transformed into a trivial

product state without crossing a gap-closing phase transition, highlighting their inherent long-

range quantum entanglement [1]. Simultaneously, it has been recognized that gauge theories

offer a natural framework for understanding these states [7–9]. The introduction of topological

order has further refined the classification of spin liquids, giving rise to the concept of topological

spin liquids. These states are characterized by the presence of emergent quasiparticles at low

energies, which possess fractional quantum numbers. We will discuss an example of such a state

in section 1.2.

It is well established that frustrating interactions are a key ingredient for stabilizing quantum

spin liquid (QSL) ground states in spin systems [10]. In fact, Anderson’s initial proposal for a

QSL was based on the nearest-neighbor triangular lattice Heisenberg model. Although it is now

known that this particular model has a ground state with magnetic order [11], the inclusion of
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both nearest and next-nearest-neighbor interactions indeed stabilizes a QSL phase, which will be

explored in Chapter 5 of this thesis. With advances in both theoretical and numerical methods,

we now know numerous spin models that host QSL states in their ground state phase diagrams.

Conventional phases of matter are understood through the Landau paradigm of symmetry

breaking, where the symmetry groups on either side of a phase transition are related, with

one being a subgroup of the other. So, different phases can be distinguished by their respective

sets of symmetries [12]. However, quantum spin liquids (QSLs) do not break any symmetries,

which raises the question: how can we distinguish different types of spin liquids? The Projective

Symmetry Group (PSG) framework provides an answer to this question, and it was introduced

by Xiao-Gang Wen in his seminal works [9, 13, 14]. He proposed that "quantum orders," which

classify zero-temperature phases of quantum matter, are inherently richer than classical orders

because they pertain to the properties of many-body wavefunctions which are generally complex

[13]. He pointed out that "internal symmetries," arising from gauge theory, are the key to

distinguishing between different spin liquid phases. Here, we will briefly introduce this idea. For

more detailed exposition, we direct the interested reader to the sources [9, 13, 15–17].

Consider a spin system governed by a generic Heisenberg hamiltonian H =∑
i j Ji jS⃗i · S⃗ j. The

general way to study spin liquids at the mean field level is to use the parton decomposition of the

spin operator

S⃗i = 1
2

f †
iασ⃗αβ f iβ (1.1)

where σ⃗ is the vector of Pauli matrices, and we choose f i to be fermions i.e { f i, f †
j }= δi j

1. It can

be easily verified that the SU(2) commutation relations of the spin operators are satisfied. In

this fractionalization picture, each spin is "split" into two fermions, which carry spin 1/2 but

not charge. There are two important consequences of the rewriting in equation (1.1). Firstly,

the Hilbert space is enlarged to four dimensions at each site, as it now includes unphysical

states such as the vacuum and double occupancy. To correctly describe the physical spin model of

interest, we must enforce the constraint:

f †
i↑ f i↑+ f †

i↓ f i↓ = 1 ∀i (1.2)

We can now perform a mean-field analysis of the Hamiltonian H. By substituting equation (1.1)

into the Heisenberg model, quartic terms emerge, which can be decoupled through mean-field

approximations, transforming the problem into a non-interacting one. The gauge fields can then

be determined self-consistently. A general mean field ’auxiliary’ Hamiltonian would have the

1One can also choose to do a parton decomposition in terms of bosons or Majorana fermions. At the mean field
level, the descriptions of the spin liquid state depend on the choice of decomposition. However, if all fluctuations are
taken into account exactly, then the physics of the spin model is independent of the parton decomposition.

3



following terms:

H = ∑
〈i, j〉,σ

ti j f †
iσ f jσ+

∑
〈i, j〉

∆i j f †
i↑ f †

j↓−
∑
i,σ
µi f †

iσ f iσ+h.c. (1.3)

The parameters {ti j,∆i j,µi} constitute a mean-field ansatz for the spin liquid. It is important to

note that since the mean-field solution does not lie within the correct Hilbert space of the spin

model, gauge fluctuations—at least the temporal ones, which enforce the one-particle-per-site

Gutzwiller constraint—must be considered to accurately describe the spin model’s physics. These

temporal fluctuations can be accounted for exactly using the Variational Monte Carlo (VMC)

technique, as will be discussed in chapter 2. When we study excitations of Dirac spin liquids in

chapter 5, we will construct them using (simplified) auxiliary Hamiltonians of the above type,

followed by Gutzwiller projection using VMC.

The second consequence of the rewriting in (1.1) is the emergence of a gauge symmetry. To

see this clearly, consider the object

Φi =
(
ci↑ ci↓
c†

i↓ −c†
i↑

)
(1.4)

In terms of this composite object, the physical spin operator can be easily written down as

(α= x, y, z)

Sα
i = 1

4
Tr

[
Φ†

iΦi(σα)T
]

(1.5)

Now, we observe that the spin operator remains invariant if we make the transformation Φ†
i →

WiΦ
†
i where Wi represents a local SU(2) transformation. This implies that there is an SU(2)

freedom at each site that does not influence the physical observables. This gauge freedom is

what allows for the distinction between different spin liquids that possess identical physical

symmetries. Mean-field ansatzes related by SU(2) gauge transformations describe the same

physical state. We point out that since this gauge freedom arises directly from equation (1.1), it

is known as the ’high-energy gauge group’.

Now we are in a position to define the Projective Symmetry Group (PSG) for a given ansatz.

The PSG extends the concept of physical symmetry operations to include gauge transformations.

Specifically, the PSG is the set of all symmetry operations of the physical system combined with

appropriate gauge transformations such that, when applied together, they leave the mean-field

ansatz invariant. Therefore, different mean field ansatzes with the same physical symmetries

can have different PSGs. Another crucial quantity in the mean-field theory of spin liquids is the

Invariant Gauge Group (IGG). The IGG is defined as the group of gauge transformations that

leave the mean-field ansatz invariant (this corresponds to the physical symmetry operation being

just the identity). It is a normal subgroup of the PSG.

The IGG characterizes the internal gauge redundancy of the quantum spin liquid and plays a

fundamental role in determining its low-energy properties. In fact, the fluctuations beyond the

mean-field picture are also governed by the IGG. When referring to different spin liquids as U(1),

Z2, etc., we are actually referring to the IGG, and not the high-energy gauge group. For instance,
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the Dirac spin liquid ansatz discussed in Chapter 5 has an IGG that is the U(1) group, and is

thus called a U(1) spin liquid.

Finally, we end with a remark about phase transitions between different spin liquid phases.

Analogous to the Landau symmetry-breaking picture, where the symmetry group of one phase

must be a subgroup of the other phase, here the PSG of one phase must be a subgroup of the

PSG of the other phase. Thus, the PSG approach provides a robust framework for classifying all

possible quantum spin liquid phases at the mean field level, and the possible transitions between

them.

1.2 Toric code: an exactly solvable QSL model

Although most theoretical models of spin liquids require numerical study, there are notable

exceptions where the ground state and elementary excitations can be derived analytically. In

one dimension, the quantum Heisenberg model can be exactly solved using the Bethe ansatz,

revealing a disordered, gapless ground state with spinon excitations [18] (which have been

observed in experiment! [19]). In two dimensions, Alexei Kitaev’s pioneering work introduced two

exactly solvable models on the square and honeycomb lattices [20, 21], providing concrete proof

that spin liquids can indeed exist as stable ground states in two dimensions. The insights gained

from these models are invaluable, offering a deep understanding of the stability and properties of

spin liquid phases. In this section, we will explore the toric code model on the square lattice and

briefly comment on other related models.

Consider an L×L square lattice with open boundary conditions, where spin 1/2 degrees of

freedom live on the edges of the lattice, instead of the vertices. The hamiltonian is defined as

H =−∑
v

Av −
∑
p

Bp, (1.6)

where Av acts on the four spins around a vertex v, Av = ∏
cσ

z, and Bp acts on the four spins

around a plaquette p, Bp =∏
σx (see figure 1.1 for an illustration). Since each Av and Bp term is

a tensor product of Pauli operators, their eigenvalues are ±1. It is easily shown that the terms in

(1.6) mutually commute. Consequently, all the terms can be simultaneously diagonalized, and

the ground state must satisfy Av = 1 and Bp = 1 for all vertices v and plaquettes p. Now, there

is a simple physical way to picture the ground state. If we interpret states with σz =−1 as the

presence of an imaginary "string" on a given edge, then it becomes clear that all Av constraints

can only be satisfied if these "strings" have no endpoints, i.e., they form closed loops. Thus, any

configuration of spins corresponding to closed loops of strings represents a ground state of
∑

v Av.

What about the plaquette terms? The role of
∑

p Bp is to break this huge degeneracy. The action of

Bp on a plaquette p is to create strings where there are none present, and destroy strings where

they are present. This implies that for a state to be an eigenstate of a single Bp, it must be of the
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form |ψ〉+Bp |ψ〉. Extending this statement to the whole system, it is clear that the ground state

of the toric code model is unique, and is given by equal superposition of all loop configurations on

the lattice. This state is highly entangled and breaks no symmetries; it is a quantum spin liquid

state.

Figure 1.1: Toric code hamiltonian consists of the vertex terms Av and the plaquette terms Bp
acting on spin 1/2 degrees of freedom on the edges of the lattice.

A key feature of the toric code is that its ground state degeneracy depends on the geometry of

the space in which the model is defined. When the toric code is placed on a torus, the analysis

remains the same as for the planar case, but with an important difference: the ground state

becomes four-fold degenerate. This degeneracy arises because, one can construct loops that wind

around the incontractible cycles of the torus. Since there are two independent, incontractible

loops on a torus, this gives rise to four distinct topological sectors. Each sector is characterized

by a Z2 invariant, which corresponds to the parity of the number of loops that wind around

these cycles. Crucially, these four ground states are locally indistinguishable—no local operator

can differentiate between them. Only non-local operators, which span the entire lattice, can

determine the topological sector. This property leads to the topological stability of the ground

states: information stored in which ground state the system occupies is protected against local

perturbations, which cannot cause a transition between different sectors. This topological protec-

tion is a fundamental feature of the toric code and is a key reason why these states are considered

promising for quantum information storage and processing.

Let us move further and study the excitations above the ground state. These excitations

manifest as violations of the Av = 1 and Bp = 1 constraints. Specifically, violating the constraint

at a single vertex (or plaquette) results in the creation of a pair of quasiparticles, termed "electric"

e (or "magnetic" m) excitations respectively. These quasiparticles can be thought of as residing

on the vertices and centers of plaquettes, and they are always created in pairs. To separate
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these excitations, one must apply "string operators," which are products of either σzs or σxs, as

illustrated in Figure 1.2. Remarkably, the energy required to move these excitations infinitely

apart is finite, as the only energy cost is the initial ∆E =+2 incurred to create the excitations. This

property means that the excitations are ’deconfined,’ unlike, for instance, domain wall excitations

in a ferromagnet.

Figure 1.2: Anyon excitations e and m in the toric code. Applications of σz and σx move the
anyons across the lattice with no energy cost.

Further, the phase acquired in the wavefunction by exchanging an e and m particle is eiπ/2,

rather than ±1 (this can be easily shown using the anticommutation relations of Pauli operators).

This implies that these particles do not follow conventional fermionic or bosonic statistics!

Consequently, the excitations in the toric code are (abelian) anyons, quasiparticles with fractional

exchange statistics. These anyonic excitations are supported by the long range entanglement in

the system, and are robust to small (even symmetry breaking) perturbations in the Hamiltonian.

This phase is termed a "topologically ordered" phase, one characterized by a finite gap to all

excitations, a ground state degeneracy that depends on topology of space, and non-local fractional

excitations. Topologically ordered phases have been understood to a great extent and show unique

signatures in the entanglement entropy [22–25]. In fact, the fractional quantum Hall states

are examples of topological ordered states, and also host anyonic excitations (which have very

recently been experimentally observed in quantum Hall interferometers! [26]).

We conclude this section with a few remarks. The toric code is, in fact, a realization of a Z2

lattice gauge theory, where each link hosts a Z2 variable that can take values ±1. The ground

state of this model corresponds to the deconfined phase of the theory, a Z2 QSL. Kitaev extended

this concept to more general models where the local degrees of freedom are representations

of other discrete groups [21]. These models are now known as "quantum double" models and

can host non-abelian anyonic excitations, which are of great interest for universal quantum

computation [27]. Further generalizations have also been developed, where the local degrees of

freedom do not necessarily have a group structure. These are based on more general algebraic
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structures known as tensor categories and are realized in the Levin-Wen string-net models, which

have also been extensively studied [14, 28–31].

In 2006, Kitaev introduced another model on the honeycomb lattice [20], characterized by

only two-body interactions, which remains exactly solvable through a mean-field decomposition

in terms of Majorana fermions. This model features a richer phase diagram, encompassing

both gapless and gapped Z2 quantum spin liquid (QSL) phases, which host both abelian and

non-abelian anyons. Significant ongoing research is focused on experimental realization of these

so-called "Kitaev materials."

1.3 Spin liquids and experiments

1.3.1 Candidate materials

The number of spin liquid candidate materials has grown substantially over the past decade.

Here we will briefly highlight some key candidates. Our discussion will be limited to materials

that are potential hosts for Dirac and chiral spin liquids, as they are the focus of this thesis.

On the Kagome lattice, the compound ZnCu3(OH)6Cl2 (known as Herbertsmithite) is possibly

the most widely studied [32] QSL candidate. Although it clearly shows a lack of magnetic ordering,

the presence of disorder has created difficulties in interpreting experimental results (e.g see

[33]). This is a common issue in many QSL materials. Moreover, neutron scattering data has

been argued to be explainable by random-singlet states, which are product states and not QSLs

[34]. Another Kagome compound recently gaining prominence is YCu3(OH)6Br2[Brx(OH)1−x]

[35], in which signatures of Dirac cones in the spectral factor were recently reported [36]. Coming

to the triangular lattice, the spin-orbit-coupled insulator YbMgGaO4 has garnered significant

attention [37–42]. However, there remains debate, with alternative proposals for a spin glass

phase stabilized by onsite Mg/Ga disorder [43–46]. Sodium chalcogenides NaYbX2 (X = S, O, Se)

are free from structural disorder and are emerging as prominent spin liquid candidates [47–52].

Finally, organic salts such as κ(ET)2Cu2(CN)3 [53] and EtMe3Sb[Pd(dmit)2]2 [54] (figure 1.4)

show encouraging results. The most recent proposal has been the compound YbZn2GaO5 [55]

(discussed in figure 1.5).

Turning to chiral spin liquids, significant attention has been focused on spin-orbit coupled

materials under external magnetic fields [2, 56, 57]. This interest stems from the pioneering

proposal by Jackeli and Khaliullin [58], who suggested that the bond-dependent Kitaev interac-

tions could actually be realized in real materials with strong spin-orbit coupling, such as certain

iridates and ruthenates. These interactions have since been identified as crucial in the search for

chiral spin liquids. Additionally, in Moiré heterostructures, the layer degree of freedom regarded

as a pseudo-spin facilitates realization of pseudo-chiral spin liquids [59].
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Finally, we note as an aside that the realization of spin liquids in quantum simulator plat-

forms is a rapidly developing area of research [60]. There has been a surge of exciting work

demonstrating the possibility of realizing toric code topological order in Rydberg atom arrays

[61–64]. Additionally, chiral spin liquids have been proposed in cold atom systems using Floquet

driving [65] (see also [66]) and in Rydberg arrays [67–70], where the chirality of edge modes can

be experimentally detected. These platforms offer a promising avenue for the realization of spin

liquid states and their controlled manipulation.

1.3.2 Experimental techniques and signatures

Detecting QSLs in experiments presents a significant challenge, primarily due to the difficulty in

probing their non-local excitations and many-body entanglement. While experimental techniques

are highly effective at studying local excitations, probing non-local ones is much more challenging.

There is no single ’smoking-gun’ signature that can unambiguously confirm the presence of a

QSL in a material. Instead, researchers typically rely on a combination of different experimental

techniques to build a case for QSL behavior. Below, we briefly summarize a few experimental

methods and the associated signatures that are indicative of QSLs. A more comprehensive

discussion can be found in the reviews [1, 3, 71].

1. Neutron Scattering is one of the most powerful techniques for investigating magnetic

materials and has been extensively used in the search for QSLs. The quantity probed by

the experiment is the dynamical spin structure factor S(q,ω), given by

S(q,ω)=∑
exc

∣∣〈Ψq
exc|Sq|Ψg〉

∣∣2δ(ω−Eq
exc +Eg) (1.7)

where |Ψ〉g is the ground state with energy Eg, and the summation is over all excited states

at wavevector q, with energies Eq
exc. In conventional magnetically ordered systems, the

structure factor exhibits sharp peaks at specific momentum points corresponding to the

ordering vector. In contrast, neutron scattering experiments on QSL candidates typically

reveal a broad continuum of excitations rather than discrete magnon peaks. This continuum

suggests the presence of fractionalized excitations, such as spinons, which are a hallmark

of QSLs. An example of Herbertsmithite, a famous Kagome lattice QSL candidate, is shown

in figure 1.3. We note however that the broad continuum could also be caused by other

factors like impurities and disorder, and it is important to rule out these effects.

2. Nuclear Magnetic Resonance (NMR) is a technique that probes the local environments

of nuclear moments within a material. By applying sequences of magnetic field pulses, NMR

manipulates the net nuclear magnetization, and studies its response. The relaxation of the

longitudinal magnetization back to equillibrium is characterized by a parameter T1. This

quantity encodes information about the hyperfine coupling between nuclear and surround-
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Figure 1.3: Inelastic neutron scattering experiments on Herbertsmithite, revealing a continuum
of low energy excitations in the Brilluoin zone. Figure taken from [72].

ing electronic spins, and is directly connected to the spin susceptibility. In magnetically

ordered states, T1 typically exhibits a pronounced increase near the ordering temperature,

signaling the onset of magnetic order. In contrast, in T1 displays broad features in disor-

dered states. See figure 1.4 for results on the triangular lattice antiferromagnetic QSL

candidate EtMe3Sb[Pd(dmit)2]2. Additionally, we note that broadening or splitting in the

"chemical shift" can serve as further evidence of magnetic ordering.

Figure 1.4: Behavior of the NMR relaxation rate T1 for the compound EtMe3Sb[Pd(dmit)2]2 as a
function of temperature. Deviation from linear behavior as temperature is reduced from 200K
indicates increasing antiferromagnetic correlations. Figure taken from [73].
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3. Specific heat measurements are a valuable tool for investigating quantum spin liquids

(QSLs). Phase transitions as a function of temperature are clearly revealed by divergences

of the specific heat. Additionally, the low-temperature behavior of the magnetic specific heat

provides insights into the nature of the phase. For gapped phases, it exhibits an exponential

suppression, while for gapless QSLs, it follows a power-law behavior, with an exponent

depending on the underlying gauge structure of the theory. For example, a cv ∼ T2 behavior

is predicted for Dirac spin liquids [74], and has recently been observed in the candidate

YbZn2GaO5 [55], see figure 1.5.

Figure 1.5: Specific heat measurements of the triangular lattice compound YbZn2GaO5. The
magnetic specific heat (blue open circles) is obtained after subtracting the lattice and nuclear
Schottky contributions, and shows a T2 dependence. Figure taken from [55].

In addition to these methods, techniques such as muon spin resonance (µSR), Raman scatter-

ing, and optical methods are also employed to study QSLs.

1.4 Thesis outline

With the brief introduction to spin liquids established, we now turn to the core content of this

thesis. The structure of the thesis is as follows: in Chapters 2 and 3, we introduce the numerical

methods central to this work, namely Variational Monte Carlo (VMC) and Tensor Networks (TN).

These two methods are among the most widely used techniques for studying lattice systems

and are particularly effective for approximating ground states and low-energy excitations of

spin models. The primary technique employed throughout this thesis is VMC, which we utilize

to investigate the topological properties of fermionic Projected Entangled Pair States (PEPS)
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ansatzes in Chapter 4, and study the energetics of monopole excitations in Dirac spin liquids in

Chapter 5. These two chapters, 4 and 5, contain the key results of this thesis.

In the final chapter, 6, we offer concluding remarks, summarizing the insights gained and

outlining potential directions for future research. A list of publications resulting from the work

presented in this thesis can be found in Chapter 7, and a brief summary of the thesis in French

is provided in Chapter 8.
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VARIATIONAL MONTE CARLO

In this chapter, we give a basic overview into the numerical method used throughout

this thesis: the Variational Monte Carlo (VMC) technique. VMC is a powerful method

for investigating the zero-temperature phase diagrams, ground states and low-energy

excitations of quantum many-body systems.

Originating in the 1960s, VMC was initially developed to study the ground state of liquid

helium [75–77]. Since then, it has become a standard technique across many fields including

nuclear physics [78], quantum chemistry [79], and strongly correlated systems [80]. Sophisti-

cated optimization schemes (e.g., stochastic reconfiguration [81, 82]) have enabled the study of

variational wavefunctions with a large number of parameters. Recent progress has also involved

integrating VMC sampling techniques with neural network ansatzes [83–85]. In some cases,

VMC has also been combined with tensor network states to leverage the advantages of both

methods [86–88]. Indeed, this will be the subject of chapter 4 of this thesis.

VMC is particularly suited to study spin liquids, because starting from tight-binding models

of spinons/partons, Gutzwiller projection can be implemented exactly to construct variational

wavefunctions that live in the spin Hilbert space. Different spin liquid states with the required

lattice and gauge symmetries can be constructed according to the projective symmetry group

(PSG) classification discussed in the previous chapter. Since we work directly at zero temperature,

the VMC technique does not suffer from the infamous ’sign problem’ [89], and thus places no

restriction on the terms in the Hamiltonian. Given that frustration is a key factor in stabilizing

spin liquid phases, VMC proves to be a powerful tool for investigating such systems.

In this section, we will discuss the VMC method in detail, highlighting its basic principles,

strengths and limitations. The treatment here is borrowed from [80], and is restricted to ansatzes

with SU(2) spin rotational symmetry. Some examples and additional considerations relevant to

this thesis are also mentioned. Before delving into this method, we note that Quantum Monte
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Carlo is a generic term that encompasses a wide range of techniques, each tailored to study

different systems, with distinct advantages and limitations. These methods all involve stochastic

sampling, typically either of the system’s configuration space or paths in the partition function.

Here is a brief one-line summary of some other methods not discussed in this chapter:

• Diffusion Monte Carlo (DMC): This method solves the continuous space Schrödinger equa-

tion using multiple random walkers in real space, whose movement is controlled by the

potential energy landscape [90].

• Auxiliary Field Monte Carlo (AFMC): AFMC introduces auxiliary fields to transform

an interacting problem into a non-interacting one coupled to these fields (through the

Hubbard-Stratanovich transformation). These auxiliary fields are then sampled to compute

observables [91, 92].

• Green’s function Monte Carlo: This method is used to project out the ground state wave-

function by iteratively applying the Green’s function to a trial wavefunction (power method)

[81].

• Path Integral Monte Carlo (PIMC): samples paths in imaginary time to calculate the

partition function and thermodynamic properties at finite temperatures [89].

2.1 Main Idea

At its core, VMC begins with a family of trial wavefunctions |Ψ({αi})〉 parameterized by a set of

variational parameters {αi} proposed to describe the ground state of a system H of interacting

particles. Monte Carlo sampling is then employed to compute the variational energy of these

wavefunctions

E = 〈Ψ|H |Ψ〉
〈Ψ|Ψ〉 (2.1)

The variational principle of quantum mechanics guarantees that E is bounded from below by the

true ground state energy Egs of the system. Therefore, by optimizing the variational parameters

{αi}, the technique seeks to minimize the energy, thereby achieving the best approximation to the

ground state within the chosen family of wavefunctions.

Consider a system of N spin 1/2 particles on a lattice. The Hilbert space describing the states

of this system is 2N dimensional. Therefore, for systems of even moderate sizes, the computer

memory required for storing the many body Hamiltonian and wavefunction explodes 1. It is clear

that the above expectation value cannot be evaluated exactly.

1A spin 1/2 system with 20 sites would require roughly 8.7TB of memory to store the Hamiltonian.
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To combat this difficulty, we recast the expectation value by introducing an identity I=∑
x |x〉〈x|

〈Ψ|H |Ψ〉
〈Ψ|Ψ〉 =∑

x

|〈x|Ψ〉|2
〈Ψ|Ψ〉

〈x|H |Ψ〉
〈x|Ψ〉

≡∑
x

p(x) eL(x)
(2.2)

where p(x) is a normalized probability distribution

p(x)= |〈x|Ψ〉|2
〈Ψ|Ψ〉 (2.3)

and eL(x) is termed the local estimator of H

eL(x)= 〈x|H |Ψ〉
〈x|Ψ〉 (2.4)

The above equation (2.2) is exact if we sum over all basis states |x〉 in the Hilbert space, which is

clearly unfeasible. However, we only choose a tiny subset2 of the whole space, and this choice

is made by sampling the probability distribution using standard Monte Carlo procedures e.g.

Metropolis algorithms. Thus, if the sampling can be performed, the estimate for the variational

energy is given by

〈H〉 = 1
M

M∑
{xi}

eL(xi) (2.5)

where {xi} is the set of all M states accessed by the Markov chain. The local estimator is typically

evaluated by introducing another complete set of states, as follows

〈x|H |Ψ〉
〈x|Ψ〉 =∑

x′
〈x|H |x′〉 〈x

′|Ψ〉
〈x|Ψ〉 (2.6)

If the Hamiltonian involves local interactions (as will be the case in the spin systems we study),

then the quantity 〈x|H |x′〉 will be non-zero for very few |x′〉, and is easy to evaluate. Then the

main quantity at the heart of all VMC simulations is the overlap ratio

O(x′, x)= 〈x′|Ψ〉
〈x|Ψ〉 (2.7)

This quantity also is central to the metropolis algorithm, where the acceptance probability of the

move |x〉→ |x′〉 depends on the ratio

p(x′)
p(x)

=
∣∣∣∣ 〈x′|Ψ〉
〈x|Ψ〉

∣∣∣∣2 (2.8)

2For a system with 40 sites, a long Monte Carlo run would involve around 107 samples, but the size of the Hilbert
space is around 1012 meaning we only access 0.001% of all states! This fraction reduces even further with increasing
system size.
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The intuition behind this is that the primary contributions to the average in (2.2) come from the

states |x〉 that are near the maxima of p(x). Consequently, the Metropolis algorithm increases the

likelihood of sampling those configurations which have a significant overlap with |Ψ〉, thereby

enhancing the accuracy of the approximation.

In the subsequent sections, we will discuss how to evaluate the overlaps in (8.7) and how to

build a general Monte Carlo simulation. Before doing so, we note that another crucial observable

to keep track of is the variance, given by

σ2 = 〈Ψ|H2 |Ψ〉
〈Ψ|Ψ〉 −E2 = 〈Ψ| (H−E)2 |Ψ〉

〈Ψ|Ψ〉 (2.9)

This quantity vanishes if |Ψ〉 is an exact eigenstate of H. Therefore, the variance is a useful

measure because it has a clear lower bound of zero. During a typical VMC optimization, both the

energy and variance are tracked, and they reduce as the optimization progresses. Additionally,

the variational energy typically depends linearly on the variance for small values of the latter:

E ≈ Egs +const×σ2. An example run is shown in Figure 2.1, where an initial variational ansatz

is optimized using Lanczos steps. 3

Figure 2.1: Energy as a function of variance for the J1 − J2 model on the Kagome lattice for a
system of 36 sites. The Dirac wavefunction is optimized using repeated Lanczos steps. Figure
taken from [93].

2.2 Overlap as a Slater determinant

As described in the previous chapter, one approach to build variational wavefunctions for QSLs

is to begin with an auxiliary non-interacting Hamiltonian in terms of the partons, evaluate its

3The Lanczos method involves iteratively applying the Hamiltonian to the variational ansatz, systematically
taking it toward the ground state. In the limit of infinite Lanczos steps, this method projects any generic wavefunction
exactly to the ground state (assuming the initial state was not orthogonal to the ground state).
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ground state, and then perform a Gutzwiller projection of the ground state onto the subspace

of the spins (one spin per site). In this spirit, let us consider a simple example of a mean field

hamiltonian:

HMF = ∑
i, j,σ

χi j c†
i,σc j,σ+h.c. (2.10)

where i, j denote spins on a lattice with N sites, and σ = {↑,↓} is the spin index. We choose

hoppings χi j to be independent of σ for simplicity, ensuring spin rotational symmetry. This

hamiltonian can be easily diagonalized, to obtain the single-particle orbitals φ†
α,σ

φ†
α,σ =

N∑
R=1

URαc†
Rσ (2.11)

The matrix U is the N ×N eigenvector matrix obtained by diagonalizing HMF in one spin sector.

We then construct the mean field ground state by filling the lowest energy eigenstates upto the

Fermi level.

|Φ〉 =
[

N/2∏
α=1

φ
†
α,↑

][
N/2∏
α=1

φ
†
α,↓

]
|0〉 (2.12)

This is the starting point of a VMC simulation. Generically, this wavefunction will contain terms

with two (or zero) particles on some site. To obtain a valid spin wavefunction, we must apply

the Gutzwiller projector, |Ψ〉 = PG |Φ〉 that eliminates these unphysical configurations. In the

simulation, we compute the overlaps of the wavefunction |Ψ〉 with a generic configuration |x〉

|x〉 =
[
c†

r1↑c†
r2↑ . . .

][
c†

r′1↓
c†

r′2↓
. . .

]
|0〉 (2.13)

where {r i} ({r′i}) is a list of the locations of the up (down) spins. All elements within both the lists

must be distinct according to Pauli’s exclusion. In the case where |x〉 has no sites with vacancies

or double occupancies, it is easy to see that the overlaps 〈x|Φ〉 and 〈x|Ψ〉 coincide. In the models

considered in this thesis, this condition is always satisfied. Thus, by sampling only those |x〉 that

lie in the subspace containing one particle per site, the Gutzwiller projection is taken into account

implicitly in the VMC algorithm.

Focusing on the unprojected wavefunction, let us compute the overlap 〈x|Φ〉. Clearly, we

can break it down into separate calculations for each spin sector. It turns out that each of

these overlaps are given by the determinant of a smaller matrix constructed out of U (Slater

determinants). We shall first provide an example, and then state the general result.

Example: Consider a lattice of 6 sites, and the following configuration of spins

|x〉 =
[
c†

1↑c†
4↑c†

5↑
][

c†
2↓c†

3↓c†
6↓

]
|0〉 ≡ |↑↓↓↑↑↓〉 (2.14)
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Let us compute the overlap separately for each spin flavor. For the ↑ spin, we get

〈0|
[
c5↑c4↑c1↑

][
φ

†
1↑φ

†
2↑φ

†
3↑

]
|0〉

= 〈0|
[
c5↑c4↑c1↑

][( 6∑
p=1

Up1 c†
p↑

)( 6∑
q=1

Uq2 c†
q↑

)( 6∑
r=1

Ur3 c†
r↑

)]
|0〉

(2.15)

Clearly, the only non-zero contributions to the above term arise when the set {p, q, r} is some

permutation of the set {1,4,5}. Keeping track of the fermion signs, one can easily obtain

〈0|
[
c5↑c4↑c1↑

][
φ

†
1↑φ

†
2↑φ

†
3↑

]
|0〉 =U11U42U53 −U11U43U52

+U41U52U13 −U41U12U53 +U51U12U43 −U51U42U13

= det


U11 U12 U13

U41 U42 U43

U51 U52 U53


(2.16)

A similar calculation for the ↓ spin would yield

〈0|
[
c6↑c3↑c2↑

][
φ

†
1↓φ

†
2↓φ

†
3↓

]
|0〉 = det


U21 U22 U23

U31 U32 U33

U61 U62 U63

 (2.17)

Therefore, the total overlap is a product of two determinants

〈x|Φ〉 = det


U11 U12 U13

U41 U42 U43

U51 U52 U53

det


U21 U22 U23

U31 U32 U33

U61 U62 U63

 (2.18)

The above calculation additionally illustrates that the ordering of spin operators in |x〉 can affect

the sign of the overlap. Therefore, to avoid errors - one typically chooses a convention to order the

spins, and sticks to this convention throughout the simulation.

Now it is intuitive that generically for N particles, one can write the overlap as

〈x|Φ〉 = det U{R↑α} det U{R↓α} (2.19)

where R↑ (R↓) denotes the positions of all ↑ (↓) spins, α denotes the orbitals occupied, and U{R↑α}

is the notation we use for the submatrix of U. We remind the reader that if the system doesn’t

have SU(2) symmetry in (2.10), one must work in the larger space of 2N ×2N matrices, and the

above equation will have just one determinant, since there will generically be mixing between

the ↑ and ↓ spin sectors.
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2.3 Fast update

We know that the overlaps 〈x|Φ〉 are central to a VMC simulation. However, they are rather costly

to compute: evaluating the determinant of a N ×N matrix involves O(N3) operations. However,

notice that the simulation only requires ratios of overlaps: 〈x′|Φ〉
〈x|Φ〉 . Therefore, if the configurations

|x′〉 and |x〉 are only slightly different, one could imagine that there might be a more cost effective

method to compute this ratio.

Indeed, this is the case. Usually, in the metropolis algorithm, a new configuration |x′〉 is proposed

by acting the Hamiltonian on a couple of spins. When we’re dealing with Heisenberg-like models,

the most natural choice is to pick a random bond of the lattice, and exchange both spins on

the bond (if they are different) 4. Let’s discuss first a single electron hopping process with the

previous example: |x〉 = |↑↓↓↑↑↓〉. Suppose we propose a new configuration

|x′〉 = c†
6↑c4↑ |x〉 =

[
c†

1↑c†
6↑c†

5↑
][

c†
2↓c†

3↓c†
6↓

]
|0〉 =−

[
c†

1↑c†
5↑c†

6↑
][

c†
2↓c†

3↓c†
6↓

]
|0〉 (2.20)

What would be the ratio of overlaps 〈x′|Φ〉
〈x|Φ〉 ? Clearly the ↓ spins have not been affected, so the

determinants of the ↓ spin cancel in the ratio. For the ↑ spin, we must compute the ratio

det


U11 U12 U13

U61 U62 U63

U51 U52 U53



det


U11 U12 U13

U41 U42 U43

U51 U52 U53


=

det U{R′↑α}

det U{R↑α}
(2.21)

Expanding the above, we get

〈x′|Φ〉
〈x|Φ〉 =

[
U61(U13U52 −U12U53)+U62(−U13U51 +U11U53)+U63(U12U51 −U11U52)

]
det U{R↑α}

(2.22)

It turns out that the above expression can be rewritten exactly as

3∑
β=1

U6β

(
U−1

{R↑α}

)
β,2

(2.23)

The two numbers highlighted in red are crucial: they refer to the location to which the ↑ spin has

hopped (6), and the position of the electron which hopped, in the ordering of the state (2.14) (the

4For the discussion that follows, one could also pick two random locations on the lattice and flip their spins.
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c†
4↑ was second in the list of up spins) 5. Therefore, if one defines the matrix

W↑
I j =

∑
β

UIβ

(
U−1

{R↑α}

)
β, j

(2.24)

Then we have exactly 6

〈x′|Φ〉
〈x|Φ〉 =W↑

62 (2.25)

Therefore, elements of this matrix can directly give us the ratios of the overlaps. Defining and

keeping track of this matrix in the Monte Carlo routine forms what is known as the ’fast update’

in VMC. For clarity, we state some properties of the W matrix below:

• The W matrix depends on both the ansatz wavefunction and the configuration |x〉. In the

current example with SU(2) symmetry, it is defined separately for the ↑ and ↓ spin. Note

also that it is rectangular, having dimensions 6×3 in this example.

• It can be verified that the elements W↑
51,W↑

12,W↑
52,W↑

41 are exactly 0, consistent with the

Pauli’s exclusion principle: an ↑ spin cannot move to a site where there is already an ↑ spin

present.

• Further, W↑
11 =W↑

42 =W↑
53 =+1, consistent with the fact that such a hopping process does

not change the state |x〉.

However, we are not yet done. The W matrix also requires O(N3) operations to compute. Since

it depends on |x〉, it must be modified once a new configuration is accepted in the metropolis

algorithm. This seems to suggest that we have not made any progress: if one must compute this

matrix at every configuration, isn’t it simpler to calculate the determinants 〈x′|Φ〉 and 〈x|Φ〉
separately and take their ratio?

The trick lies in the fact that the W matrix does not have to be computed from scratch; it can be

’updated’ in just O(N2) operations. In our toy example, if the move |x〉→ |x′〉 is accepted, then the

W matrix changes as 7

W↑
I j →W

′↑
I j =W↑

I j −
W↑

I2

W↑
62

(
W↑

6 j −δ2 j

)
(2.26)

We will not prove the above equation. However, we will argue that it makes sense because of

the following properties of W ′:

• W
′↑
62 = 1, consistent with the fact that the second ↑ electron is already present on the 6th

site in |x′〉.
5Now we can see that it is crucial to keep track of the ordering of the spins to get the correct fermion sign.
6We caution that the two matrix indices of W are on different footing: the first index denotes a site on the real

space lattice, and the second index refers the "position index" of the electron of a given spin. It’s certainly possible (and
common) to find the "first" ↑ spin at the site 20, and the "second" ↑ spin at site 1 at some point in the Markov chain.

7We emphasise that this is not an approximation, the updating is exact.
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• W
′↑
6 j = δ2 j, since no other ↑ spin can now move to site 6.

• W
′↑
52 =W

′↑
12 = 0 again due to Pauli’s exclusion.

• W
′↑
I2 = W↑

I2/W↑
62. This makes sense if we go back to (2.21). Let’s define |x′6〉 and |x′I〉 as

configurations where the second ↑ spin has moved to sites 6 and I respectively. Rewriting

the RHS, we have

W↑
I2

W↑
62

=
〈x′I |Φ〉
〈x|Φ〉
〈x′6|Φ〉
〈x|Φ〉

= 〈x′I |Φ〉
〈x′6|Φ〉

≡W
′↑
I2 (2.27)

The last equivalence makes sense because W
′↑
I2 physically represents the process where the

second ↑ spin (which is now in position 6) is now going to move to site I.

For a comprehensive proof of the (2.26), including ansatzes that break SU(2) symmetry, we refer

the reader to [80]. Nevertheless, the gist of our discussion above is that the W matrix can indeed

be updated in O(N2) operations, therefore obtaining a factor of N reduction in the computational

complexity of the algorithm. For example, for the 10×10 triangular lattice, the time taken to

reach 106 Monte Carlo steps in both methods is

106 steps Determinants from scratch Fast Update
Time 660 min 35 min

As the system size increases, computing determinants from scratch becomes increasingly imprac-

tical 8. Therefore, fast update techniques become invaluable. We close with some final remarks:

• Typically, an additional factor of N must be included in the metropolis algorithm to produce

uncorrelated samples to compute observables (see next section). Therefore, the compu-

tational cost of a VMC simulation goes as O(N4) if all determinants are computed from

scratch, and O(N3) with the fast update.

• If the initial projected wavefunction |Ψ〉 is a superposition of wavefunctions, then the above

W matrix procedure cannot be applied, and one typically must compute all the determinants

from scratch.

2.4 Typical VMC simulation, practical considerations

In this section, we will outline the basic structure of a VMC simulation, and the main computa-

tions involved.

0. Initialize the following prerequisite objects:

8In practice, this is feasible for systems with up to about 100 sites.
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• Eigenvector matrix U that defines the ansatz, Ψ({α}). Typically this is obtained by

diagonalizing a tight-binding auxiliary Hamiltonian.

• An initial starting basis state |x0〉 = |↑↓↓↑↑ . . .〉, and a vector that keeps track of ordering

of the fermion operators in |x0〉. 9

• Tables of nearest neighbors (and further if necessary) for every site.

• The matrices W↑,W↓ corresponding to the configuration |x0〉.

1. Create two loops, one nested inside the other. After each iteration of outer loop, observables

of the spin model will be computed.

2. The inner loop typically is of O(N) steps (for creating uncorrelated samples). At each

iteration, propose a new configuration |x′〉 (typically connected to |x〉 by a spin flip). Compute

p(x′, x)=
∣∣∣ 〈x′|Ψ〉
〈x|Ψ〉

∣∣∣2 and compare this ratio to a random number r ∈ [0,1].

• If p(x′, x)> r, the proposed spin flip must be accepted. Change |x〉→ |x′〉 and update

the W matrix according to (2.26).

• If p(x′, x)≤ r, don’t accept the move.

3. At the end of the inner loop, compute observables of interest, and write them to an output

file.

The above outlines the main steps of a VMC run. Error analysis of the local observables is

performed at the end of the simulation. As an example, Figure 2.2 shows a typical Monte Carlo

run on the triangular lattice, displaying the energy per site and error bars as a function of the

number of Monte Carlo steps NMC. As shown in the inset, the error decreases as 1/
√

NMC.

9Typically, it is verified that the overlap 〈x0|Ψ〉 exceeds a specified minimum value.
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Figure 2.2: Energy per site for the 6×6 triangular lattice Dirac spin liquid (defined in chapter 5)
as a function of the number of Monte Carlo steps NMC. In the inset, we show the trend of the
standard deviation (with the same x axis), clearly displaying a 1

√
NMC behaviour. The dashed

red line denotes the best fit curve to the data, given by 3.1423/
√

NMC.

Some additional remarks are listed below:

• The Gutzwiller projector is enforced by only sampling those |x〉 with one spin on every site.

The spin flips proposed on the Markov chain clearly do not take us out of this sector.

• Connected to the above, if one wants to study states in a different spin sector (e.g. the

S = 1 triplet monopoles constructed in Chapter 5), one must begin with the spin imbalance

already present in |x〉0.

• It’s beneficial to compute the W↑,W↓ from scratch every once in a while to prevent compila-

tion of numerical errors in the fast update.

• VMC simulations are "embarrassingly parallelizable". To compute observables, multiple

Markov chains can be run in parallel on different computers, each with a different random

number seed, without the need for communication between them.

2.5 Optimizing parameters

So far we have discussed how, given an initial ansatz |Ψ〉 = |Ψ({α})〉, one can run a Monte Carlo

simulation sampling the probability distribution |〈x|Ψ〉|2 and compute expectation values of

observables of interest (e.g. variational energy).
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Now, we briefly outline how one can use the same Monte Carlo routine to optimize the

parameters of the wavefunction {α} to construct better approximants to the ground state of a

system. The objects of interest are the ’forces’ in parameter space

fk =− ∂E
∂αk

=− ∂

∂αk

〈Ψ|H |Ψ〉
〈Ψ|Ψ〉 (2.28)

Estimating the set of forces { f } tells us the direction in which the parameters should be modified

to move towards an energy minimum. It turns out that these forces can be evaluated via a Monte

Carlo sampling. This involves computing the derivatives

Ok(x)= ∂ ln〈x|Ψ〉
∂αk

= 1
〈x|Ψ〉

∂〈x|Ψ〉
∂αk

(2.29)

The derivative Ok(x) can be computed exactly with the knowledge of the mean field spectrum

and eigenvectors [80]. Then, the forces are sampled according to the following equation

fk ≈−2Re

[
1
N

N∑
i=1

e∗l (xi)
(
Ok(xi)− Ōk

)]
(2.30)

where e∗l (x) is the complex conjugate of the local energy defined in (8.4), and Ōk is the average

Ōk =
1
N

N∑
i=1

Ok(xi) (2.31)

Once the forces are computed, we use the standard steepest descent approach. We modify

α
′
k =αk +δαk

δαk = τ fk
(2.32)

and recalculate the forces, repeating the process until the variational energy converges. In the

last equation, the proportionality factor τ can be kept constant or modified over the course of the

optimization. We note that more complicated optimization schemes also exist, like the stochastic

reconfiguration approach [81, 82], which is particularly useful when there are many parameters

and the energy landscape is relatively flat in this parameter space.

2.6 What observables can be computed?

In the table below, we briefly outline some quantities that can (and cannot) be accessed by VMC

simulations, particularly concerning spin systems.

24



Can be computed Cannot be computed

Spin-spin correlations: 〈S⃗i · S⃗ j〉 and other local
observables.

Thermodynamic quantities e.g. Spe-
cific heat, susceptibility, etc.

Variational energy: 〈Ψ|H |Ψ〉 /〈Ψ|Ψ〉 of ground
state and low lying excitations.

Projected wave function overlaps 〈Ψ1|Ψ2〉: en-
abling calculations of Fidelity susceptibility [94],
topological degeneracy [95] and modular matrices
[96].

Properties of excited states in middle
of spectrum.

Other limitations

Real time quantum dynamics [97–99]

Static and dynamical structure factors [100–102]. Biased towards the nature of trial
wavefunctions.

SWAP operators: enabling calculations of Renyi
and topological entanglement entropy [103, 104].
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3
TENSOR NETWORKS

In this chapter, we will give a brief introduction to the central ideas of Tensor Networks

(TN) in one and two dimensions. Tensor networks are a powerful mathematical framework

used to efficiently represent certain classes of many-body quantum states and study their

properties. Tensor network states serve as variational ansatzes, similar to Variational Monte

Carlo, for approximating the ground states and excitations of spin models. While TN methods

have become invaluable tools in condensed matter physics, they have also found deep applications

in diverse fields like deep learning [105], lattice gauge theories [106] and quantum gravity [107].

One of the most compelling features of tensor networks is their ability to explicitly and intuitively

capture the entanglement structure of quantum states. Although they are limited by the amount

of entanglement they can capture, this limitation does not prevent us from studying the states

we are most interested in: the ground states and low-energy excitations of local Hamiltonians.

One-dimensional tensor networks, known as Matrix Product States (MPS), are closely related

to the Density Matrix Renormalization Group (DMRG) technique [108, 109] which has become

the gold standard for studying 1D quantum systems due to its efficiency and wide applicability.

Projected Entangled Pair States (PEPS) extend the MPS formalism to two dimensions and

beyond [110, 111]. Although computing observables is much more challenging than in one

dimension, PEPS have nevertheless been very successful in studying 2D quantum systems. The

PEPS framework has also been extended to study fermionic systems [112–114]; these fermionic

PEPS are the subject of the next chapter. Finally, we note that tensor networks are particularly

valuable for studying topologically non-trivial states due to their ability to encode topological

order by imposing gauge symmetries [115].

In this chapter, we will discuss some main ideas of MPS and PEPS, and how they are used

to study lattice models. The discussion here is heavily inspired by the sources [116–118], and
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we direct the reader to these for additional details. We note that we will not be discussing other

kinds of TNs, such as the Multiscale Entanglement Renormalization Ansatz (MERA) [112, 119],

which have been particularly useful in studying critical states.

3.1 Diagrammatic Notation

The central feature of tensor networks is representing many-body quantum states and operators

using diagrams. This visual representation makes many operations on the state transparent and

is analogous to the success of Feynman diagrams in studying interaction processes in quantum

field theory due to their simplicity and clarity.

Figure 3.1: Pictorial representation of (a) a vector v⃗, (b) a matrix M, and (c) a tensor Fi jklmn.

In tensor networks, quantum states (and operators) are represented using tensor diagrams.

The number of legs (lines attached to the tensor) indicates the number of free indices. Some

examples are shown in figure 3.1. 1 For instance, in 3.1(c), specifying the values of i . . .n would

yield a complex number, and to completely determine F, one must specify Fi jklmn for all possible

values of the indices.

When two tensors are combined, the legs that connect them are summed over. In this manner,

complex mathematical operations involving many tensors can be easily visualized using TN

diagrams (figure 3.2).

An important factor to consider when contracting tensors is the computational cost i.e.

number of operations needed. Multiplication of two D×D matrices requires O(D3) operations.

More generally, the cost of contracting two tensors is given by O(Dq) where q is the total number

of legs attached to both tensors. Let’s consider the second diagram in 3.2 and assume all indices

take D values. It is easy to see that different sequence of contractions give different cost. This

is illustrated in figure 3.3; one contraction has a cost of O(D5) but the other has O(D6). When

contracting tensor networks, it is important to choose the most optimal scheme for contraction.

1We do not distinguish between upper and lower indices, or the location of the legs in the tensor. Note that
different indices of the same tensor can have different ’dimensions’ i.e. different number of possible values.
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Figure 3.2: Examples of tensor contraction

Figure 3.3: Different tensor contractions take different number of operations

3.2 Matrix Product States (MPS) and Projected Entangled Pair
States (PEPS)

Consider a lattice system of N sites, where each site has a local Hilbert space of dimension p,

H =Cp with states |0〉 , |1〉 , . . . |p−1〉. Then, a generic quantum state in the many body Hilbert

space of N partices can be written as

|Ψ〉 =∑
Ci1,i2,...iN |i1〉⊗ |i2〉⊗ . . .⊗|iN〉 (3.1)

Thus, the number of parameters (coefficients C) required to specify the state is pN , exponential

in the number of sites. For large systems, one cannot even store all these coefficients in a classical

computer. Additionally, the nature of entanglement in the state |Ψ〉 is not at all apparent from

the coefficients.

Tensor network states approximate have a different structure (see figures 3.4 and 3.5 for

examples in one and two dimensions). Here, each site of the lattice is associated with a tensor, and

these tensors are interconnected by ’virtual’ degrees of freedom. The total number of parameters
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needed to describe the state scales linearly with the number of sites, specifically O(N pD2) for

Matrix Product States (MPS) and O(N pD4) for Projected Entangled Pair States (PEPS) on a

square lattice 2. The additional parameter D is a constant known as the bond dimension, and it

characterizes the tensor network (p is usually called the physical dimension, and D the virtual

dimension). If D = 1, the tensor network state is simply a product of disconnected pieces for each

site, and thus represents a product state. Thus, the entanglement in the many body wavefunction

is ’carried’ by the virtual bonds. The larger the bond dimension, the larger is the entanglement

that can be captured by the tensor network state.

Figure 3.4: Expressing the many body wavefunction as an MPS.

Figure 3.5: A general PEPS ansatz. The curved lines represent the physical indices coming out of
the plane.

At first glance, this approximation of exponentially reducing the number of parameters seems

very severe, and should not be valid/good enough to represent general many-body states |Ψ〉 3.

The catch however, is that the ground states of local Hamiltonians are very different from generic

quantum states in the many body Hilbert space. The former satisfy the so-called area law of
2If we consider a tensor network state with translational invariance, then the number of parameters does not

scale at all with the size of the system.
3Unless D itself is exponential in N.
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entanglement, which states that the entanglement entropy of the reduced density matrix of a

region R of the lattice scales as the boundary of the region; S(R)∼ ∂R 4. General states would

instead behave according to a Volume law S(R)∼ R, the entanglement of a region would scale

as the volume of the region. This area law has been rigorously proven for 1D gapped systems

[121] (where it is a constant asymtotically), and is believed to hold for higher dimensions as well.
5. In fact, not only the ground state, but states obtained through the unitary evolution of local

Hamiltonians over polynomial time acting on the ground state also obey the area law. In this

sense, the physics essential to the real world of quantum many body systems takes place in an

exponentially small corner of the Hilbert space [123]. Fortunately, it turns out that it is precisely

this corner of the Hilbert space that MPS and PEPS target and can represent efficiently. We will

soon see how this is the case.

We note in passing that highly non-trivial states can be captured in the MPS formalism

already using low values of D. For example, the Majumdar-Ghosh ground state discussed in

the previous chapter can be written as an exact MPS with D = 3. This is illustrated for periodic

boundary conditions in the figure 3.6. The matrices A↑ and A↓ are the same at every site, and

are given by

A↑ =


0 1 0

0 0 −1

0 0 0

 , A↓ =


0 0 0

1 0 0

0 1 0

 (3.2)

Figure 3.6: Casting ground state of Majumdar-Ghosh model in MPS form. The singlet pairs are
denoted by the red circles.

In addition, the toric code ground state can be exactly written as a 2D PEPS with D = 2 [124],

and the RVB spin liquid state can be exactly represented with D = 3 [125].

4The area law was first discussed in the context of entropy of black holes [120]
5We note that for critical systems there is a subleading logarithmic contribution, and for 2D systems with

topological order, there is an additional negative universal constant known as the topological entanglement entropy.
[122]
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3.3 Singular Value Decomposition (SVD)

One of the central tools used in tensor networks is the SVD, which is a decomposition of any

complex matrix of dimensions m×n as follows

M =USV † (3.3)

where U and V are unitary matrices of dimensions m×m and n×n respectively, and S is a m×n

diagonal matrix with non-negative, that can be chosen to be arranged in descending order.

Figure 3.7: Singular Value Decomposition of a tensor

As an example, let’s consider a state |Ψ〉 =∑
pqΨpq |p〉 |q〉 represented by a tensor with two

legs of different dimensions l and r (figure 3.7). Writing out the matrix equation, we have

(assuming l > r)

Ψpq =
l∑

α=1

r∑
β=1

UpαSαβV∗
qβ =

l∑
α=1

r∑
β=1

UpαsββδαβV∗
qβ =

r∑
β=1

UpβsββV∗
qβ (3.4)

Therefore, the state |Ψ〉 can be recast as

|Ψ〉 =
l∑

p=1

r∑
q=1

r∑
β=1

UpβsββV∗
qβ |p〉 |q〉 =

r∑
β=1

sββ

(
l∑

p=1
Upβ |p〉

)(
r∑

q=1
V∗

qβ |q〉
)
≡

r∑
β=1

sββ |uβ〉 |vβ〉 (3.5)

Thus, we have rewritten the wavefunction into a single summation that runs up to the smaller

index. This is known as Schmidt decomposition of |Ψ〉, and the number of terms in the summation

is known as the Schmidt rank [126]. Note that due to the unitarity of U and V , we must have

〈uk|uk′〉 = δkk′ = 〈vk|vk′〉.
It is straightforward to see that the Schmidt values sββ determine the entanglement in the

system. Let us compute the reduced density matrix ρl

ρl =Trr (|Ψ〉〈Ψ|)=
∑
k
〈vk|

(
sββsβ′β′ |uβ〉 |vβ〉〈uβ′ | 〈vβ′ |) |vk〉 =

∑
k

skk |uk〉〈uk| (3.6)

Thus the von Neumann entanglement entropy of the subregion l is simply

Sl =
r∑
k
λk logλk, λk = s2

kk (3.7)
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For a normalized state 〈Ψ|Ψ〉 = 1, the Schmidt values must satisfy
∑

kλk = 1. Thus, we can

clearly see that the greater the number of terms in the Schmidt decomposition, the larger the

entanglement in the state. For a maximally entangled state of dimension r, all the terms are

finite, λk = 1/r ∀k, and Sl attains its maximum bound of log r.

Any generic many-body wavefunction can be exactly reshaped into a tensor network form,

through a sequence of SVDs. For example, in the 1D case, we start from the ends of the chain,

gradually increasing the bond dimension, reaching up to DN/2 in the middle of the chain. However,

such a large bond dimension is impossible to deal with numerically. In practice, a cutoff is applied

to limit the maximum bond dimension (thereby constraining the entanglement in the system),

and a subsequent scaling analysis is performed with increasing bond dimension. Likewise, if one

has an estimate of the amount of entanglement in the system S, then the number of states to be

included in the Schmidt decomposition would be roughly expS.

We would like to mention that aside from the entanglement entropy (which is just a number),

the set of all eigenvalues of the reduced density matrix can be thought of as the spectrum of an

"entanglement Hamiltonian". It has been shown that the entanglement spectrum contains much

richer information about the system [127, 128]. We will discuss entanglement spectra in more

detail in the next chapter.

3.4 Area law of Entanglement

From the above discussion, it directly follows that tensor networks satisfy the area law. Consider

a region A of an MPS with L sites, whose reduced density matrix we wish to compute. We can

perform an SVD at the bond intersecting the remainder of the system. Since the dimension of this

virtual bond is D, the maximum number of terms in the Schmidt decomposition is D. Thus, the

entanglement of a region with L sites is bounded by logD, a constant independent of the system

size. Consequently, MPS satisfy the area law. This principle extends to higher dimensional tensor

networks as well, and an illustration for 2D PEPS is given in figure 3.8. Each bond intersected

by the boundary contributes a maximum of logD to the entanglement entropy. By reshaping the

tensors, we observe that the bond dimension of the virtual bond connecting the two regions grows

as DL. Therefore, the entanglement entropy is bounded by its logarithm:

S(A)≤ L logD =⇒ S(A)∼ L (3.8)

Thus we see that the bond dimension is a crucial quantity that controls how much entangle-

ment the state possesses, and determines the size of the accessible portion of the Hilbert space

(see figure 3.9).
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Figure 3.8: Area law of entanglement for two dimensional tensor networks. All virtual legs on
the left have bond dimension D. The physical legs for the tensors are not shown but assumed to
be present.

Figure 3.9: Illustration of many-body Hilbert space. As D is increased, more and more states are
accesible. If D is allowed to grow exponentially, states beyond the area law can also be described.
Figure taken from Ref [117].

3.5 Computing Observables

To compute the expectation value of a local operator 〈Ψ|Ô |Ψ〉 (e.g., an operator acting on a single

site like magnetization), we sandwich the operator between the state and its conjugate, and then

contract the network from the left and right boundary vectors toward the operator site.

In the 1D case, such computations can be performed efficiently i.e. with a polynomial scaling

in the number of sites. As an example, we show the computation of the norm of an MPS, 〈Ψ|Ψ〉 in

figure 3.10. Each contraction step in the bulk has the same cost of O(pD3). Therefore, the total

computational cost would grow linearly with the number of sites.

What about observables for PEPS? Here we come across a cruicial difference between tensor

networks in one and higher dimensions. The computation of the expectation value of a local
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Figure 3.10: Norm of the state |Ψ〉 computed in MPS form by sequential contraction of tensors.

observable Ô for a 2D PEPS is shown in figure 3.11. We note that the bond dimension of the

tensors grow as the contraction proceeds and eventually becomes exponential in system size.

This exponential growth is unavoidable, making exact contraction impossible except for very

small systems. Therefore, even though we can represent a PEPS ansatz with a polynomial

number of parameters, computing observables cannot be done exactly. Therefore, we must rely

on approximate methods, the development of which remains an active field of research. Some

techniques proposed to address this challenge are MPS-MPO based approaches [129–131], the

Tensor Renormalization Group (TRG) [132, 133], Tensor Network Renormalization [134], Loop

optimization [135], and the Corner Transfer Matrix Renormalization Group (CTMRG) [136, 137].

In this thesis we use the latter technique, which will briefly be outlined in the next section.

We note that there is a gauge freedom in how we define the MPS/PEPS ansatz. This is

illustrated in figure 3.12. We can introduce an identity X X−1 rewrite the whole TN in terms of

B = X−1 AX . Therefore, infinitely many tensor networks describe the same physical state. This

gauge freedom can be exploited in 1 dimension to compute observables extremely efficiently

and elegantly. One chooses a gauge known as the canonical form, where the MPS tensors are

orthonormalized in the sense that the tensors to the left and to the right of a specific site satisfy

certain orthogonality conditions. This is directly related to the Schmidt decomposition previously

discussed: for a leg joining two tensors, performing a Schmidt decomposition of the wavefunction

across this leg results in a set of wavefunctions for the left and right subsystems. In the canonical

gauge, each value of the virtual index corresponds to the Schmidt vectors on the left and right of

the cut. In other words, in the canonical form the sum over the virtual index is exactly the last

expression in (3.5).

This canonical form does not exist in general for 2D tensor networks. 6

6However, we note that a subclass of PEPS known as isometric tensor networks have been recently proposed
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Figure 3.11: Expectation value of a single site operator 〈Ψ|Ô |Ψ〉 computed by sequential contrac-
tion of tensors. In the first step we perform a contraction of all the physical indices, resulting in
one layer of square tensors with bond dimension D2. One tensor is shaded in red to indicate that
the contraction with the observable has taken place.

Figure 3.12: Gauge freedom of tensor networks. Both A and B describe exactly the same wave-
function.

3.6 Corner Transfer Matrix Renormalization Group (CTMRG)

The CTMRG method is an efficient technique used to approximate the contraction of two-

dimensional infinite tensor networks (e.g. infinite PEPS or "iPEPS") [139, 140]. The Corner

transfer matrix was first introduced to compute the partition function for 2D classical models by

Baxter [141, 142].

Suppose we wish to compute an expectation value of a local observable Ô on a site. We first

which do permit a canonical form [138].
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define the tensors Ci,Ti, i = 1. . .4 that describe the environment around the site of interest (see

figure 3.13). As these environment tensors cannot be contracted exactly due to the exponential

cost, we introduce a parameter known as the environment bond dimension χ, which dictates

the maximum rank of the environment tensors. Its clear that χ controls the entanglement of

the central site with the environment. Taking the limit χ→∞ would yield the exact result. The

Figure 3.13: Defining the environment tensors C and T for contracting an infinite 2D tensor
network. The contraction is approximated by the environment bond dimension χ.

CTMRG method involves iteratively refining the environment tensors {C,T} by letting the system

grow in all directions and renormalizing them. In figure 3.14 we describe a ’left move’, where the

system is enlarged by duplicating a column of C and T tensors to the left of the site of interest.

Then, these are absorbed into the existing tensors which increases the bond dimension. Lastly, we

perform an SVD and truncate the bond dimension to χ. Identical moves along all four directions

are performed, and this procedure is repeated many times, until convergence is reached; typically

one checks that the spectra of the environment tensors no longer change appreciably. Finally, a

systematic scaling analysis of the observables is performed as a function of both χ and D.
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Figure 3.14: Performing a ’left move’ to renormalize the C and T tensors to the left of the central
site. First an additional column is inserted, followed by an absorption of the column to the left,
and finally a renormalization where the environment bond dimensions are reduced back to their
original value χ.
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4
FERMIONIC PEPS FOR CHIRAL SPIN LIQUIDS

4.1 Motivation

In this chapter (which is based on our work [143]), we will discuss the properties of fermionic

PEPS wavefunctions describing Chiral Spin Liquids (CSLs). As mentioned in chapter 1,

CSLs are exotic states of matter characterized by the absence of magnetic ordering while

breaking time-reversal (T) and parity (P) symmetries [144]. They can also exhibit topological

order [145]. They have been encountered in several quantum spin models with SU(2) [146–153] or

higher SU(N) [154–161] symmetry in the presence of a chiral term breaking explicitly T and P. In

some cases, P and T can be broken spontaneously, as demonstrated in both Hubbard/Heisenberg-

like models [162–169] and Kitaev models [170] on lattices with odd plaquettes [171–178]. Parent

Hamiltonians have also been devised for CSLs [179–181].

As CSLs typically emerge in strongly correlated systems, numerical tools for determining

phase diagrams of generic Hamiltonians and characterizing CSLs are desired. Tensor networks

like Projected Entangled Pair States (PEPS) [110] are well suited to the investigation of spin

liquids. Topological orders can be encoded naturally by imposing virtual gauge symmetries [115,

182]. In addition, chiral forms of PEPS can describe CSL [183, 184] and be used as an efficient

variational scheme to attack frustrated quantum spin models hosting CSL phases [185, 186]. On

the other hand, infinite PEPS (iPEPS) is an ideal tool as it defines states in the thermodynamic

limit directly, avoiding finite size extrapolations.

Despite the above mentioned successes and strengths of the PEPS framework, it has remained

challenging to figure out completely whether conventional bosonic PEPS can truly describe CSL.

In particular, it is still unclear whether topological obstruction (to be discussed in section 4.3)

affects the global topological properties like the topological GS degeneracy or the correct conformal

field theory (CFT) counting in the entanglement spectrum (ES). For the non-chiral case, PEPS

39



is believed to be a conceptually good ansatz. In contrast, whether chiral PEPS give the correct

topological degeneracy of CSLs is still unsettled in general due to expensive computation cost

[183], except in very rare cases where bond dimension is very small [187].

In our work, based on the recently proposed projected fermionic PEPS (fPEPS) ansatz, we

show using VMC techniques, that PEPS can represent CSLs with correct topological degeneracy.

Further, using this fPEPS ansatz as an initial state, we perform variational optimization to

attack a frustrated J1− J2− Jχ square lattice model [188] in the regime of chiral spin liquid [185,

189, 190]. The fPEPS approach has competitive energy compared to the conventional bosonic

PEPS, and crucially shows correct entanglement spectrum degeneracy.

This chapter is organized as follows. As CSLs can be constructed by Gutzwiller projecting

copies of Chern insulators, an introduction to the latter topic is presented in section 4.2. Then,

in section 4.3, we discuss the challenges in representing chiral states using tensor networks. In

4.4, we discuss the numerical techniques employed in our work, including the construction of

the parton ansatz and the VMC and PEPS methods. Then, in section 4.5 we show results of the

VMC analysis of fPEPS states on finite clusters, and in section 4.6 we discuss the variational

optimization of the fPEPS states on the infinite plane to study the J1− J2− Jχ model. Finally, we

conclude with a summary of our findings in section 4.7.

4.2 Chern Insulators

4.2.1 Berry connection and Chern number

The study of Chern insulators has its origins in the Integer Quantum Hall effect (IQHE), a

phenomenon observed in two-dimensional electron systems subjected to strong magnetic fields.

Discovered in 1980 by Klitzing, Korda, and Pepper [191], the IQHE manifests as a quantized

Hall conductance that is remarkably robust against disorder and impurities. This quantization

was soon linked to the topological properties of the system [192]. Indeed, the Hall conductance is

quantized in integer multiples of e2/h, and the proportionality factor is obtained as the sum of

the ’Chern numbers’ of all the bands that lie below the Fermi level. The Chern number (defined

below) is a topological invariant which characterizes the global properties of the electronic

wavefunctions in the bulk of the material. Thus the IQHE was the first physical phenomena that

linked topological invariants to observable physical quantities.

Chern insulators extend the concepts of the IQHE to systems without an external magnetic field,

and were first theoretically proposed in the pioneering work by Haldane in 1988 [193]. Haldane’s

model consists of a honeycomb lattice with complex next-nearest-neighbor hopping terms that

break time-reversal symmetry. Thus, in some region of the phase diagram, the Bloch bands

have a non-zero Chern number and thus a quantized Hall conductance. This model provided a

conceptual framework for understanding how topological phases could arise in systems where

the total magnetic flux through the unit cell is zero.
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Let us now understand these states better, and we start by defining the ideas of Berry

connection, Berry curvature and Chern number. Consider a translationally invariant system

whose k space hamiltonian is the q× q matrix Ĥ(k). Denote its eigenvectors as |ψ(n)(k)〉, n =
1, . . . , q. Then, the Berry connection for the nth band is the following vector field

A(k)= i 〈ψ(n)(k)|∇k |ψ(n)(k)〉 (4.1)

The line integral of the Berry connection over a closed path in the Brillouin zone yields the

Pancharatnam-Berry phase [194, 195], which is the geometrical contribution to the phase acquired

by the eigenstates along the path. It has found ubiquitous application in many areas in condensed

matter physics [196]. The curl of the Berry connection is known as the Berry curvature F(k)

F(k)=∇k ×A(k) (4.2)

The Berry connection is gauge dependent, but the Berry curvature is not. For a two dimensional

Brillouin zone, the latter has just one component given by

F(k)= ∂kx A y(k)−∂ky Ax(k) (4.3)

The Chern number is a topological invariant, which measures the ’flux’ of the Berry curvature

through the whole Brillouin zone

C = 1
2π

∫
BZ

F(k)d2k (4.4)

The Chern number is necessarily an integer, due to the periodicity of k space and the single

valuedness of the vector potential A(k). This principle underpins the robustness of the Hall

conductance: small perturbations to the Hamiltonian that do not close the bulk gap cannot

alter the Chern number. For the system to change this topological invariant, it must undergo a

quantum phase transition. A crucial aspect of Chern insulators, as with other topological phases,

is the bulk-boundary correspondence [197]. This principle states that the non-trivial topology of

the bulk bands, characterized by a non-zero Chern number, guarantees the existence of robust

gapless edge states at the boundaries of the material. These edge states are chiral, meaning

they propagate in a single direction along the edge of the sample. Importantly, these states are

protected against backscattering from impurities or disorder, which leads to dissipationless edge

transport. We note that time reversal symmetry breaking (though either complex phases or

external magnetic field) is essential for having Chern bands.

Chern insulators have been experimentally observed in several systems, including magnet-

ically doped thin-films, and moiré graphene [198]. Additionally, these exotic states have also

been simulated using cold atom platforms where artificial gauge fields can be engineered with

high precision [199, 200]. We also note in passing that partially filled Chern bands in the pres-

ence of interactions exhibit the Fractional Quantum Hall Effect, and these states are known as
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Fractional Chern Insulators (FCI) [201, 202]. Finally, over the last two decades, a new phase

of matter known as Topological Insulators (TI) has emerged. Unlike Chern insulators which

require time reversal symmetry breaking, these materials preserve time-reversal symmetry

while maintaining a bulk energy gap and supporting gapless edge modes. The unique properties

of topological insulators are made possible by the presence of spin-orbit coupling [203].

We next discuss in detail the properties of the square lattice Hofstadter model, an example

of a Chern insulator. Before describing the model, we will first explain how magnetic fields are

incorporated into lattice models.

4.2.2 Peierls Substitution

Peierls substitution is a method used to incorporate the effects of a magnetic field into lattice

tight-binding models [204]. The main idea is to modify the hopping amplitudes of the model by

introducing complex phases that account for the influence of the vector potential A associated

with the magnetic field B=∇×A. These phases are equivalent to those in the Aharonov-Bohm

effect [205], which describes how the presence of a magnetic field affects the phase of a particle’s

wavefunction.

Consider a free fermion hopping model on a lattice with real hoppings ti j

H =∑
i, j

ti j c
†
i c j +h.c. (4.5)

where c†
i and c j are fermionic creation and annihilation operators at sites i and j, respectively.

The Peirels substitution involves making the transformation

ti j → ti j exp
(
i

e
ℏ

∫ r j

ri

A ·dl
)

(4.6)

where the line integral is in between the sites i and j in some specified path. The phase factor

exp
(
i e
ℏ

∫ r j
ri A ·dl

)
represents the accumulated phase due to the magnetic field as an electron hops

between lattice sites. This substitution can be justified as follows: if the vector potential is slowly

varying (across the length scale of the lattice spacing), then one can show that the continuum

limit of the above approximation yields the minimal coupling Hamiltonian H ∼ (p+ eA)2 [206].

From Stokes’ theorem, the line integral of the vector potential A around a closed loop γ on the

lattice is equal to the magnetic flux Φ piercing the enclosed area Ar(γ). Therefore, the phase

accumulated as a fermion traverses a loop is

exp
(
i

e
ℏ

∮
γ

A ·dl
)
= exp

(
i

e
ℏ

∫
Ar(γ)

B ·dS
)
≡ exp

(
i
2πΦ
Φ0

)
(4.7)

where Φ0 is the flux quantum h/e. This approach effectively incorporates the influence of the

magnetic field into the lattice model. We will use this method throughout this thesis; the monopole
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excitations constructed in the next chapter also involve tight binding models with non-trivial

fluxes through the plaquettes of the lattice. Finally, we note that due to the presence of complex

hoppings, the Hamiltonian breaks time reversal symmetry.

4.2.3 Hofstadter model

The Hofstadter model is a tight binding model of electrons hopping on a square lattice under the

influence of an uniform magnetic field [207]. Consider an L×L square lattice with sites (m,n)

and define the creation (annihilation) operators c†
m,n (cm,n) for a fermion on each site. Then, the

hamiltonian in real space can be written as 1

H =−J
L∑

m,n

(
c†

m,ncm+1,n + ei2παmc†
m,ncm,n+1 +h.c.

)
(4.8)

Here, α= p/q is a rational number that characterizes the flux through every plaquette which

is 2πα (p, q are chosen to be coprime) 2. With the choice of gauge chosen, the system is invariant

under translations along y by unit lattice spacing, but along x only by q lattice spacings. Thus,

the enlarged magnetic unit cell is of size q×1, leading to q energy bands in k space. Due to the

breaking of time reversal symmetry, the bands in the Hofstadter problem are topological and

have non-zero chern number. The energy spectrum of this model as a function of α features a

starkling fractal pattern, arising due to the two competing length scales in the problem (the

lattice spacing and the magnetic length), known as the Hofstadter butterfly, shown in figure 4.1.

Figure 4.1: Energy spectrum of hamiltonian (4.8) as a function of α. The colors in the band gaps
represent the sum of Chern numbers of all the bands below the gap. Warm (cold) indicate positive
(negative) Chern number. Figure taken from [208].

1We choose a specific gauge for the vector potential, known as the Landau gauge. Observables like the fluxes
though plaquettes and the energy spectrum are independent of the gauge choice.

2We assume periodic boundary conditions, implying that for uniform flux through every plaquette, q must divide
L.
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The momentum space hamiltonian can be easily obtained by fourier transforming (4.8). Upto

a unitary transformation, it is given by the following q× q matrix 3

H̃(kx,ky)=


−2cos

(
ky −2πp/q

)
0 . . . −e−iqkx

0 −2cos
(
ky −4πp/q

)
. . . 0

...
... . . .

...

−eiqkx 0 . . . −2cos
(
ky

)

 (4.9)

Note that the hamiltonian in k space has the periodicity H̃(kx +2π/q,ky) = H̃(kx,ky). As an

example, we discuss the energy spectrum for the case α = 1/5, plotted in figure 4.2(a). All the

bands have non-zero Chern numbers, given by C = 1,1,−4,1,1, in increasing order of energy. The

Chern numbers of the bands were computed using the Fukui-Hatsugai-Suzuki algorithm [209],

which is outlined in appendix B. We note that the total Chern number of all the bands of the

system is zero, since completely filling all the bands would yield a trivial insulator. As mentioned

earlier, a non-zero Chern number in the bulk implies the presence of topologically protected

edge modes if the system has boundaries. To check this, we diagonalize the same Hamiltonian

on a cylinder, with periodic boundary conditions along the y direction and finite extent along

x. The result is shown in figure 4.2(b). We can clearly observe dispersive modes that connect

the previously separated bands. These additional modes are localized on the boundaries of the

cylinder. They are robust to perturbations that do not close the gap between the bulk bands, and

can conduct electricity without dissipation. If the Fermi energy is in between two bulk bands, the

number of edge modes (on one edge) is given by the sum of Chern numbers of all occupied bands

(i.e., all bands below the Fermi level). This is clearly evident from figure 4.2b. 4

4.3 Representing chiral states using Tensor Networks:
Topological Obstruction

Tensor Networks have been remarkably successful in representing quantum many-body states

and probing the physics of spin systems. However, as mentioned before, representing chiral spin

liquids has remained non-trivial and challenging. In fact, Dubail and Read demonstrated that

free-fermion PEPS cannot exactly represent gapped chiral states [210] (see also [211]). They

proved a no-go theorem stating that the parent hamiltonians for chiral free-fermion PEPS must

be gapless (if short ranged), implying an infinite correlation length. Although this was rigorously

shown only for the free-fermion case, numerical studies suggest that this holds true even for

PEPS describing chiral states with interactions [183, 185, 186, 211, 212]. This difficulty is linked

to the fact that, in a non-interacting system with translational symmetry, Wannier functions

(Fourier transforms of the Bloch wavefunctions [213, 214]) cannot be exponentially localized if

3We assume J = 1 for the rest of this section.
4Note the change in chirality of the edge modes after crossing the C =−4 band.
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Figure 4.2: (a) Energy bands of the Hofstadter hamiltonian (4.8) with α= 1/5 on a torus. The
bands are well separated, and have Chern numbers C = 1,1,−4,1,1. (b) The same model
diagonalized on a cylinder, with periodic boundary conditions along the y direction, and finite
extent along x (we choose Lx = 100). The band structure features edge modes which are localized
either on the left (red) or the right (blue) edge of the cylinder.

the bands are topologically non-trivial i.e. have non-zero Chern number [215]. It is well known

that for topologically non-trivial bands, the Bloch wavefunctions cannot be analytic across the

entire Brillouin zone (the phase of the wavefunction cannot be chosen continuously). Brouder

et al. [215] showed that this fact disallows the construction of exponentially localized Wannier

functions.

These findings have sparked considerable debate and skepticism about studying chiral spin

liquids (CSLs) using Tensor Networks. However, there is still hope. Subsequent research has

shown that although the no-go theorem cannot be violated, it does not pose a practical barrier to

approximately representing CSLs using PEPS. For instance, while the spin-spin correlations are

indeed long-ranged, they exhibit two distinct regions: an initial short-range exponential decay,

followed by a long-range "Gossamer" tail, which results in the infinite correlation length. As

an example, in figure 4.3, we show the spin-spin correlations obtained from a bosonic PEPS

optimization for a spin model (defined later in (4.18)) in a parameter region that hosts a chiral
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spin liquid [212]. The two regions mentioned above are clearly visible. The region with the

exponential decay steadily increases with increasing bond dimension, and the correlations at

r →∞ (equivalent to the square of the magnetization) approach 0 as χ increases, indicating

stabilization of the CSL phase. Additionally, the magnitude of the long-range tail is very small,

showing that it contributes minimally to the overall spin-spin correlations.

Figure 4.3: Spin-spin correlations as a function of distance for different values of bond dimension
D and environment bond dimension χ. Figure taken from [212]. Each (D,χ) has two curves,
corresponding to odd and even sites, due to the oscillation in the sign of the correlations.

Moreover, the optimized variational energies (when studying spin models hosting CSL phases)

are highly competitive with other numerical approaches, which is an encouraging sign [185,

212, 216]. Finally, the entanglement spectrum (defined later in section 4.6.2) of these PEPS

states matches exactly with the predictions of conformal field theory, suggesting that PEPS

can accurately capture the entanglement properties of these states. The only caveat being that

in bosonic chiral PEPS there’s an unphysical doubling of the chiral edge branch in the odd

topological sector [183, 184] which seems to persist in the case of fully optimized wave functions

for Abelian SU(N)1 and non-Abelian CSLs [154, 185, 186, 216–218]. This feature is not present

in fermionic PEPS, as we will see in section 4.6.

In light of these findings, the emerging consensus is that while the no-go theorem manifests

as long-range tails in the correlation functions, some global topological properties of CSLs can

indeed be captured by PEPS. Our work provides further supporting evidence, by demonstrating

that the topological degeneracy of a CSL on a torus is accurately represented by fermionic PEPS

ansatzes at finite bond dimensions. In the next section, we discuss the specifics of the CSL we
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consider, the fermionic PEPS approximation and the numerical methods used for analyzing the

properties of the fPEPS states. This is followed by a presentation of our results.

4.4 Numerical techniques

4.4.1 Parton ansatze

In order to construct a simple CSL, we first consider a Chern insulator state with C = 1, obtained

by diagonalizing the following (free electron) Hofstadter hamiltonian on the square lattice

H = ∑
〈i j〉,σ

t1χi j c
†
iσc jσ+

∑
〈〈ik〉〉,σ

t2c†
iσckσeiθik +h.c. (4.10)

where 〈i j〉 (〈〈ik〉〉) denotes nearest (next-nearest) neighbor bonds and σ is the spin index, σ= {↑,↓}.

The hoppings are identical for both spin species. We fix t2 = 0.5t1, χi j = ±1 to ensure a π flux

through every square plaquette and choose the complex phases θik to obtain a π/2 flux in all

triangles. We choose the gauge (used in Ref. [219]) such that the unit-cell contains two nearest

neighbour sites along the x direction, see figure 4.4(a).

The exact many-body spin wavefunction |ϕ〉 is a Gutzwiller projected Slater-determinant

|ϕ〉 = PG
∏
α

c†
α,↑c†

α,↓|0〉, (4.11)

where the Gutwiller-projector
∏

i(ni,↑−ni,↓)2 projects onto the subspace of exactly one electron

per site, and c†
α,σ correspond to single-particle states obtained from the mean-field Hamiltonian

Eq. (4.10). It is known that the resultant exact parton state is a SU(2)1 CSL which is equivalent

to the ν= 1/2 bosonic Laughlin state. On a torus, this CSL has a two-fold topological degeneracy

where the degenerate states can be constructed by imposing different boundary conditions on the

parton wavefunctions [220]. On a cylinder, the CSL hosts chiral gapless edge states predicted by

SU(2)1 Wess-Zumino-Witten (WZW) CFT [221].
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4.4.2 Construction of Gaussian fPEPS state

Figure 4.4: Schematic diagrams of (a) the Chern insulator model defined in (4.10) with a two-site
A, B unit-cell along x direction marked by the dashed line, (b) the translation invariant GfPEPS
ansatz with A, B physical sites included in one tensor and (c) the spin state (4.11) constructed
from Gutzwiller projected GfPEPSs. Figure and caption taken from [219].

To construct the Gaussian fPEPS state which is an approximation of the exact ground state of Eq.

(4.10), we adopt the method introduced in Refs. [222, 223]. The translation invariant many-body

ansatz is parametrized by a single Gaussian tensor with four virtual indices and two physical

indices corresponding to the unitcell in the Hofstadter model. In the Gaussian tensor, the virtual

space dimension is defined by the number of virtual modes M. Each virtual fermion mode can be

occupied or unoccupied, thus the bond dimension becomes D = 2M for a spinless state and D = 4M

for spinful SU(2) state. The single particle orbitals c̃†
α,σ are completely determined by the real

space Gaussian tensor, and the CSL state is constructed as PG
∏
α c̃†

α,↑ c̃†
α,↓ |0〉. To obtain the best

approximation of this tensor, we use gradient optimization and choose the (free electron) energy

of Eq. (4.10) at half-filling as cost function. As the unprojected fPEPS state is gaussian, it can

be also written as a Slater-determinant (product state) on any finite torus and all the physical

properties can be extracted exactly. In Ref. [219] it has been shown that the gaussian fPEPS

becomes chiral from M ≥ 2, and the correlation functions improve quantitatively with increasing

M. However, the general topological properties of the fPEPS remain unclear after Gutzwiller

projection, and are not accessible (except for the entanglement spectrum) by conventional PEPS

techniques. Therefore, we introduce the following Monte-Carlo method to probe the properties of

Gutzwiller projected Gaussian fPEPS.

4.4.3 Monte-Carlo technique

The Gutzwiller projected fPEPS wavefunctions discussed previously are analysed within a

standard Markov chain Monte Carlo framework [224], discussed in chapter 2. In particular,

overlaps between two projected wavefunctions |ψ〉 and |φ〉 can be computed straightforwardly as
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follows,

〈ψ|φ〉
〈ψ|ψ〉 =

∑
x 〈ψ|x〉〈x|φ〉
〈ψ|ψ〉 =

∑
x|〈ψ|x〉|2 〈x|φ〉

〈x|ψ〉
〈ψ|ψ〉 (4.12)

where {|x〉} is chosen to be the Sz basis to enforce the one fermion per site constraint exactly. In

this paper, we remain in the Sz = 0 sector, with equal number of up and down spins. Then, by

sampling the normalized probability distribution

P(x)= |〈ψ|x〉|2
〈ψ|ψ〉 (4.13)

one can estimate the wavefunction overlap as

〈ψ|φ〉
〈ψ|ψ〉 ∼

1
n

n∑
i=1

〈xi|φ〉
〈xi|ψ〉

(4.14)

where n is the number of Monte Carlo runs, and {|xi〉} are the spin configurations sampled in the

Markov chain. We note that the cost of computing overlaps for the projected fPEPS is independent

of bond dimension, as the set of single-particle orbitals in real space can be obtained analytically

for any M. This enables the calculations in section 4.5, where we quantitatively analyze the

fPEPS for M = 1. . .6.

4.4.4 Variational iPEPS method

In Section 4.6, we perform a variational study of a chiral Heisenberg antiferromagnetic model,

taking the projected fPEPS parton ansatz as the initial state in our optimization. Firstly, we

construct the Gutzwiller projected tensor for the parton ansatz following Refs. [219, 223], where

a single tensor of bond dimension 4M contains two physical sites and satisfies U(1)×SU(2)

symmetry. Secondly, we choose this tensor as the initial state and variationally optimize the

tensor elements with the U(1)×SU(2) virtual symmetry kept. To optimize the tensor, we adopt

the automatic differentiation method [225] and choose the energy of the chiral spin model as the

cost function. The energy is evaluated using the corner transfer matrix renormalization group

(CTMRG) [226, 227] method, where the approximate contraction is controlled by the environment

bond dimension χ, and becomes exact in the χ→∞ limit.

4.5 Characterizations of projected fPEPS parton ansatz: VMC
studies

Several VMC algorithms have been developed to study topological properties of spin liquids,

including entanglement entropy, modular matrices, and topological degeneracy [220, 228, 229].

In this section, using VMC calculations on finite tori, we investigate the properties of the fPEPS

wavefunctions, and compare them to the exact CSL state constructed from the parton ansatz
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(4.11). We demonstrate that the fPEPS at finite bond dimension can capture the correct properties

of the CSL. The gaussian fPEPS tensor is determined from optimizing the mean-field Hamitonian

(4.10) on a 80×80 torus. Subsequently, we put the optimized tensor on smaller L×L clusters to

construct the many-body wave functions which are input to the Monte Carlo algorithm.

4.5.1 Wavefunction fidelity

We first compute the normalized overlap between the projected exact CSL and the fPEPS states

with periodic boundary conditions (PBC-PBC), given by

OM = |〈Ψexact|ΨM〉|√〈Ψexact|Ψexact〉〈ΨM |ΨM〉
. (4.15)

By contracting physical indices of the PEPS, the overlap can be mapped to a partition function

of a two-dimensional classical statistical model, thus decaying exponentially with system size.

We can then define the fidelity per unit area (free energy) f = (OM)1/L2
, which should show weak

size dependence and converge to a finite value in the L →∞ limit. The infidelity 1− f plotted in

figure 4.5 confirms these expectations. In addition, the diminishing infidelity with increasing M

clearly demonstrates the improving accuracy of the optimized fPEPS states. We note that similar

results have been obtained for the other three choices of boundary conditions, i.e., PBC-APBC,

APBC-PBC and APBC-APBC.
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Figure 4.5: Infidelity 1− f plotted in logarithmic scale as a function of the system size L for
fPEPS states with M = 1. . .6 and periodic boundary conditions. The estimated error bars are
smaller than the size of the symbols.

4.5.2 Spin-spin correlations

To further confirm that the projected fPEPS describe the correct physical properties of the CSL,

we compute the real space spin-spin correlations for the L = 18 system. These are shown in

figure 4.6. We observe exponential behaviour at short distances as expected for a gapped state,
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with a very short correlation length ξ ≈ 0.57. Further, the fPEPS states (for all values of M)

are essentially indistinguishable from the exact CSL in terms of the correlations. Note that the

saturation of the decay of the long-distance correlations for r > 5 can be simply attributed to a

finite size effect with periodic boundary conditions when r ∼ L/2. Hence, we cannot definitively

establish the presence of the Gossamer tail, discussed in the previous section.
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Figure 4.6: Logarithmic plot of the magnitude of spin-spin correlations as a function of distance
for the exact and projected fPEPS, for the L = 18 cluster with periodic boundary conditions.
Symbols are ommited if the obtained value is lesser than one standard deviation of error. The
expected correlations of the exact CSL at r > 5 (in the thermodynamic limit) are shown as a
dotted line, extending the exponential behavior.

4.5.3 Topological properties: ground state degeneracy

A fundamental characteristic of a topological ordered phase is a ground state degeneracy which

depends on the topology of space [230]. As mentioned previously, the exact SU(2)1 CSL state

(4.11) has a two-fold degeneracy on a torus: imposing different boundary conditions on the parton

ansatz before projection yields degenerate states that cannot be distinguished by local observables

(like spin-spin correlations) after projection. In the thermodynamic limit, it is known that the

four states only span a two dimensional linear space [220].

To investigate this property of the fPEPS and exact states on finite clusters, we compute the

4×4 overlap matrix O with elements

Oα,β =
〈Ψβ

M |Ψα
M〉√

〈Ψα
M |Ψα

M〉〈Ψβ

M |Ψβ

M〉
(4.16)

where α and β denote the four choices of boundary conditions on the torus. The rank of this

hermitian matrix (which denotes the number of linearly independent eigenvectors) is the number

of non-zero eigenvalues. In the thermodynamic limit, the eigenvalues of the exact state must
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Figure 4.7: Eigenvalues of the overlap matrix as a function of inverse system size 1/L for the
exact and the fPEPS states. Pairs of eigenvalues converge to +2 and 0 in (a) and (b) respectively.
The M = 1 data is shown in the inset since it has a much larger deviation than the other fPEPS
states. The estimated error bars are roughly the size of the symbols.

converge to {+2,+2,0,0} (the trace of the matrix being 4). In figure 4.7, we plot the eigenvalues

for both the projected fPEPS and the exact states as a function of L. Remarkably, we observe that

for fixed M > 1, the eigenvalues converge to the exact result with increasing system size (already

at L = 18, the deviation is at most 10−3). In addition, from the analysis of the eigenvectors of the

overlap matrix, we have obtained the following relations (up to a gauge degree of freedom)

|ΨPBC-PBC〉 = |ΨPBC-APBC〉+ |ΨAPBC-PBC〉p
2

,

|ΨAPBC-APBC〉 = |ΨPBC-APBC〉− |ΨAPBC-PBC〉p
2

(4.17)

with a very good accuracy whenever L ≥ 18, consistent with the fact that the states on the RHS

and the LHS of the above equations belong to the same IRREPs of the C4 rotation group on

clusters with Lx = L y (respectively even and odd). These results substantiate that fPEPS, even at

finite bond dimensions, can accurately capture the correct topological degeneracy of CSL states.
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4.6 Simulation of the chiral J1− J2− Jχ model

From the VMC analysis in the previous section, we have seen that projected (Gaussian) fPEPS can

describe topological properties of CSLs faithfully. However, for the purpose of studying frustrated

spin models, the conventional parton ansatz has only a limited number of variational parameters

such as hopping coefficients, Jastrow factors, etc. On the contrary, PEPS can represent generic

interacting states with the systematic increase of bond dimension. Now we conduct a variational

PEPS study on the chiral J1 − J2 − Jχ model using projected GfPEPS (discussed in the previous

section) as the initial ansatz. The spin-1/2 hamiltonian is given by

H = J1
∑
〈i, j〉

Si ·S j + J2
∑

〈〈i,k〉〉
Si ·Sk + Jχ

∑
△i jk

(
Si ×S j

) ·Sk. (4.18)

This model was initially proposed in [188], where exact diagonalization techniques revealed

that the ground state had a very high overlap with the exact Kalmeyer-Laughlin state. The

model exhibits a chiral spin liquid (CSL) phase over a large region of its phase diagram, and

we select a specific set of parameters also discussed in that work. The Hamiltonian can be

undersdood as an effective Hamiltonian of the Fermi-Hubbard model through the Schrieffer–Wolff

transformation. Realizing the Fermi-Hubbard model in cold atom experiments remains an active

area of research [231–233]. Further, this model has been investigated in Ref. [185], where the

sum of four triangular Jχ terms inside a plaquette has been equivalently written as a spin cyclic

permutation i(Pi jkl −P−1
i jkl) term. Ref. [185] performed a variational study of this model with

bosonic iPEPS, and found a regime of SU(2)1 CSL in the phase diagram. The optimized bosonic

iPEPS provides good variational energy and correct level counting in the entanglement spectrum

predicted by SU(2)1 WZW CFT. However, there exists a redundant chiral branch in the odd

(semion) sector [185, 234] which contradicts both the theoretical prediction and recent numerical

results obtained from DMRG on finite cylinders [189, 190]. We emphasize that such artificial

replication of chiral branches in bosonic iPEPS is quite general and is also found in the cases of

SU(N) and non-Abelian CSLs [154, 186, 216, 218].

On the other hand, in Ref. [219] it was shown that the projected fPEPS from parton construc-

tion not only has correct level counting, but also has exact branch numbers in each topological

sector of the entanglement spectrum. However, it is not clear whether such entanglement spec-

trum degeneracy of fPEPS is a robust or fine-tuned feature. From the variational study below

we would like to show that (i) the parton state provides an energetically good initial guess for

variational optimization and (ii) the optimized fPEPS state (which is beyond projected Gaussian

states) still gives the correct entanglement spectrum counting and number of chiral modes,

implying that our family of fPEPS states are not fine-tuned and provide a faithful description of

CSLs.
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Figure 4.8: Variational energy of optimized bosonic iPEPS (red) and projected fermionic iPEPS
(blue) for the spin model. Blue open circles show the energy of the fermionic parton ansatz at
t1 = 1, t2 = 0.5 without variational optimization of tensor elements.

4.6.1 Variational energy

We choose the parameters of the spin model as J1 = 2cos(0.06π)cos(0.14π), J2 = 2cos(0.06π)sin(0.14π),

Jχ = 4sin(0.06π) which has been considered in Refs. [185, 188, 212] and is known to be deep

inside the CSL phase with the ground state energy being E ≈−1. We import the SU(2) bosonic

iPEPS method there and compute variational energies as a reference. For the bosonic iPEPS, the

tensor has SU(2) symmetry and the unit-cell size is chosen to be one such that each tensor only

has one physical leg. The results for virtual spaces V = 0⊕1/2 (D = 3) and V = 0⊕0⊕1/2 (D = 4)

are given in Fig. 4.8. As we extrapolate to the infinite χ limit the energies are around −0.99.

In our fPEPS treatment, the initial parton state is still chosen at the hopping parameter

t1 = 2t2 which corresponds to the largest band gap. Since the smallest bond dimension M = 1 is

non-chiral, we take M = 2 (D = 16) GfPEPS with Gutzwiller projection and compute the energy

with respect to the spin model. Due to the gauge choice in the parton construction, the smallest

unit-cell size is 2-sites along x direction. As can be seen in Fig. 4.8, the unoptimized parton state

already has good energy close to the optimized bosonic iPEPS at D = 3,4. After optimizing the

fPEPS tensor elements, the energy further improves to E ≈−0.995. When comparing the energies

of bosonic and fermionic iPEPS, one should recall that since our fPEPS has two-sites unitcell in

y direction, the effective bond dimension in y direction is Deff = 4 per site, while the x direction

bond is much larger than that of bosonic iPEPS. This is consistent with the fact that our fermionic

iPEPS has better energy.
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4.6.2 Entanglement spectrum

The most common measure of entanglement in quantum many body systems is the von Neumann

entropy, or more generally, the Renyi entropy [122]. Consider a system in a pure state |Ψ〉, and

partition it into two subsystems A and B. The nth Renyi entropy of the subsystem A is given by

S(n)
A = 1

1−n
lnTrρn

A (4.19)

where ρA is the reduced density matrix of the subsystem A

ρA =TrB (|Ψ〉〈Ψ|) (4.20)

The von Neumann entropy Tr(ρA lnρA) is recovered from the Renyi entropy in the limit n → 1.

The ’Entanglement Spectrum’ (ES) simply the set of eigenvalues of the reduced density matrix. It

is now understood that the entanglement spectrum contains much richer information about the

system. This was first realized by Li and Haldane [127] in the context of Fractional Quantum

Hall (FQH) states, who observed that the ν= 5/2 Moore-Read state and ’more realistic’ Coulomb

FQH wavefunction obtained from exact diagonalization had the same ’low energy’ structure of

the ES. Additionally, the counting and structure of these low-lying levels matched exactly with

counting of states in the corresponding edge CFT. They hence conjectured that the low lying levels

of the ES correspond to the physical edge excitations of the system, and can act as a "footprint"

for topological order.

This connection was rigorously proven for non-interacting [235, 236] and more generic systems

[237], and was soon identified in magnetic systems as well [238]. Additionally, the degeneracies

of the ES levels provide insights into the topological order of the system. For instance, the

Haldane chain exhibits a two-fold degenerate entanglement spectrum, with this degeneracy

being protected by the system’s symmetries [239]. Using the PEPS framework, it has been shown

that the entanglement hamiltonian HE (where ρA = exp(−HE)) only acts on the virtual degrees

of freedom of the boundary of the region A [128]. This has been dubbed the ’PEPS bulk-boundary

correspondence’.

The ES is now a standard quantity of interest when studying chiral spin liquids. For example,

in Ref. [240], a CSL was proposed as the ground state of a Heisenberg model on the Kagome

lattice with additional neighbor Ising interactions. Computations of entanglement spectra on

a cylinder (figure 4.9) revealed low lying levels with a distinct counting of 1,1,2,3,5,7, . . .. This

sequence reflects the number of states at successive levels in the conformal towers of the SU(2)1
Wess-Zumino-Witten (WZW) CFT, which is the same edge CFT as that of the Kalmeyer-Laughlin

state.

Now we discuss our results of the ES. To analyse the level counting of entanglement spec-

trum, we put our optimized tensor on a finite width cylinder and compute the entanglement

spectrum of such translation-invariant state. To compute entanglement spectrum, the boundary
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Figure 4.9: Entanglement spectrum from a DMRG simulation of a Kagome Heisenberg model
(with additional Ising interactions). Due to U(1) symmetry, the ES can be characterized by the
Sz quantum number. Figure taken from [240].

Hamiltonian (transfer matrix fixed points) can be constructed exactly by exact contraction [128]

or approximately by grouping CTMRG environment T tensors [184]. In the case of fermionic

iPEPS, the tensor has U(1)×SU(2) virtual symmetry and the transfer matrix fixed points are

labeled by virtual charge and parity of virtual spin, while in the case of bosonic iPEPS the tensor

only has SU(2) virtual symmetry and the transfer matrix fixed points are labeled only by parity

of virtual spin. Fig. 4.10 (a)-(b) show the entanglement spectrum of optimized M = 2 fermionic

iPEPS computed from CTMRG with the environment bond dimension χ= 110. The low energy

spectrum shows SU(2) multiplets with counting 0,1,0+1,0+1+1, ..., in the integer spin sector

and 1/2,1/2,1/2+3/2, ..., in the half-integer spin sector, satisfying predictions from SU(2)1 WZW

CFT. Note that in both even and odd sectors there is only one low energy chiral branch, which

matches with recent DMRG results on finite cylinders [189, 190]. On the contrary, Fig. 4.10 (c)-(d)

show entanglement spectrum of D = 3 bosonic iPEPS. Here the level counting is correct, but

an anomalous identical branch appears in the odd sector with a π-momentum shift. We also

confirmed that the redundant branch can not be eliminated or shifted by increasing the bond

dimension of the bosonic iPEPS.

4.7 Conclusion and outlook

Tensor Network methods have been widely applied to study frustrated spin models hosting

possible spin liquid phases. However, due to a no-go theorem [210], doubts have arisen regarding
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Figure 4.10: Entanglement spectrum of optimized M = 2 projected fermionic iPEPS (top) and
D = 3 bosonic iPEPS (bottom) for the spin model on cylinders of finite width 6 and 8, respectively.
Left and right columns correspond to even (integer spin) and odd (half-integer spin) sectors. The
red dashed lines denote the theoretically predicted linear dispersions of the tower of states, while
the blue dashed line denotes the redundant branch in the odd sector of bosonic iPEPS.

their ability to describe chiral states. In this chapter, we investigated the topological properties of

projected fermionic PEPS ansatz for a CSL state. By performing a VMC analysis on the initial

(Gutzwiller-projected) parton state, we demonstrated that fPEPS at finite bond dimension can

accurately capture the topological ground state degeneracy of CSLs on a torus. This achievement

has been challenging with conventional bosonic PEPS due to the high computational cost involved

[183]. Additionally, our results show that the fPEPS ansatz effectively captures the spin-spin

correlation functions of the CSL. Given the high quality of overlap fidelity, we anticipate that

fPEPS will also accurately reproduce the modular S and T matrices.

Further, non-Gaussian fPEPS ansatze were optimised variationally for the J1 − J2 − Jχ
Heisenberg model and were found to have competitive energy compared to their bosonic coun-

terparts. Additionally, the optimized fermionic iPEPS retained the correct level counting of the

entanglement spectrum as opposed to bosonic iPEPS which have a duplicate branch in the odd
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topological (semion) sector. In future works, it would be interesting to see whether such artifact

of bosonic iPEPS can be eliminated by further imposing virtual U(1) symmetry and/or increasing

the unit-cell size like in the fPEPS case.

Our work provides further supporting evidence for using PEPS methods in describing chiral

topologically ordered states, supplementing previous studies in this direction [185–187, 211,

217, 219]. As a future direction, our fPEPS ansatz can further be used to study the fermionic

Hofstadter-Hubbard model [241] where both the Chern insulating phase and CSLs can be tuned

by strength of Hubbard interaction (e.g. Ref. [59]). In that case, our Gaussian fPEPS ansatze with

partially projected doublons are expected to be good initial variational ansatze at finite Hubbard

interaction.
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5
MONOPOLES IN DIRAC SPIN LIQUIDS

In this chapter, we discuss the main results of this thesis involving the study of low energy

excitations of Dirac Spin Liquids (DSLs) on the triangular and Kagome lattices. The DSL

has been proposed to be a ground state candidate for both the nearest neighbor Kagome

Heisenberg model [74, 242] and the J1 − J2 model on the triangular lattice with J2 roughly in

the region 0.06≤ J2 ≤ 0.16 [243, 244].

HKagome = J
∑
〈i, j〉

Si ·S j

HTriangular = J1
∑
〈i j〉

Si ·S j + J2
∑

〈〈ik〉〉
Si ·Sk

(5.1)

Both these models have been heavily studied over the past two decades, and there also exist

alternate proposals for the nature of the ground state (and the region of the spin liquid phase for

the triangular) [74, 242–258]. A complete consensus has not yet been reached. However, probing

the low energy excitations of these systems can be extremely illuminating in understanding

the physics of the ground state. As discussed in the first chapter, spin liquids can be gapped

or gapless. Topological gapped spin liquids are understood to have well defined quasiparticles.

For example, the toric code, a Z2 lattice gauge theory, is exactly solvable and has a gapped QSL

ground state. Its low energy excitations are anyons which obey mutual fractional statistics.

In constrast, gapless spin liquids are less well understood, especially in two dimensions.

No exactly solvable model exists, and the spinons are not deconfined. Specifically for Dirac

spin liquids, the low energy theory is QED3 whose physics involves spinons (massless Dirac

fermions) coupled to a U(1) gauge field. The low energy theory hosts monopoles and photons as

gauge excitations. Understanding these excitations is crucial in addressing key issues about the

DSL, such as its stability as a phase, and its experimental signatures. Monopoles correspond
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to instanton events, that allow tunnelling between different vacua of the theory by inserting

(multiples of) 2π flux of the U(1) gauge field. On the lattice, they are constructed by inserting

a unit 2π flux quantum and spreading the flux uniformly through all plaquettes. The scaling

dimensions of the monopole operators, and their transformation under lattice symmetries are

crucuial in understanding the stability of the DSL phase. If the monopole operator is relevant,

monopole proliferation is allowed, which could destablize the spin liquid into an ordered phase.

In the limit of large number of fermion flavors (N f ), monopoles have been proven to be irrelevant

and the Dirac spin liquid is believed to be stable [259]. For realisitic systems with spin-1/2

magnetic moments, N f = 4 and the monopoles are believed to be highly relevant in this regime.

However, significant theoretical progress has been made in the last few years [260, 261] regarding

the symmetries of monopoles on various two dimensional lattices at the mean field level (and in

the large N f limit). It has been shown that for bipartite lattices, there is always a trivial SU(4)

singlet monopole (which transforms trivially under all lattice symmetries) which condenses and

destroys the DSL phase. However, for non-bipartite Kagome and triangular lattices, this trivial

singlet monopole is disallowed for symmetry reasons, and the Dirac spin liquid can be indeed

stable [260].

In this thesis, we study this problem numerically, using the VMC and exact diagonalization

techniques. We explicitly construct variational wave functions corresponding to monopole exci-

tations, and study their properties in the context of the models in (5.1). Crucially, we compute

the monopole momenta and energetics after Gutzwiller projection, going beyond the mean field

approximation. By doing so, we can also comment on the energetic stability of the DSL state to

(one kind of) perturbation that breaks time reversal symmetry (leading to a chiral spin liquid).

Additionally, we consider monopole excitations of a higher charge Q (corresponding to insertions

of 2πQ flux), and compare the energetics with field theory predictions (for large N f ).

This chapter is organized as follows: in sections 5.1 and 5.2 we discuss the construction and

properties of the Dirac spin liquid and its monopole excitations. In section 5.3, we discuss the

momentum quantum numbers of the monopoles before and after projection. In section 5.4, we

discuss the energetics of the monopole and localized excitations, and conclude in section 5.5.

5.1 Dirac Spin Liquid ansatz

The variational wave functions for the Dirac state are defined by

|Ψ〉 =PG |Φ0〉, (5.2)

where |Φ0〉 is the ground state of the auxiliary (non-interacting) Hamiltonian:

H0 =
∑

〈i, j〉,σ
χ0

i, j c
†
i,σc j,σ+h.c., (5.3)
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where c†
i,σ (c†

i,σ) creates (destroys) a fermion on site i with spin σ=↑,↓; χ0
i, j defines the hopping

amplitude for nearest-neighbor sites (i, j). For the Dirac state, it takes values χ0
i, j =±1 and the

distribution of these bonds in the lattice is shown in figure 5.1. Note that χ0
i, j is independent

of spin flavor, implying that the wavefunction is a spin singlet i.e. has SU(2) symmetry. Let us

first discuss properties of the state at mean field level, before Gutzwiller projection. Because of

the periodic modulation of the hoppings, translational symmetry is still present, albeit with an

enlarged 2×1 magnetic unit cell.
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Figure 5.1: Hopping structure for the Dirac ansatz on the Kagome and Triangular lattices. We
show one of several possible gauges to construct the hoppings. The solid and dashed lines refer to
χi, j = 1 and −1 respectively. The fluxes through the various polygons that make up the lattice are
displayed on both lattices.

The mean field spectrum of the Dirac state hosts two Dirac cones per spin flavor. To see this,

we must diagonalize the hamiltonian in fourier space. Below, we detail this calculation for the

spinless tightbinding model on the Kagome lattice with periodic boundary conditions and 3×L×L

sites. The three site unit cell is enlarged to six sites upon adding the π fluxes, as shown in figure

5.2 (for the triangular lattice, the magnetic unit cell has instead two sites).

π π

a

a2


a1


A B ED

C F

Figure 5.2: Magnetic unit cell for the Kagome Dirac state, comprising of 6 sites (A-F). The lattice
translational vectors a⃗1, a⃗2 and lattice spacing a are also shown.

61



Let us start by defining the real space lattice vectors

a⃗1 = ax̂ a⃗2 = a/2
(
x̂+

p
3 ŷ

)
(5.4)

If the origin is supposed at the A site, then we can define the coordinates of all other sites relative

to this origin

r⃗B = 1
2

a⃗1 r⃗D = a⃗1 r⃗E = 3
2

a⃗1 x̂

r⃗C = 1
2

a⃗2 r⃗F = a⃗1 + 1
2

a⃗2

(5.5)

Then, given a generic unit cell (m,n) whose A site is located at R⃗m,n = m(2a⃗1)+na⃗2, the position

of all other sites is given by X⃗m,n = R⃗m,n + r⃗X , where X = A . . .F. Next, we define the creation

(annhilation) operator X †
m,n(Xm,n) which creates (destroys) a fermion at the the location X⃗m,n.

Now we are in position to write down our tight-binding hamiltonian

Hmf =
L/2∑

m=1

L∑
n=1

[(
A†

m,nBm,n +B†
m,nCm,n +C†

m,n Am,n

)
+

(
D†

m,nEm,n −E†
m,nFm,n −F†

m,nDm,n

)
+(

B†
m,nDm,n +E†

m,n Am+1,n +F†
m,nBm,n+1 +F†

m,nDm,n+1 +C†
m,n Am,n+1 +C†

m,nEm−1,n+1

)]
+h.c

(5.6)

Note that the m index only sums till L/2 due to the doubling of the unit cell. The above complex

looking expression can be easily dealt with by transferring to momentum space, by defining the

following fourier transformed operators (X=A . . .F)

X †
k⃗
= 1p

N

∑
m,n

exp
{

i⃗k · X⃗m,n

}
X †

m,n

=⇒ X †
m,n = 1p

N

∑
k⃗

exp
{
− i⃗k · X⃗m,n

}
X †

k⃗

(5.7)

where N is the number of unit cells, N = L×L/2. Inserting (5.7) into (5.6) and simplifying using

the identity ∑
m,n

exp
{

i
(⃗
k1 − k⃗2

)
· R⃗m,n

}
= Nδ(⃗k1 − k⃗2) (5.8)
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we end up with the following matrix equation

Ĥ =∑
k⃗

(
A†

k⃗
B†

k⃗
C†

k⃗
D†

k⃗
E†

k⃗
F†

k⃗

)
H k⃗

(
A k⃗ Bk⃗ Ck⃗ D k⃗ E k⃗ Fk⃗

)T

H k⃗ =



0 exp
(

i⃗k·⃗a1
2

)
2cos

(
k⃗·⃗a2

2

)
0 exp

(− i⃗k·⃗a1
2

)
0

exp
(− i⃗k·⃗a1

2

)
0 exp

(
i⃗k·(a⃗2−a⃗1)

2

)
exp

(
i⃗k·⃗a1

2

)
0 exp

(− i⃗k·(a⃗2−a⃗1)
2

)
2cos

(
k⃗·⃗a2

2

)
exp

(− i⃗k·(a⃗2−a⃗1)
2

)
0 0 exp

(
i⃗k·(a⃗2−a⃗1)

2

)
0

0 exp
(− i⃗k·⃗a1

2

)
0 0 exp

(
i⃗k·⃗a1

2

)
−2isin

(
k⃗·⃗a2

2

)
exp

(
i⃗k·⃗a1

2

)
0 exp

(− i⃗k·(a⃗2−a⃗1)
2

)
exp

(− i⃗k·⃗a1
2

)
0 −exp

(
i⃗k·(a⃗2−a⃗1)

2

)
0 exp

(
i⃗k·(a⃗2−a⃗1)

2

)
0 2isin

(
k⃗·⃗a2

2

)
−exp

(− i⃗k·(a⃗2−a⃗1)
2

)
0


(5.9)

This matrix can be diagonalized to obtain the band structure of the model, as shown in Figure

5.3. Notably, two of the bands are flat with energy -2. The remaining four bands touch at specific k⃗

points, exhibiting linear Dirac dispersions around these points. The Dirac state on the triangular

lattice features a two-site unit cell, resulting in only two bands. Both the triangular and Kagome

lattices have hexagonal Brillouin Zones (BZ). However, due to the doubling of the unit cell in

the Dirac state, the BZ is folded along the b⃗1 direction, forming a rectangular ’reduced’ BZ. The

locations of the Dirac nodes, along with the reduced BZ, are illustrated in Figure 5.4.

It is important to note that the location of the Dirac cones in the BZ is gauge-dependent;

however, the separation between them remains invariant [74]. With the specific gauge choices

shown in Figure 5.1, the Dirac cones appear at the same k⃗ points for both systems. Additionally,

Dirac-like dispersions also arise in the π flux state on the square lattice and in the simple uniform

nearest-neighbor tight-binding model on the honeycomb lattice (graphene).

Figure 5.3: Energy bands for the Dirac states on the Kagome and triangular lattices. The
Kagome system hosts two flat bands, and four dispersive ones, whereas the triangular lattice has
only two bands which meet at 0 energy.

63



-1

2
,
-1

4

1

2
,
1

4

b1

b2

Figure 5.4: Positions of the Dirac nodes in the reduced BZ (shaded in gray) for both the
Triangular and Kagome lattice Dirac states, with the gauge choice of figure 5.1. The coordinates
(m,n) represent the vector mb⃗1 +nb⃗2. The reciprocal lattice vectors for the reduced BZ are also
shown.

5.2 Monopole ansatz

Monopole excitations on the lattice can be constructed by inserting a single flux quantum (2π

flux), and spreading it uniformly through all plaquettes. For doing this, we must generalize our

auxiliary hamiltonian as follows

H0 =
∑

〈i, j〉,σ
χ0

i, j e
iαi, j c†

i,σc j,σ+h.c., (5.10)

Here, the additional phases αi, j take into account the fluxes due to the monopole, and are chosen

such that an uniform flux of 2π/L2 pierces every parallelogram of the lattice (comprising of two

triangles and a hexagon for the Kagome lattice, and just two oppositely pointing triangles for the

triangular lattice). We note that χ0
i, j is unchanged from figure 5.1, thus the monopole excitation

is constructed on top of a background of π fluxes on both lattices.

At this stage we emphasize a distinction between the Kagome and triangular lattices. In the

former, one has an additional degree of freedom in deciding how the flux within a parallelogram

is divided into the triangles and the hexagon (we assume that both triangles have the same flux).

Therefore, we consider a parameter space of two variables (φ,θ) where φ denotes the amount of

added flux per parallelogram in the lattice, and θ controls its distribution within the unit cell

(see figure 5.5). In our convention, the fluxes through the hexagon (FH) and each triangle (FT )

are given by
FH =π−2θ+3φ/4

FT =φ/8+θ
(5.11)

In the above, π in FH is the contribution from the Dirac background. Therefore, θ = 0 corresponds

to the choice where the added flux is divided within the hexagon and triangles in terms of area
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a1

a2

Figure 5.5: (a) The plane (φ,θ) that defines the flux distribution in the unit cell considered in this
work, shown in the inset. The hexagonal plaquette has a FH =π−2θ+3φ/4 and two triangular
ones have flux FT = φ/8+θ. The [π,0] Dirac state lies at the origin, the uniform state [0,0] is
obtained with θ =−φ/8 for φ=±π, and the [π,π] state with θ = 3φ/8 and φ= 2π. The quantized
values of φ, obtained for a few monopoles are marked on the x-axis. (b) The complex argument
αi, j, in units of 2π/L2 = 2π/16, of the hopping parameters eiαi, j (for i → j) and e−iαi, j (for j → i) of
the fermionic Hamiltonian (5.10) that defines a single-monopole configuration (with θ = 0) on the
L = 4 cluster.

i.e, the added flux through the hexagon is six times that of each triangle. The situation for the

triangular lattice is simpler; we only vary the external flux φ inserted in the lattice, and distribute

this flux evenly within the two triangles of a parallelogram, preserving C2 symmetry. Even after

the fluxes through the elementary plaquettes of the lattice are determined, there are infinite

possible choices for αi, j due of U(1) gauge freedom of the theory. However, the ground states of

all these different auxiliary hamiltonians become identical after Gutzwiller projection. In the

figures 5.5 and 5.6, we show one choice of hoppings to insert a monopole for both the Kagome and

triangular lattices. Note that the hoppings on the last columns break translational symmetry

along the a⃗2 direction.

Several comments are in order. Firstly, note that because of the non-trivial fluxes through odd

plaquettes on both lattices, the resultant spin wavefunction breaks time reversal and reflection

symmetry, but preserves the product of the two. Therefore, this state represents a Chiral Spin

Liquid (CSL). Then, by monitoring the energetics of the monopole states with respect to the

DSL, we can also comment on the energetic stability of the DSL in comparison to (one family

of) CSLs. Secondly, since each plaquette has a flux 2π/L2 piercing it, the total flux through a

cylindrical strip of the lattice containing L sites is 2π/L (in contrast to the Hofstadter problem

where it would have been a multiple of 2π). This necessarily implies non-trivial fluxes through

the incontractible loops (marked in blue in figure 5.6) of the torus. In general, for a L×L lattice,

the fluxes through these loops are 0,2π/L,4π/L, . . .. (a natural consequence of these non-trivial

fluxes is that the boundary conditions φx,φy can be chosen modulo 2π/L). Thus, translational

symmetries are broken along both lattice directions, and the magnetic unit cell is as large as the
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Figure 5.6: (a) Complex phases of hoppings αi, j for the uniform monopole ansatz on L = 4
triangular lattice with periodic boundary conditions, in units of 2π/L2. Solid lines without arrows
denote real uniform hopping. Each plaquette has a flux of 2π/L2 modulo 2π. (b) Fluxes through
(one set of) incontractible loops of the L = 4 torus for the monopole state. Also shown
schematically are the angles φx and φy, which control boundary conditions.

lattice itself. Despite this fact, it turns out that the state still has a well defined momentum in

the thermodynamic limit. We will discuss this in more detail in the subsequent sections.

Inserting a monopole on top of the Dirac state results in a two fold degeneracy (for each spin)

at the Fermi level (figure 5.7). This degeneracy is of topological origin, and is present for both

the lattices and remarkably cannot be removed by modifying boundary conditions. 1 This is a

consequence of the Atiyah-Singer Index theorem.
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Figure 5.7: Two-fold degeneracy at the Fermi level in the single particle spectrum of the
monopole state on the Kagome and triangular lattices. For the Kagome monopole ansatz, we take
θ = 0, and the fermi level is indicated by E f (it is at 0 for the triangular).

This unremovable degeneracy at the Fermi level implies that there are several possibilities

1The spectrum in general is modified, but the levels close to the Fermi energy (and the two fold degeneracy)
remain intact. For the Kagome lattice, the spectrum obviously varies with changing θ, but the degeneracy at the
Fermi level remains robust.
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to occupy the orbitals when constructing the many body monopole state. In particular, singlet

and triplet monopoles can be constructed, which have different symmetry properties, as will be

discussed in the next section.

5.3 Monopole momenta

In this section, we discuss the momentum quantum numbers of the monopole excitations. Recently,

Song et. al have demonstrated using field theory techniques the symmetry quantum numbers of

the monopole operators at the mean field level [260]. Here, we additionally report calculations on

the Gutzwiller projected monopole states, both using exact diagonalization and VMC calculations.

We focus on the triangular lattice in this section.

To evaluate the momentum quantum numbers on finite clusters, we compute the following

expectation values for the mean field (|Φ〉) and Gutzwiller projected (|Ψ〉) wavefunctions [260]

〈Φ|G m
T j

T j |Φ〉
〈Φ|Φ〉 = Aeik j

〈Ψ|T j |Ψ〉
〈Ψ|Ψ〉 = A′eik′

j

(5.12)

where G m
Ti

represents the gauge transformation at the which approximately compensates for

the translation along the a⃗i direction. In figure 5.8, we show the gauge transformation for

translations along a⃗1. When calculating the momenta for the projected wavefunctions, this

gauge transformation is omitted since mean-field wavefunctions connected by a U(1) gauge

transformation become identical after projection. In this case, the overlaps 〈Ψ| T̂i |Ψ〉 cannot be

computed exactly and are estimated using Monte Carlo sampling.

As previously noted, the momentum of the monopole states is precisely defined only in

the thermodynamic limit, when the amplitude A = 1. Monopole insertion results in a two fold

degeneracy at the Fermi energy (per spin), and different occupations of these two levels yield

three singlet and one triplet monopoles. Filling both these orbitals with the same spin species

(↑ or ↓) leads to the Sz =+1,−1 component of the triplet respectively. The Sz = 0 sector can be

occupied in four ways, illustrated below

(5.13)

We call the above mean field states as |Φi〉, i = 1. . .4. From the above four states, we can construct

three singlets and the Sz = 0 component of the triplet. While the unique triplet monopole is
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Figure 5.8: Gauge transformation to partially undo the effect of translations along the horizontal
a⃗1 direction for the monopole state on the 4×4 triangular lattice on a torus. The phases of all
hoppings are in units of 2π/L2 with L = 4. (a) Hopping structure for the monopole state,
reproduced from figure 5.6. (b) All hoppings translated along the horizontal direction by one
lattice spacing. (c) The site dependent gauge transformation applied in shown in blue. (d) The
resultant hoppings only differ from the initial monopole ansatz in O(L) plaquettes (shown in red).

bound to have definite momentum in the thermodynamic limit, the singlet monopoles with

definite momenta are expected to be superpositions of the above singlet states. To calculate the

approximate eigenstates of translations on finite clusters for the singlet monopoles, we construct

and co-diagonalize a pair of 4×4 matrices with elements 〈Φm|G m
Ti

T̂i |Φn〉 (and 〈Ψm| T̂i |Ψn〉)
(i = 1,2, and m,n = 1. . .4) for the mean field (and projected) monopole states. The eigenstates of

these matrices separate into two blocks of dimensions 3×3 and 1×1, corresponding to the singlet

and triplet (Sz = 0 component) sector respectively.

Let us first mention the results of Lanczos diagonalization on a 6×6 cluster. We construct the

exact projections of the Gutzwiller projected monopole variational states on the 36 momentum

subspaces. The unique triplet state (shown in blue in Fig.5.9) is observed to have a sizable weight

only at one of the two K nonequivalent points of the Brillouin Zone. The antimonopole state

(not shown) will be centered at the K ′ point. The three singlet monopole states, have significant

weight only at three of the X points in the Brillouin Zone, the remaining three points being

described by the complex conjugate wavefunction. Fig. 5.9 displays in red the weights of one of

these singlet states on different momenta subspaces.

We now discuss the behavior of the absolute value (A) and phase (ki) of the eigenvalues of the

overlap matrix as a function of system size. Figure 5.10 compares these quantities for mean-field
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0.5423

0.07297

0.4986

0.09053

0.07147

Figure 5.9: Projection of the Gutzwiller projected monopoles onto different momenta in the
Brillouin zone for the 6×6 triangular lattice. The radius of the circles are proportional to the
modulus squared of the projection, some numbers are listed for scale. All the weights add-up to
one for normalization. The blue color refers to the triplet monopole, while the red color pertains
to one out of the three singlet monopoles.

and projected monopole states, for the SZ =+1 triplet and one of the three singlets. Obviously,

since the Gutzwiller projector commutes with the translations, the thermodynamic values of

the momenta of the projected states coincide with the ones obtained within the unprojected

calculations. However, we observe a much faster convergence for the projected wavefunctions. For

instance, the amplitude of the projected triplet monopole at L = 16 already exceeds the mean-field

amplitude at L = 80.

The triplet monopole lies at one of the corners K of the Brillouin zone, and the momenta of

the singlets converge to the three X points (connected by C3 rotations) given by (⃗k · a⃗1, k⃗ · a⃗2)=
(−2π/3,−π/3), (π/3,−π/3) and (π/3,2π/3). Inserting a −2π (instead of +2π) flux would lead to the

K ′ point for the triplet, and three other inversion-connected points (a⃗ · b⃗1, k⃗ · a⃗2) = (2π/3,π/3),

(−π/3,π/3) and (−π/3,−2π/3) for the singlets.

In summary, our investigation of the Gutzwiller-projected variational monopole states aligns

with the expected behavior of the low-energy sector of QED in 2+ 1 dimensions [254, 260],

with the projected wavefunctions demonstrating significantly faster convergence towards exact

eigenstates of translation operators. We note that we have also obtained similar results on the

Kagome lattice.

Interestingly, the monopole excitations have a large overlap with particle-hole spinon ex-

citations, obtained by starting from the Dirac state and allowing a different occupation of the

fermionic levels. This approach, has been recently considered to assess the dynamical structure

factor [102]. For the 6×6 cluster, we can improve this construction, by including states with three

different boundary conditions. For the triplet case, starting from the Dirac unprojected state, we

build all the possible particle-hole spinon excitations at k= (−2π/3,2π/
p

3) after projection. Then,
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Figure 5.10: Triangular lattice: amplitude and phase of overlap in equation (5.12) for the triplet
((a)-(c)) and one of the three singlet monopoles ((d)-(f)) as a function of linear system size L.
Results are shown both for the mean field overlaps (computed exactly as slater determinants)
and the Gutzwiller projected wavefunctions (computed by monte carlo sampling). The mean field
results coincide with those in [260]. The insets show the points (⃗k.⃗a1, k⃗.⃗a2)= (k1,k2) on the
Brillouin zone corresponding to the plots. The amplitude plot corresponds to k1, and identical
behavior is observed for k2. The errorbars for the monte carlo data are smaller than the size of
the symbols, and are estimated by a statistical sampling of the eigenvalues of the overlap
matrices.

in the 27-dimensional subspace (corresponding to 9 linearly independent states for each boundary

condition) spanned by these spinon states, we finds the optimal linear combination minimizing

the energy (after projection). The spinon variational energy at k= (−2π/3,0) is Esp/J1 =−17.762,

while the monopole variational energy is E1/J1 =−17.817. Remarkably, the overlap between the

monopole and the spinon states is 0.67 (or 0.92 for the normalized monopole state). Similarly, for

the singlet monopole, the spinon variational energy is Esp/J1 =−17.776, to be compared with

the monopole one E1/J1 =−17.694. The overlap between these two states is 0.64 (or 0.90). These

results suggest that bare spinons and monopoles do not exist as free particles and cannot be

disentangled in the exact eigenfunctions of the frustrated Heisenberg model.

5.4 Energetics

5.4.1 Monopole excitations

In this section, we study the variational energies of the monopole ansatzes for the Heisenberg

models defined in equation (5.1). We will take J2 = J1/8 in HTriangular. The main questions we

address are the following: (a) Is the DSL energetically stable or unstable to forming chiral states
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Figure 5.11: Energy (per site) difference between chiral and Dirac states as a function of φ for
three cuts in the plane of Fig. 5.5. Variational Monte Carlo calculations are performed on a cluster
with L = 8 (192 sites). The values of φ correspond to Nm = 1, . . . ,4 monopoles in the torus.

(with monopoles of generic charge Q)? (b) What is the energy gap of the monopole excitations in

the thermodynamic limit after projection? (c) How do energetics of the monopoles compare with

field theory calculations in the large N f limit?

To answer these questions, we first construct the variational ansatzes for the singlet and

triplet monopoles |Φmono〉 by diagonalizing the tight binding hamiltonian (5.10). At the mean

field level, the expectation value 〈Φmono|H |Φmono〉 /〈Φmono|Φmono〉 can be computed exactly using

Wick’s theorem. This calculation is detailed in appendix A (in the more generic case of SU(N) per-

mutation hamiltonian). However, the more interesting quantity is the expectation value for the

projected wavefunction |Ψmono〉 =PG |Φmono〉 where PG is the Gutzwiller projector onto the config-

uration space with one particle per site. The expectation values 〈Ψmono|H |Ψmono〉 /〈Ψmono|Ψmono〉
are estimated using standard variational monte carlo techniques, which have been discussed in

chapter 2.

Let us first discuss the Kagome system. In figure 5.11, the variational energies (per site) for

three different cuts in the (φ,θ) plane are reported for L = 8: along θ = 3φ/8 (i.e., FH =π, which

connects the Dirac state to the [π,π] one), along θ =−φ/8 (i.e., FT = 0, which connects the Dirac

state to the [0,0] one), and θ = 0. In all cases, the energy increases monotonously with φ. Since

the ansatz with θ = 0 has a lower energy than the other cuts, we will choose this flux distribution

within the hexagon and the triangles of the unit cell. We note that the monopole momenta in the

thermodynamic limit do not depend on the choice of the choice of θ.

Let us now move to the energetics of monopole excitations. The results for triplet and singlet

monopole gaps (for the Q = 1 monopole corresponding to an insertion of 2π flux) are shown in

Fig. 5.12 as a function of inverse system size 1/L. In order to avoid complicated Monte Carlo

calculations with multi-determinant states, the singlet state is constructed by occupying with two

71



fermions (with opposite spins) the same zero-energy level (not by the diagonalization of the 4×4

matrix, as discussed before); we verified that, on small clusters, this simple approach yields the

same energy (within error-bars) as the calculation involving a linear superposition of different

occupations of the zero-energy levels. We observe that the monopole excitations are gapless in the

thermodynamic limit for both lattices, with an energy scaling inversely with linear system size.

Thus, the Gutzwiller projection does not change the gapless nature of these excitations. Further,

we observe that the singlet and triplet monopoles become degenerate for sufficiently large system

sizes. These findings support the existence of a U(1) Dirac spin liquid in the models in (5.1).

We also construct particle-hole excitations of the Hamiltonian (5.3), by changing the fermion

occupation in the unprojected state (i.e., by emptying one of the highest-energy single-particle

orbital and filling one of the lowest-energy ones). Given the shape of the cluster, there are several

ways to do this, since both these shells are four-fold degenerate (for each spin value). In particular,

we construct particle-hole excitations on the same/opposite Dirac cone, and observe them to also

be gapless in the thermodynamic limit.
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Figure 5.12: Size scaling of the single-monopole gap (with respect to the Dirac state) for both the
singlet and triplet monopoles for the Kagome and triangular lattices respectively. The
unprojected case (no Gutzwiller projection) is reported for the Kagome lattice for comparison.
Particle-hole (P-H) spinon excitations of the Dirac wave function are also shown, either within
the same Dirac cone or across the Dirac cones.

In addition, we consider higher values of the monopole charge Q, i.e., including a magnetic

flux of 2πQ. On finite clusters, for Q ≪ N, there are 2Q zero-energy levels per spin (in some cases,

the energies are not exacly zero, but still separated by the other ones). These states must be

filled with 2Q fermions (with up or down spin), thus increasing the complexity for constructing

many-body wave functions with a definite spin value. Then, we take a simplified approach and

construct states with fermions occupying (with opposite spins) the same zero-energy level, thus

leading to a singlet. We remark that no differences in the energy of Gutzwiller-projected states

are detected by occupying different single-particle levels. The energy of charge-Q monopoles is

expected to scale with a non-trivial behavior, as reported in the field-theoretical calculations of
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Figure 5.13: Upper panel: Variational energy of charge-Q (singlet) monopole excitations EQ −E0,
as a function of Q for different sizes of the cluster L. Lower panel: the excitations energies
multiplied by C×L (where C ≈ 0.28, see text) and compared with the scaling dimensions ∆Q
(including the factor N f = 4) obtained by field-theoretical calculations in the limit of a large
number of Dirac points in the fermionic spectrum [262].

Ref. [262] for the leading-order term in the 1/N f expansion. Our results for EQ −E0 are reported

Fig. 8.17 for a few values of Q and different cluster sizes L. In addition, we also report the

direct comparison between our variational results multiplied by L and the scaling dimensions

(including N f , taken to be equal to 4) obtained by field-theoretical calculations performed within

the large-N f expansion [262]. Given the different geometries considered in these two calculations

(the torus and the conformal sphere in the variational and analytical approaches, respectively),

and the different energy scales (J1 = 1 and ℏ= c = 1, in the variational and analytical approaches,

respectively), we allow for having a “renormalization” in our results, which are multiplied by

C ≈ 0.28. Remarkably, there is a nice agreement, even if the analytical calculations pertains

to the N f →∞ limit, while our numerical simulations apply to the N f = 4 case. This outcome

gives further support for the stability of the Dirac spin liquid in the J1 − J2 Heisenberg model on

the triangular lattice and the fact that the corresponding quantum spin liquid is described by

quantum electrodynamics in 2+1 dimensions. We note that similar calculations were performed

for monopole excitations on the Kagome Heisenberg model with a very good collapse to field

theory predictions.
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5.4.2 Localized flux excitations
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Figure 5.14: Localized flux excitations on the triangular lattice. (a) The hopping amplitudes χi j
of the Dirac Ansatz with the insertion of two localized gauge fluctuations in the rhomboid
(shaded) plaquettes on the cluster with L = 8. Solid and dashed lines denote the hoppings χi j = 1
and −1, respectively. (b) Rescaled nearest-neighbor energies S (i, j) of Eq. (5.14) for the
Gutzwiller-projected wave function on the same cluster.

In this section, we discuss the construction and energetics of localized flux excitations on

the triangular lattice J1 − J2 model. Within the monopole construction the total gauge flux 2πQ

is spread uniformly, implying an entire reorganization of the fermionic hoppings in the whole

cluster; here, instead, we want to consider local modifications of the flux, similarly to vison

excitations in Z2 spin liquids [20]. Of course, this kind of an Ansatz is not expected to be part of

the exact spectrum of in the thermodynamic limit, as well as in the quantum field theory for its

low-energy behavior; indeed, we observe that creating a local perturbation on top of the Dirac

Ansatz results in a state that has a large overlap with the unperturbed wave function, being thus

in striking difference with Z2 spin liquids.

The prototypical example of such localized gauge excitations is shown in Fig. 5.14, where a

single rhomboidal plaquette (e.g., two triangles) carries 2π flux (on top of the flux given by the

Dirac Ansatz, i.e., the two triangles reverse their flux 0↔π). This configuration would correspond

(in a Z2 spin liquid) to the creation of a couple of nearest-neighbor visons. The actual location

of the defect in the pattern of fluxes may be detected by considering spin-spin correlations at

nearest neighbors:

S (i, j)= 〈Ψloc|Si ·S j |Ψloc〉−〈Ψ0|Si ·S j |Ψ0〉∣∣〈Ψ0|Si ·S j |Ψ0〉
∣∣ , (5.14)

where |Ψloc〉 is the state containing two localized fluxes and |Ψ0〉 is the Dirac Ansatz. Notably

the spin-spin correlations of |Ψloc〉 differ from the ones of the Dirac state |Ψ0〉 only in the vicinity

of the perturbation, see Fig. 5.14.

Remarkably, the variational energy of the state with the “vison excitation” is particularly low

(e.g., Eloc−E0 ≈ 0.13). However, this result is due to the fact that 〈Ψ0|Ψloc〉 ≈ 0.92 (approximately

constant from L = 8 to 12). This result gives an additional evidence in favor of a gapless U(1) spin
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liquid described by the Gutzwiller-projected fermionic Ansatz.

5.5 Conclusion

Dirac spin liquids are exotic quantum states characterized by low-energy excitations involving

spinons and monopoles. Investigating these excitations is essential for identifying experimental

signatures and guiding the discovery and characterization of spin liquid candidates. In this

study, we thoroughly examined monopole excitations in the nearest neighbor Kagome Heisenberg

model and the triangular lattice J1 − J2 (J2 = J1/8) model, employing exact diagonalization and

variational Monte Carlo (VMC) techniques. Our key findings in this study are:

1. Monopole and spinon excitations are gapless in the thermodynamic limit, on both lattices.

2. The variational energy of monopole states with generic charge Q agree remarkably well

with field theory predictions for QED2+1 in the presence of a large number of fermion

flavors N f .

3. The projected monopole wavefunctions converge more rapidly (than the mean field slater de-

terminants) to exact eigenstates of the translation operators, exhibiting momenta consistent

with field theory predictions.

4. Flux excitations localized on pairs of individual triangular plaquettes are gapped in the

thermodynamic limit due to having a very large overlap with the ground state.

Our results illuminate the intricate physics of frustrated Heisenberg models on the Kagome

and the triangular lattice, and provide supporting evidence for a Dirac spin liquid ground state

in these systems.
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CONCLUSION

Quantum spin liquids (QSL) are exotic phases of matter where the magnetic moments (spins) of

electrons remain disordered even at absolute zero temperature, defying conventional magnetic

order. They states do not have local order parameters, and lie beyond the Landau-Ginsburg

paradigm. They are also characterized by many-body quantum entanglement, that give rise to

fascinating phenomena such as fractionalization of excitations and topological order, as discussed

in chapter 1.

In this thesis, we studied two questions about QSLs in two dimensions, one about the

representability of Chiral spin liquids using fermionic Projected Entangled Pair States (fPEPS),

and the other about the nature of low energy excitations of Dirac spin liquids (DSL) (focusing on

monopole excitations).

The first question was discussed in chapter 4. We provided robust evidence that PEPS can

effectively represent chiral spin liquid (CSL) phases. This was achieved by constructing fPEPS

approximations of Gutzwiller-projected Chern insulators and demonstrating that Gutzwiller-

projected fermionic PEPS (with finite bond dimension) can accurately capture the correct topologi-

cal ground-state degeneracy of the CSL. Furthermore, we extended our analysis beyond Gaussian

fPEPS, exploring general fPEPS without constraints on the number of variational parameters, to

test whether fPEPS can represent generic CSL phases arising in spin systems. By optimizing a

fPEPS to describe the CSL phase in a frustrated Heisenberg antiferromagnet, we confirmed that

the chiral edge modes in the entanglement spectrum align with predictions from conformal field

theory. Notably, we found that fermionic PEPS exhibit a single chiral branch in the odd sector of

the entanglement spectrum, in contrast to conventional bosonic PEPS, which display a redundant

second branch. These findings underscore the potential of fermionic PEPS as a powerful tool for
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studying chiral spin liquid phases and faithfully capturing their topological properties.

Additionally, we studied the low energy excitations of gapless Dirac Spin Liquids (DSL), which

are good variational ansatzes for the ground state of Heisenberg models on the triangular (J1−J2)

and Kagome lattices. We constructed variational ansatzes for monopole, spinon and localized

flux excitations, and studied their energetics. We demonstrated that these models host monopole

and spinon excitations that remain gapless even after applying Gutzwiller projection. Further,

we computed the momenta of the monopoles (which are well defined in the thermodynamic

limit), and found that the projected monopole wavefunctions converge much faster than the

mean field wavefunctions to the field theory predictions. We also observed remarkable agreement

between the energetics of general charge Q monopole excitations, and field theory computations

of monopole scaling dimensions performed on the conformal sphere. We believe that our findings

provide further evidence for the stable U(1) spin liquid ground state in these models.

In this thesis, we have made a modest contribution towards the study of Dirac and Chiral

spin liquids in two-dimensional systems. However, several questions and avenues for further

research remain open. One promising direction is to investigate whether a variational Monte

Carlo approach can be applied to study the edge states of topological chiral spin liquids on

cylindrical geometries, starting from a Gaussian fermionic PEPS ansatz. Regarding Dirac spin

liquids, the low-energy behavior of monopoles and spinons is highly intricate, and much remains

to be understood about their dynamics in a lattice setting. An intriguing possibility for future

research is to numerically explore a phase transition out of the U(1) spin liquid phase via

monopole proliferation. Additionally, the construction of the photon excitation of QED on a lattice

is also an open problem. We leave these questions for future investigation.
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RÉSUMÉ EN FRANÇAIS

Cette thèse porte sur les liquides de spin quantiques (QSL), des phases exotiques de la

matière qui ont pris de l’importance au cours des dernières décennies [1]. Les liquides de

spin quantiques sont le plus souvent caractérisés par leur manque d’ordre magnétique

même à température nulle, mais ils présentent plusieurs autres propriétés exotiques. Ce sont des

états intriqués à plusieurs corps, qui peuvent héberger des excitations fractionnées (appelées

"spinons "). En effet, dans le célèbre modèle de "code torique" proposé par Kitaev [20], l’état

fondamental est un QSL, et héberge des excitations fractionnées qui sont des anyons. Ainsi, les

QSL sont intimement liés à l’informatique quantique, ainsi qu’à la supraconductivité à haute

température [1]. Un énorme travail théorique a contribué à façonner notre compréhension de

ce sujet (théories de jauge, QFT, topologie). Il est désormais entendu que les théories de jauge

sont un langage très important pour comprendre la physique à basse énergie des QSL. En effet,

différents liquides de spin peuvent être caractérisés par leur structure de jauge à basse énergie,

comme proposé par Wen. De plus, des méthodes numériques ont également été conçues pour

représenter les états de liquides de spin quantiques et les rechercher dans des modèles de spin.

Ce dernier est crucial car ces états sont généralement hors de portée des solutions analytiques

exactes (sauf dans de rares cas). Des techniques numériques robustes peuvent parfois être la

seule ligne d’attaque pour comprendre la physique des systèmes de spin du monde réel.

Enfin, des efforts expérimentaux importants ont été réalisés pour identifier les liquides de

spin quantiques dans la nature, mais un consensus universel sur un matériau présentant toutes

les caractéristiques prédites des QSL n’a pas encore été atteint. En effet, le comportement à basse

énergie des QSL est très subtil, caractérisé par de nouvelles particules émergentes et l’intrication

à plusieurs corps - deux phénomènes extrêmement difficiles à établir expérimentalement. Néan-

moins, la recherche reste une frontière en physique de la matière condensée, et le nombre de
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candidats QSL a augmenté de façon spectaculaire au cours de la dernière décennie. La découverte

d’un véritable matériau QSL constituera certainement une grande avancée de la physique de la

matière condensée et aura de profondes implications pour les applications pratiques. Dans cette

thèse, nous utiliserons une technique numérique connue sous le nom de Monte Carlo quantique

variationnel pour mieux comprendre les propriétés de certains QSL. Plus précisément, nous

progressons dans la compréhension des deux sujets suivants:

1. Représentations de réseaux tensoriels de liquides de spin chiraux avec gap et
leurs propriétés topologiques.

2. Excitation à basse énergie de liquides de spin de Dirac sans gap et leur stabilité
dans les modèles de spin.

Dans ce qui suit, nous décrirons plus en détail le contexte des problèmes auxquels nous

nous attaquons, leur importance, nos résultats et leurs implications. Dans les sections suivantes,

nous donnerons un aperçu détaillé des problèmes abordés dans cette thèse, de leur importance,

des résultats obtenus et de leurs implications plus larges. Nous commencerons par décrire les

méthodes numériques employées, en particulier la méthode VMC (section 8.1) et la méthode des

réseaux tensoriels (section 8.2). Nous présenterons et discuterons ensuite les résultats de cette

thèse dans les sections 8.3 et 8.4.

8.1 Monte Carlo Variationnel (VMC)

La VMC est une méthode puissante pour étudier les diagrammes de phase à température nulle,

les états fondamentaux et les excitations à basse énergie des systèmes quantiques à plusieurs

corps.

Introduite pour la première fois dans les années 1960, la VMC a d’abord été développée pour

étudier l’état fondamental de l’hélium liquide [75–77]. Elle est depuis devenue une technique

standard dans de nombreux domaines, notamment la physique nucléaire [78], la chimie quantique

[79] et les systèmes fortement corrélés [80]. Des schémas d’optimisation sélectionnés (par exemple

la reconfiguration stochastique [81, 82]) ont permis l’étude de fonctions d’onde variationnelles

avec un grand nombre de paramètres.

Le VMC est particulièrement bien adapté à l’étude des liquides de spin, car à partir de modèles

spinon/parton étroitement liés, la projection de Gutzwiller peut être implémentée exactement

pour construire des fonctions d’onde variationnelles qui vivent dans l’espace de Hilbert du spin.

Différents états de liquide de spin avec les symétries de réseau et de jauge requises peuvent

être construits selon la classification des groupes de symétrie projective (PSG) discutée dans le

chapitre précédent. Comme nous travaillons directement à température nulle, la technique VMC

ne souffre pas du fameux « problème de signe » et n’impose donc aucune restriction sur les termes
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de l’hamiltonien. La frustration étant un facteur clé dans la stabilisation des phases liquides de

spin, le VMC s’avère être un outil puissant pour l’étude de ces systèmes.

Dans cette section, nous discuterons de la méthode VMC, en soulignant ses principes de base

et sa mise en œuvre pratique. Le traitement ici est emprunté à [80], et est limité aux ansatzes

avec une symétrie rotationnelle de spin SU(2).

8.1.1 Idée principale

Le VMC commence par une famille de fonctions d’onde d’essai |Ψ({αi})〉 paramétrées par un

ensemble de paramètres variationnels {αi} proposés pour décrire l’état fondamental d’un système

Ĥ de particules interagissant entre elles. L’échantillonnage de Monte Carlo est ensuite utilisé

pour calculer l’énergie variationnelle de ces fonctions d’onde

Evar = 〈Ψ| Ĥ |Ψ〉
〈Ψ|Ψ〉 (8.1)

Le principe variationnel de la mécanique quantique garantit que Evar est limité par le bas par

la véritable énergie de l’état fondamental Egs du système. Par conséquent, en optimisant les

paramètres variationnels {αi}, la technique cherche à minimiser l’énergie, réalisant ainsi la

meilleure approximation de l’état fondamental dans la famille de fonctions d’onde choisie.

Considérons un système de N particules de spin 1/2 sur un réseau. L’espace de Hilbert

décrivant les états de ce système est de dimension 2N . Par conséquent, pour les systèmes de taille

même modérée, la mémoire de l’ordinateur nécessaire pour stocker l’hamiltonien à plusieurs

corps et la fonction d’onde explose. Il est clair que la valeur espérée ci-dessus ne peut pas être

évaluée exactement.

Pour surmonter cette difficulté, nous reformulons la valeur espérée en introduisant une identité

I=∑
x |x〉〈x|

〈Ψ|H |Ψ〉
〈Ψ|Ψ〉 =∑

x

|〈x|Ψ〉|2
〈Ψ|Ψ〉

〈x|H |Ψ〉
〈x|Ψ〉

≡∑
x

p(x) eL(x)
(8.2)

où p(x) est une distribution de probabilité normalisée

p(x)= |〈x|Ψ〉|2
〈Ψ|Ψ〉 (8.3)

et eL(x) est appelé estimateur local de Ĥ

eL(x)= 〈x|H |Ψ〉
〈x|Ψ〉 (8.4)

L’équation ci-dessus (8.2) est exacte si nous faisons la somme de tous les états de base |x〉
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dans l’espace de Hilbert, ce qui est clairement irréalisable. Cependant, nous ne choisissons

qu’un minuscule sous-ensemble de l’espace entier, et ce choix est effectué par échantillonnage

de la distribution de probabilité à l’aide de procédures Monte Carlo standard, par exemple les

algorithmes de Metropolis. Ainsi, si l’échantillonnage peut être effectué, l’estimation de l’énergie

variationnelle est donnée par

〈E〉 = 1
M

M∑
{xi}

eL(xi) (8.5)

où {xi} est l’ensemble des M états auxquels accède la chaîne de Markov. L’énergie locale est

généralement évaluée en introduisant un autre ensemble complet d’états, comme suit

〈x|H |Ψ〉
〈x|Ψ〉 =∑

x′
〈x|H |x′〉 〈x

′|Ψ〉
〈x|Ψ〉 (8.6)

Si l’hamiltonien implique des interactions locales (comme ce sera le cas dans les systèmes de spin

que nous étudions), alors la quantité 〈x|H |x′〉 sera non nulle pour très peu de |x′〉, et est facile

à évaluer. La quantité principale au cœur de toutes les simulations VMC est alors le taux de

recouvrement

O(x′, x)= 〈x′|Ψ〉
〈x|Ψ〉 (8.7)

Cette quantité est également au cœur de l’algorithme de Metropolis, où la probabilité d’acceptation

du mouvement |x〉→ |x′〉 dépend du rapport

p(x′)
p(x)

=
∣∣∣∣ 〈x′|Ψ〉
〈x|Ψ〉

∣∣∣∣2 (8.8)

L’intuition sous-jacente est que les principales contributions à la moyenne de (8.2) proviennent

des états |x〉 qui sont proches des maxima de p(x). Par conséquent, l’algorithme de Metropolis

augmente la probabilité d’échantillonner les configurations qui ont un chevauchement significatif

avec |Ψ〉, améliorant ainsi la précision de l’approximation.

Nous notons également qu’une autre observable cruciale à suivre est la variance, donnée par

σ2 = 〈Ψ| Ĥ2 |Ψ〉
〈Ψ|Ψ〉 −E2 = 〈Ψ|(Ĥ−E

)2 |Ψ〉
〈Ψ|Ψ〉 (8.9)

Cette quantité disparaît si |Ψ〉 est un état propre exact de Ĥ. Par conséquent, la variance est

une mesure utile car elle a une limite inférieure claire de zéro. Au cours d’une optimisation

VMC typique, l’énergie et la variance sont suivies, et elles diminuent au fur et à mesure que

l’optimisation progresse.

Comment calculons-nous les chevauchements dans l’équation (8.7)?

Pour cela, nous devons parler de la manière dont les fonctions d’onde variationnelles sont

construites. Tout au long de cette thèse, les fonctions d’onde variationnelles sont construites par
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Gutzwiller en projetant l’état fondamental d’un hamiltonien à sauts de liaisons fortes.

Considérons un exemple simple d’hamiltonien de champ moyen:

ĤMF = ∑
i, j,σ

χi j c†
i,σc j,σ+h.c. (8.10)

où i, j désigne les spins sur un réseau à N sites, et σ= {↑,↓} est l’indice de spin. Nous choisissons

les sauts χi j indépendants de σ pour plus de simplicité, garantissant une symétrie de rotation du

spin. Cet hamiltonien peut être facilement diagonalisé, pour obtenir les orbitales φ†
α,σ

φ†
α,σ =

N∑
R=1

URαc†
Rσ (8.11)

La matrice U est la matrice des vecteurs propres N ×N obtenue en diagonalisant ĤMF (elle est

diagonale par blocs dans le secteur de spin). Nous construisons ensuite l’état fondamental du

champ moyen en remplissant les états propres de plus basse énergie jusqu’au niveau de Fermi.

|Φ〉 =
[

N/2∏
α=1

φ
†
α,↑

][
N/2∏
α=1

φ
†
α,↓

]
|0〉 (8.12)

C’est le point de départ d’une simulation VMC. De manière générale, cette fonction d’onde

contiendra des termes avec deux (ou zéro) particules sur un site. Pour obtenir une fonction

d’onde de spin valide, nous devons appliquer le projecteur de Gutzwiller, |Ψ〉 = P̂G |Φ〉. Dans la

simulation, nous calculons les chevauchements de la fonction d’onde |Ψ〉 avec une configuration

générique |x〉
|x〉 =

[
c†

r1↑c†
r2↑ . . .

][
c†

r′1↓
c†

r′2↓
. . .

]
|0〉 (8.13)

où {r i} ({r′i}) est une liste des emplacements des spins up (down). Tous les éléments des deux

listes doivent être distincts selon l’exclusion de Pauli. Dans le cas où |x〉 n’a pas de sites vacants

ou doublement occupés, il est facile de voir que les recouvrements 〈x|Φ〉 et 〈x|Ψ〉 coïncident.

Dans les modèles considérés dans cette thèse, cette condition est toujours satisfaite. Ainsi, en

échantillonnant uniquement les |x〉 qui se trouvent dans le sous-espace contenant une particule

par site, la projection de Gutzwiller est implicitement prise en compte dans l’algorithme VMC.

Au niveau du champ moyen, on peut facilement calculer 〈x|Φ〉. Évidemment, on peut le décom-

poser en calculs séparés pour chaque secteur de spin. Il s’avère que chacun de ces chevauchements

est donné par le déterminant d’une matrice plus petite construite à partir de U (déterminants de

Slater).

De manière générale, pour N particules, nous pouvons écrire le chevauchement comme

〈x|Φ〉 = det U{R↑α} det U{R↓α} (8.14)

où R↑ (R↓) désigne les positions de tous les spins ↑ (↓) , α désigne les orbitales occupées et U{R↑α}
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est la notation que nous utilisons pour la sous-matrice de U.

Nous terminons par un dernier commentaire. Nous avons vu que les recouvrements 〈x|Φ〉 sont

centraux pour une simulation VMC. Cependant, ils sont assez coûteux à calculer : l’évaluation

du déterminant d’une matrice N ×N implique O(N3) opérations. Nous notons que la simulation

ne nécessite que des ratios de recouvrements : 〈x′|Φ〉
〈x|Φ〉 . Par conséquent, si les configurations |x′〉 et

|x〉 ne sont que légèrement différentes (par exemple connectées par un retournement de spin),

alors il existe en fait une autre méthode pour calculer les ratios de déterminants, en utilisant les

matrices dites W. Cela réduit le coût de calcul de O(N3) à O(N2). Nous renvoyons le lecteur à

[80] pour plus de détails.

8.1.2 Simulation VMC typique, considérations pratiques

Dans cette section, nous décrirons la structure de base d’une simulation VMC et les principaux

calculs impliqués.

0. Initialiser les objets prérequis suivants:

• Matrice des vecteurs propres U qui définit l’ansatz, Ψ({α}). Elle est généralement

obtenue par diagonalisation d’un hamiltonien auxiliaire à liaison étroite.

• Un état de base initial |x0〉 = |↑↓↓↑↑ . . .〉, et un vecteur qui suit l’ordre des opérateurs

fermion dans |x〉.
• Tableaux des voisins les plus proches (et plus éloignés si nécessaire) pour chaque site.

• Les matrices W↑,W↓ correspondant à la configuration |x〉.

1. Créer deux boucles, l’une imbriquée dans l’autre. Après chaque itération de la boucle

extérieure, les observables du modèle de spin seront calculées.

2. La boucle interne est typiquement de O(N) étapes (pour créer des échantillons non corrélés).

À chaque itération, proposer une nouvelle configuration |x′〉 (généralement reliée à |x〉 par

un retournement de spin). Calculer p(x′, x) =
∣∣∣ 〈x′|Ψ〉
〈x|Ψ〉

∣∣∣2 et comparer à un nombre aléatoire

r ∈ [0,1].

• Si p(x′, x)> r, l’inversion de spin proposée doit être acceptée. Modifier ketx →|x′〉.
• Si p(x′, x)≤ r, n’acceptez pas le mouvement.

3. À la fin de la boucle interne, calculez les observables d’intérêt et écrivez-les dans un fichier

de sortie.

Ce qui précède décrit les principales étapes d’une simulation VMC. L’analyse d’erreur des

observables locaux est effectuée à la fin de la simulation. Par exemple, la figure 8.1 montre une
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exécution de Monte Carlo typique sur le réseau triangulaire, affichant l’énergie par site et les

barres d’erreur en fonction du nombre d’étapes de Monte Carlo NMC. Comme le montre l’encadré,

l’erreur diminue comme 1/
√

NMC.
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Figure 8.1: Energie par site pour le liquide de spin de Dirac à réseau triangulaire 6×6 (défini
plus loin dans la section 8.4) en fonction du nombre de pas de Monte Carlo NMC. Dans l’encadré,
nous montrons la tendance de l’écart-type (avec le même axe x), qui affiche clairement un
comportement de 1

√
NMC.

Quelques remarques supplémentaires sont énumérées ci-dessous :

• Le projecteur de Gutzwiller est respecté en n’échantillonnant que les |x〉 ayant un spin

sur chaque site. Les inversions de spin proposées sur la chaîne de Markov ne nous font

manifestement pas sortir de ce secteur.

• Les simulations VMC sont "embarrassingly parallelizable". Pour calculer les observables,

plusieurs chaînes de Markov peuvent être exécutées en parallèle sur différents ordinateurs,

chacun avec une graine de nombres aléatoires différente, sans qu’il soit nécessaire de

communiquer entre eux.

Ceci termine notre discussion sur la méthode VMC. Dans la section 8.3, nous utilisons cette

méthode pour calculer les chevauchements de fonctions d’onde et la dégénérescence topologique

d’un liquide de spin chiral sur un tore. Dans la section 8.4, nous construisons diverses excitations

à basse énergie de liquides de spin de Dirac et étudions leur énergie variationnelle.
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8.2 Réseaux de tenseurs

Dans cette section, nous donnerons une brève introduction aux idées centrales des réseaux de

tenseurs (TN) en une et deux dimensions. Les réseaux de tenseurs sont un cadre mathématique

puissant utilisé pour représenter efficacement une certaine classe d’états quantiques à plusieurs

corps et étudier leurs propriétés. Alors que les méthodes TN sont devenues des outils précieux en

physique de la matière condensée, elles ont également trouvé des applications profondes dans

divers domaines comme les réseaux neuronaux [105], les théories de jauge sur réseau [106] et

la gravité quantique [107]. L’une des caractéristiques les plus convaincantes des réseaux de

tenseurs est leur capacité à afficher explicitement et intuitivement la structure d’intrication des

états quantiques. Bien qu’ils soient limités par la quantité d’intrication qu’ils peuvent capturer,

ces limitations ne nous empêchent pas d’étudier les états qui nous intéressent le plus : les états

fondamentaux et les excitations à basse énergie des hamiltoniens locaux.

Les réseaux tensoriels unidimensionnels, connus sous le nom d’États de produits matriciels

(MPS), sont étroitement liés à la technique du groupe de renormalisation de matrice de densité

(DMRG) [108, 109] qui est devenue la référence absolue pour l’étude des systèmes quantiques 1D

en raison de son efficacité et de sa large applicabilité.

Les États de paires intriquées projetées (PEPS) étendent le formalisme MPS à deux dimen-

sions et au-delà [110, 111]. Bien que le calcul des observables soit beaucoup plus difficile qu’en

une dimension, les PEPS ont néanmoins été très efficaces dans l’étude des systèmes quantiques

2D.

Dans cette section, nous discuterons de certaines idées principales des MPS et des PEPS, et

de la manière dont elles sont utilisées pour étudier les modèles en treillis. La discussion ici est

fortement inspirée des sources [116–118], et nous dirigeons le lecteur vers celles-ci pour plus de

détails.

Dans les réseaux de tenseurs, les états quantiques (et les opérateurs) sont représentés à

l’aide de diagrammes tensoriels. Le nombre de branches (lignes attachées au tenseur) indique le

nombre d’indices libres. Quelques exemples sont présentés dans la figure 8.2.

Figure 8.2: Représentation picturale de (a) un vecteur v⃗, (b) une matrice M et (c) un tenseur
Fi jklmn.

Lorsque deux tenseurs sont combinés, les branches qui les relient sont additionnées. De cette

manière, des opérations mathématiques complexes impliquant de nombreux tenseurs peuvent
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être facilement visualisées à l’aide de diagrammes TN (figure 8.3).

Figure 8.3: Exemples de contraction tensorielle

8.2.1 États de produits matriciels (MPS) et États de paires intriquées
projetées (PEPS)

Considérons un système en treillis de N sites, où chaque site possède un espace de Hilbert local

de dimension p, H =Cp avec les états |0〉 , |1〉 , . . . |p−1〉. Alors, un état quantique générique dans

l’espace de Hilbert à plusieurs corps de N particules peut s’écrire comme

|Ψ〉 =∑
Ci1,i2,...iN |i1〉⊗ |i2〉⊗ . . .⊗|iN〉 (8.15)

Ainsi, le nombre de paramètres (coefficients C) requis pour spécifier l’état est pN , exponentiel en

nombre de sites. Pour les grands systèmes, on ne peut même pas stocker tous ces coefficients. De

plus, la nature de l’intrication dans l’état |Ψ〉 n’est pas du tout apparente à partir des coefficients.

Cependant, les TN ont une structure différente (voir les figures 8.4 et 8.5). Dans les TN,

chaque site du réseau est associé à un tenseur, et ces tenseurs sont interconnectés par des degrés

de liberté « virtuels ». Le nombre total de paramètres nécessaires pour décrire l’état évolue

linéairement avec le nombre de sites, en particulier O(N pD2) pour les États de Produits de

Matrices (MPS) et O(N pD4) pour les États de Paires Intriquées Projetées (PEPS) sur un réseau

carré 1. Le paramètre supplémentaire D est une constante connue sous le nom de dimension de

liaison, et il caractérise le réseau tensoriel (p est généralement appelé la dimension physique, et

D la dimension virtuelle). Si D = 1, le TN est simplement un produit de pièces déconnectées pour

chaque site, et représente donc un état produit. On voit que les liaisons virtuelles sont porteuses

d’intrication ; plus la dimension de la liaison est grande, plus l’intrication qui peut être capturée

par l’état est grande.

1Si nous considérons un TN avec invariance translationnelle, alors le nombre de paramètres n’évolue pas du tout
avec la taille du système.
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Figure 8.4: Exprimer la fonction d’onde à plusieurs corps sous forme de MPS.

Figure 8.5: Une ansatz générale du PEPS. Les lignes courbes représentent les indices physiques
sortant du plan.

À première vue, cette approximation de réduction exponentielle du nombre de paramètres

semble très sévère, et ne devrait pas être valide/assez bonne pour représenter le |Ψ〉 général 2. Le

hic cependant, c’est que les états fondamentaux des hamiltoniens locaux sont très différents des

états quantiques génériques dans l’espace de Hilbert à plusieurs corps. Les premiers satisfont

la loi dite de l’aire d’intrication, qui stipule que l’entropie d’intrication de la matrice de densité

réduite d’une région R du réseau évolue comme la frontière de la région ; S(R)∼ ∂R. Les états

généraux se comporteraient plutôt selon une loi de volume S(R)∼ R, l’intrication d’une région

évoluerait comme le volume de la région. Cette loi d’aire a été rigoureusement prouvée pour les

systèmes 1D gapped [121] (où elle est une constante asymtotiquement), et on pense qu’elle est

également valable pour les dimensions supérieures (voir [122] pour plus de détails). En fait, non

seulement l’état fondamental, mais la plupart des états physiques obtenus grâce à l’évolution

temporelle des hamiltoniens locaux pour le temps polynomial obéissent à la loi d’aire. En ce

sens, la physique essentielle au monde réel des systèmes quantiques à plusieurs corps se déroule

dans un coin exponentiellement petit de l’espace de Hilbert [123]. Heureusement, il s’avère que
2À moins que D lui-même ne soit exponentiel dans N.

90



c’est précisément ce coin de l’espace de Hilbert que MPS et PEPS ciblent et peuvent représenter

efficacement.

Similairement à la méthode VMC, les réseaux de tenseurs peuvent également être utilisés

pour représenter des fonctions d’onde variationnelles qui se rapprochent des états fondamentaux

des hamiltoniens à plusieurs corps. Les paramètres des tenseurs peuvent être optimisés de

manière variationnelle pour se rapprocher de l’état fondamental du système.

Dans la section suivante, nous allons explorer comment les observables, telles que l’énergie

variationnelle, peuvent être calculées dans ce cadre. Notons au passage que des états hautement

non triviaux peuvent être capturés dans le formalisme du réseau tensoriel en utilisant déjà

de faibles valeurs de D. Par exemple, l’état fondamental du code torique peut être exactement

écrit comme un PEPS 2D avec D = 2 [124], et l’état liquide de spin RVB peut être exactement

représenté avec D = 3 [125].

8.2.2 Calcul des observables

Pour calculer la valeur attendue d’un opérateur local 〈Ψ|Ô |Ψ〉 (par exemple, un opérateur

agissant sur un seul site comme la magnétisation), nous prenons l’opérateur en sandwich entre

l’état et sa version réfléchie (qui représente le conjugué), puis nous contractons le réseau des

vecteurs de limite gauche et droite vers le site de l’opérateur.

Dans le cas 1D, de tels calculs peuvent être effectués efficacement, c’est-à-dire avec une mise à

l’échelle polynomiale du nombre de sites. De plus, il existe une liberté de jauge dans la façon dont

nous définissons nos tenseurs; on peut multiplier une identité X X−1 entre deux tenseurs et cela

ne change pas l’état. Par conséquent, une infinité de réseaux de tenseurs décrivent le même état

physique. Cette liberté de jauge peut être exploitée en 1 dimension pour calculer des observables

de manière extrêmement efficace et élégante. On choisit une jauge dite de forme canonique, où

les tenseurs MPS sont orthonormalisés dans le sens où les tenseurs à gauche et à droite d’un

site spécifique satisfont certaines conditions d’orthogonalité. En deux dimensions, le calcul des

observables ne peut pas être effectué efficacement et le coût de calcul augmente de manière

exponentielle avec la taille du système. De plus, la forme canonique mentionnée ci-dessus n’existe

pas en général pour PEPS. Par conséquent, différents schémas d’approximation sont utilisés pour

calculer les observables. La méthode utilisée dans cette thèse est connue sous le nom de Corner

Transfer Matrix Renormalization Group (CTMRG), et elle est brièvement décrite ci-dessous.

Supposons que nous souhaitons calculer une valeur d’espérance mathématique d’un observ-

able local Ô sur un site. Nous définissons d’abord les tenseurs Ci,Ti, i = 1. . .4 qui décrivent

l’environnement autour du site d’intérêt (voir figure 8.6). Comme ces tenseurs d’environnement

ne peuvent pas être contractés exactement en raison du coût exponentiel, nous introduisons

un paramètre connu sous le nom de dimension de liaison d’environnement χ, qui dicte le rang

maximal des tenseurs d’environnement. Il est clair que χ contrôle l’intrication du site central

avec l’environnement. Prendre la limite χ→∞ donnerait le résultat exact.
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Figure 8.6: Définition des tenseurs d’environnement C et T pour la contraction d’un réseau
tensoriel 2D infini. La contraction est approximée par la dimension de liaison d’environnement χ.

La méthode CTMRG consiste à affiner de manière itérative les tenseurs d’environnement

{C,T} en laissant le système croître dans toutes les directions et en les renormalisant. Dans

la figure 8.7, nous décrivons un "déplacement vers la gauche", où le système est agrandi en

dupliquant une colonne de tenseurs C et T à gauche du site d’intérêt. Ensuite, ceux-ci sont

absorbés dans les tenseurs existants, ce qui augmente la dimension de liaison. Enfin, nous

effectuons une décomposition en valeurs singulières (SVD) et tronquons la dimension de liaison à

χ. Des déplacements identiques dans les quatre directions sont effectués, et cette procédure est

répétée plusieurs fois, jusqu’à ce que la convergence soit atteinte ; on vérifie généralement que

les spectres des tenseurs d’environnement ne changent plus sensiblement. Enfin, une analyse

d’échelle systématique des observables est effectuée en fonction à la fois de χ et de D.

8.3 VMC pour PEPS fermionique

8.3.1 Motivation et contexte

Les CSL sont des états exotiques de la matière caractérisés par l’absence d’ordre magnétique

tout en brisant les symétries de renversement temporel (T) et de parité (P) [144]. Ils présentent

également un ordre topologique à longue portée [145]. Des efforts expérimentaux pour identifier

les composés avec des états fondamentaux CSL sont en cours, avec une attention particulière

accordée aux matériaux couplés spin-orbite avec une interaction de type Kitaev sous des champs

magnétiques externes [2, 56, 57]. Ils ont également été proposés dans des plates-formes à

atomes froids en utilisant la commande Floquet [65] (voir aussi [66]) ou des réseaux Rydberg

[67–70] où la chiralité des modes de bord peut être détectée expérimentalement. Les CSL

émergent généralement dans des systèmes fortement corrélés, des outils numériques permettant

de déterminer les diagrammes de phase des hamiltoniens génériques et de caractériser les
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Figure 8.7: Réalisation d’un "déplacement vers la gauche" pour renormaliser les tenseurs C et
T à gauche du site central. Tout d’abord, une colonne supplémentaire est insérée, suivie d’une
absorption de la colonne à gauche, et enfin d’une renormalisation où les dimensions de liaison de
l’environnement sont ramenées à leur valeur d’origine χ.

CSL sont souhaités. Les réseaux tensoriels tels que les états de paires enchevêtrées projetées

(PEPS) [110] sont bien adaptés à l’étude des liquides de spin. De plus, les formes chirales de

PEPS peuvent décrire les CSL [183, 184] et être utilisées comme un schéma variationnel efficace

pour attaquer les modèles de spin quantiques frustrés hébergeant des phases CSL [185, 186].

Malgré les succès et les points forts mentionnés ci-dessus du cadre PEPS, il est resté difficile

de déterminer complètement si les PEPS bosoniques classiques peuvent vraiment décrire les

CSL. En particulier, il n’est toujours pas clair si l’obstruction topologique affecte les propriétés

topologiques globales comme la dégénérescence topologique GS ou le comptage correct de la

théorie conforme des champs (CFT) dans le spectre d’intrication (ES). Pour le cas non chiral,

PEPS est considéré comme un bon ansatz conceptuellement, l’ordre topologique étant codé par la

symétrie de jauge [115, 263]. En revanche, la question de savoir si les PEPS chiraux donnent la

dégénérescence topologique correcte du CSL n’est pas encore tranchée en général en raison du

coût de calcul élevé [183].

Dans notre travail, basé sur l’ansatz PEPS fermionique projeté (fPEPS) récemment proposé,

nous montrons, en utilisant des techniques VMC, que PEPS peut représenter des CSL avec une

dégénérescence topologique correcte. En utilisant cet ansatz fPEPS comme état initial, nous

effectuons en outre une optimisation variationnelle pour attaquer un modèle de réseau carré

J1 − J2 − Jχ frustré [188] dans le régime du liquide de spin chiral [185, 189, 190]. L’approche

fPEPS a une énergie compétitive par rapport au PEPS bosonique conventionnel et montre de

manière cruciale une dégénérescence correcte du spectre d’intrication.
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Afin de construire un CSL simple, nous considérons d’abord un état isolant de Chern avec

C = 1, obtenu en diagonalisant l’hamiltonien de Hofstadter (électron libre) suivant sur le réseau

carré

H = ∑
〈i j〉,σ

t1χi j c
†
iσc jσ+

∑
〈〈ik〉〉,σ

t2c†
iσckσeiθik +h.c. (8.16)

où 〈i j〉 (〈〈ik〉〉) désigne les liaisons voisines les plus proches (prochaines plus proches) et σ est

l’indice de spin, σ= {↑,↓}. Les sauts sont identiques pour les deux espèces de spin. Nous fixons

t2 = 0,5t1, χi j = ±1 pour assurer un flux π à travers chaque plaquette carrée et choisissons

les phases complexes θik pour obtenir un flux π/2 dans tous les triangles. Nous choisissons la

jauge (utilisée dans la réf. [219]) telle que la maille unitaire contienne deux sites voisins les plus

proches le long de la direction x. La fonction d’onde de spin à plusieurs corps exacte |ϕ〉 est un

déterminant de Slater projeté de Gutzwiller

|ϕ〉 = PG
∏
α

c†
α,↑c†

α,↓|0〉, (8.17)

où le projecteur de Gutwiller
∏

i(ni,↑ − ni,↓)2 se projette sur le sous-espace d’exactement un

électron par site, et c†
α,σ correspond aux états de particules individuelles obtenus à partir de

l’équation hamiltonienne de champ moyen (8.16). Pour les fPEPS gaussiennes, l’ensemble des

orbitales c†
α,σ n’est représenté qu’approximativement en raison de la troncature de la dimension

de liaison finie.

Il est connu que l’état de parton exact résultant est un CSL SU(2)1 qui est équivalent à l’état

bosonique de Laughlin ν = 1/2. Sur un tore, ce CSL présente une dégénérescence topologique

double où les états dégénérés peuvent être construits en imposant différentes conditions aux

limites sur les fonctions d’onde des partons [220]. Sur un cylindre, le CSL héberge des états de

bord sans gap chiraux prédits par la CFT SU(2)1 de Wess-Zumino-Witten (WZW).

Français Pour construire l’état fPEPS gaussien qui est une approximation de l’état fonda-

mental exact de l’équation (8.16), nous adoptons la méthode introduite dans les références [222,

223]. L’ansatz à plusieurs corps invariant par translation est paramétré par un seul tenseur

gaussien avec quatre indices virtuels et deux indices physiques correspondant à la cellule unitaire

dans le modèle de Hofstadter. Dans le tenseur gaussien, la dimension de l’espace virtuel est

définie par le nombre de modes virtuels M. Chaque mode de fermion virtuel peut être occupé ou

inoccupé, ainsi la dimension de liaison devient D = 2M pour un état sans spin et D = 4M pour un

état SU(2) spineux. Pour obtenir la meilleure approximation du tenseur fPEPS gaussien, nous

utilisons l’optimisation du gradient et choisissons l’énergie (électron libre) de l’équation. (8.16) à

mi-remplissage comme fonction de coût.

Comme l’état fPEPS non projeté est gaussien, il peut également être écrit comme un déter-

minant de Slater (état produit) sur tout tore fini et toutes les propriétés physiques peuvent

être extraites exactement. Dans la réf. [219], il a été montré que le fPEPS non projeté devient

chiral à partir de M ≥ 2, et les fonctions de corrélation s’améliorent quantitativement avec
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l’augmentation de M. Cependant, les propriétés topologiques générales du fPEPS restent floues

après la projection de Gutzwiller, et ne sont pas accessibles (à l’exception du spectre d’intrication)

par les techniques PEPS conventionnelles. Par conséquent, nous utilisons VMC pour calculer la

dégénérescence topologique et la fidélité des états fPEPS.

8.3.2 Résultats

Nous calculons d’abord le chevauchement normalisé entre le CSL exact projeté et les états fPEPS

avec conditions aux limites périodiques (PBC-PBC), donné par

OM = |〈Ψexact|ΨM〉|√〈Ψexact|Ψexact〉〈ΨM |ΨM〉
. (8.18)

Nous pouvons ensuite définir la fidélité par unité de surface (énergie libre) f = (OM)1/L2
, qui

devrait montrer une faible dépendance de taille et converger vers une valeur finie dans la limite

L →∞. L’infidélité 1− f tracée dans la figure 8.8 confirme ces attentes. De plus, la diminution de

l’infidélité avec l’augmentation de M démontre clairement l’amélioration de la précision des états

fPEPS optimisés. Nous notons que des résultats similaires ont été obtenus pour les trois autres

choix de conditions limites, c’est-à-dire PBC-APBC, APBC-PBC et APBC-APBC.
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Figure 8.8: Infidélité 1− f représentée en échelle logarithmique en fonction de la taille du système
L pour les états fPEPS avec M = 1. . .6 et des conditions limites périodiques. Les barres d’erreur
estimées sont plus petites que la taille des symboles.

Pour confirmer que les fPEPS projetés décrivent les propriétés physiques correctes du CSL,

nous calculons les corrélations spin-spin dans l’espace réel pour le système L = 18. Celles-ci sont

présentées dans la figure 8.9. Nous observons un comportement exponentiel à courte distance

comme prévu pour un état gappé, avec une longueur de corrélation très courte ξ≈ 0,57. De plus,

les états fPEPS (pour toutes les valeurs de M) sont essentiellement indiscernables du CSL exact

en termes de corrélations.
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Figure 8.9: Graphique logarithmique de la grandeur des corrélations spin-spin en fonction de
la distance pour les fPEPS exactes et projetées, pour le cluster L = 18 avec des conditions aux
limites périodiques. Les symboles sont omis si la valeur obtenue est inférieure à un écart type
d’erreur. Les corrélations attendues du CSL exact à r > 5 (dans la limite thermodynamique) sont
représentées par une ligne pointillée, prolongeant le comportement exponentiel.

Nous arrivons maintenant au résultat principal de notre travail, qui est la dégénérescence

topologique des états fPEPS sur un tore. Une caractéristique fondamentale d’une phase ordonnée

topologique est une dégénérescence de l’état fondamental qui dépend de la topologie de l’espace

[230]. Comme mentionné précédemment, l’état exact SU(2)1 CSL (8.17) a une double dégénéres-

cence sur un tore : l’imposition de conditions limites différentes sur l’ansatz parton avant la

projection produit des états dégénérés qui ne peuvent pas être distingués par des observables

locaux (comme les corrélations spin-spin) après projection. Dans la limite thermodynamique, on

sait que les quatre états ne couvrent qu’un espace linéaire bidimensionnel [220].

Pour étudier cette propriété des fPEPS et des états exacts sur des amas finis, nous calculons

la matrice de recouvrement 4×4 O avec les éléments

Oα,β =
〈Ψβ

M |Ψα
M〉√

〈Ψα
M |Ψα

M〉〈Ψβ

M |Ψβ

M〉
(8.19)

où α et β désignent les quatre choix de conditions aux limites sur le tore. Le rang de cette matrice

hermitienne (qui désigne le nombre de vecteurs propres linéairement indépendants) est le nombre

de valeurs propres non nulles. Dans la limite thermodynamique, les valeurs propres de l’état

exact doivent converger vers {+2,+2,0,0} (la trace de la matrice étant 4). Dans la figure 8.10,

nous traçons les valeurs propres pour les états fPEPS projetés et exacts en fonction de L. De

manière remarquable, nous observons que pour fixe M > 1, les valeurs propres convergent vers le

résultat exact avec l’augmentation de la taille du système (déjà à L = 18, l’écart est au plus de

10−3).
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Figure 8.10: Valeurs propres de la matrice de recouvrement en fonction de la taille inverse du
système 1/L pour les états exact et fPEPS. Les paires de valeurs propres convergent vers +2
et 0 dans (a) et (b), respectivement. Les données M = 1 sont présentées dans l’encart car elles
présentent un écart beaucoup plus grand que les autres états fPEPS. Les barres d’erreur estimées
ont approximativement la taille des symboles.

Ces résultats confirment que le fPEPS, même à des dimensions de liaison finies, peut capturer

avec précision la dégénérescence topologique correcte des états CSL. Cependant, dans le but

d’étudier les modèles de spin frustrés, l’ansatz partonique conventionnel n’a qu’un nombre limité

de paramètres variationnels tels que les coefficients de saut, les facteurs de Jastrow, etc. Au

contraire, le PEPS peut représenter des états d’interaction génériques avec l’augmentation

systématique de la dimension de liaison. On peut se poser la question : notre ansatz fPEPS

peut-il être utilisé pour étudier les modèles de spin avec les états fondamentaux CSL ? Et si les

propriétés topologiques du fPEPS restent robustes après optimisation variationnelle ?

Pour répondre à ces questions, nous effectuons une étude PEPS variationnelle sur le modèle

chiral J1 − J2 − Jχ en utilisant le projet GfPEPS (discuté dans la section précédente) comme

ansatz initial. L’hamiltonien spin-1/2 est donné par

H = J1
∑
〈i, j〉

Si ·S j + J2
∑

〈〈i,k〉〉
Si ·Sk + Jχ

∑
△i jk

(
Si ×S j

) ·Sk. (8.20)

Nous choisissons les paramètres du modèle de spin comme J1 = 2cos(0.06π)cos(0.14π), J2 =
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2cos(0.06π)sin(0.14π), Jχ = 4sin(0.06π) qui a été considéré dans les références. [185, 188, 212] et

est connu pour être profondément à l’intérieur de la phase CSL avec l’énergie de l’état fondamental

étant E ≈−1. Nous importons la méthode iPEPS bosonique SU(2) dans celle-ci et calculons les

énergies variationnelles comme référence. Pour l’iPEPS bosonique, le tenseur a une symétrie

SU(2) et la taille de la cellule unitaire est choisie de telle sorte que chaque tenseur n’ait qu’une

seule branche physique. Les résultats pour les espaces virtuels V = 0⊕1/2 (D = 3) et V = 0⊕0⊕1/2

(D = 4) sont donnés dans la Fig. 8.11. En extrapolant à la limite infinie χ, les énergies sont

d’environ −0,99.

Dans notre traitement fPEPS, l’état partonique initial est toujours choisi au paramètre de

saut t1 = 2t2 qui correspond à la plus grande bande interdite. Nous prenons M = 2 (D = 16)

GfPEPS avec projection de Gutzwiller et calculons l’énergie par rapport au modèle de spin.

Comme on peut le voir dans la Fig. 8.11, l’état partonique non optimisé a déjà une bonne énergie

proche de l’iPEPS bosonique optimisé à D = 3,4. Après optimisation des éléments tensoriels

fPEPS, l’énergie s’améliore encore jusqu’à E ≈−0,995.

0 0.005 0.01 0.015 0.02 0.025 0.03

-1

-0.995

-0.99

-0.985

-0.98

Figure 8.11: Énergie variationnelle des iPEPS bosoniques optimisés (rouge) et des iPEPS
fermioniques projetés (bleu) pour le modèle de spin. Les cercles ouverts bleus montrent l’énergie
de l’ansatz partonique fermionique à t1 = 1, t2 = 0,5 sans optimisation variationnelle des éléments
tensoriels.

Nous étudions ensuite le spectre d’intrication des tenseurs optimisés. Pour analyser le comp-

tage de niveaux du spectre d’intrication, nous plaçons notre tenseur optimisé sur un cylindre

de largeur finie et calculons le spectre d’intrication d’un tel état invariant en translation. Pour

calculer le spectre d’intrication, l’Hamiltonien de bord (points fixes de la matrice de transfert)

peut être construit exactement par contraction exacte [128] ou approximativement en regroupant

les tenseurs T de l’environnement CTMRG [184]. Les figures 8.12 (a)-(b) montrent le spectre
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d’intrication des iPEPS fermioniques M = 2 optimisés calculés à partir de CTMRG avec une di-

mension de liaison environnementale χ= 110. Le spectre de basse énergie montre des multiplets

SU(2) avec comptage 0,1,0+1,0+1+1, ..., dans le secteur de spin entier et 1/2,1/2,1/2+3/2, ...,

dans le secteur de spin demi-entier, satisfaisant les prédictions de SU(2)1 WZW CFT. Notez que

dans les secteurs pair et impair, il n’y a qu’une seule branche chirale de basse énergie, cohérente

avec les résultats récents de DMRG sur les cylindres finis [189, 190]. En revanche, les figures

8.12 (c)-(d) montrent le spectre d’intrication des iPEPS bosoniques D = 3. Ici, le comptage de

niveaux est correct, mais une branche identique apparaît anormalement dans le secteur impair

avec un décalage d’impulsion π. Nous avons également confirmé que la branche redondante ne

peut pas être éliminée ou décalée en modifiant la dimension de liaison de l’iPEPS bosonique.
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Figure 8.12: Spectre d’intrication des iPEPS fermioniques projetés M = 2 optimisés (en haut) et
des iPEPS bosoniques D = 3 (en bas) pour le modèle de spin sur des cylindres de largeur finie
6 et 8, respectivement. Les colonnes de gauche et de droite correspondent aux secteurs pairs
(spin entier) et impairs (spin demi-entier). Les lignes pointillées rouges indiquent les dispersions
linéaires théoriquement prédites de la tour d’états, tandis que la ligne pointillée bleue indique la
branche redondante dans le secteur impair des iPEPS bosoniques.
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8.3.3 Conclusion

Les méthodes de réseaux de tenseurs ont été largement appliquées pour étudier les modèles

de spin frustrés hébergeant d’éventuelles phases liquides de spin. Cependant, en raison d’un

théorème de "no-go" [210], des doutes ont surgi quant à leur capacité à décrire les états chiraux.

Dans ce chapitre, nous avons étudié les propriétés topologiques de l’ansatz PEPS fermionique

projeté pour un état CSL. En effectuant une analyse VMC sur l’état parton initial (projeté par

Gutzwiller), nous avons démontré que le fPEPS à liaison finie peut capturer avec précision la

dégénérescence topologique de l’état fondamental CSL sur un tore. Cette réalisation a été difficile

avec le PEPS bosonique classique en raison du coût de calcul élevé impliqué [183]. De plus,

nos résultats montrent que l’ansatz fPEPS capture efficacement les fonctions de corrélation

spin-spin du CSL. De plus, les ansatze fPEPS non gaussiens ont été optimisés variationnellement

pour le modèle de Heisenberg J1 − J2 − Jχ et se sont avérés avoir une énergie compétitive par

rapport à leurs homologues bosoniques. De plus, les iPEPS fermioniques optimisés ont conservé

le comptage de niveau correct du spectre d’intrication contrairement aux iPEPS bosoniques qui

ont une branche dupliquée dans le secteur topologique impair (sémion).

Notre travail fournit des preuves supplémentaires soutenant l’utilisation des méthodes PEPS

pour décrire les états topologiquement ordonnés chiraux, complétant les études précédentes dans

cette direction [185–187, 211, 217, 219].

8.4 Monopôles dans les liquides de spin de Dirac

Dans cette section, nous discutons de l’autre projet de cette thèse, où nous essayons de comprendre

les excitations à basse énergie des liquides de spin de Dirac sans gap.

Les liquides de spin peuvent être avec gap ou sans gap. Les liquides de spin avec gap

sont comparativement mieux compris et hébergent généralement des excitations fractionnaires

déconfinées. Par exemple, le code torique, une théorie de jauge sur réseau Z2, est exactement

soluble et possède un état fondamental QSL avec gap. Ses excitations à basse énergie sont des

anyons qui obéissent à des statistiques fractionnaires mutuelles.

En revanche, les liquides de spin sans gap sont moins bien compris, en particulier en deux

dimensions. Il n’existe pas de modèle exactement soluble pour ces états, et il n’est pas clair si

les traitements de champ moyen survivent aux fluctuations de jauge. Spécifiquement pour les

liquides de spin de Dirac, la théorie à basse énergie est QED3 dont la physique implique des

spinons (fermions de Dirac sans masse) couplés à un champ de jauge U(1). La théorie des basses

énergies héberge des monopôles et des photons comme excitations de jauge. La compréhension de

cette physique des basses énergies est essentielle pour répondre aux questions clés de la DSL,

telles que sa stabilité en tant que phase et ses signatures expérimentales.

Dans notre travail, nous construisons explicitement des fonctions d’onde variationnelles

correspondant aux excitations des monopôles et étudions leurs propriétés dans le contexte des
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modèles de Heisenberg sur les réseaux triangulaire et Kagome. De manière cruciale, nous

calculons les moments et l’énergétique des monopôles après la projection de Gutzwiller, allant

au-delà de l’approximation du champ moyen. Ce faisant, nous pouvons également commenter la

stabilité énergétique de l’état DSL par rapport à (un type de) perturbation qui brise la symétrie

de renversement du temps (conduisant à un liquide de spin chiral).

Nos résultats fournissent des preuves supplémentaires de l’état fondamental DSL des modèles

(8.25), et confirment également que les prédictions de la théorie des champs pour les nombres

quantiques des monopôles sont valables après la projection de Gutzwiller.

Dans les sections suivantes, nous définissons les états liquide de spin de Dirac et monopôle,

et résumons nos résultats sur leur énergétique et leurs impulsions.

8.4.1 Fonctions d’onde variationnelles

Les fonctions d’onde variationnelles pour l’état de Dirac sont données par

|Ψ〉 =PG |Φ0〉, (8.21)

où |Φ0〉 est l’état fondamental de l’hamiltonien auxiliaire (sans interaction) :

H0 =
∑

〈i, j〉,σ
χ0

i, j c
†
i,σc j,σ+h.c., (8.22)

où c†
i,σ (c†

i,σ) crée (détruit) un fermion sur le site i de spin σ=↑,↓; χ0
i, j définit l’amplitude de saut

pour les sites les plus proches voisins (i, j). Pour l’état de Dirac, il prend les valeurs χ0
i, j =±1 et la

distribution de ces liaisons dans le réseau est montrée dans la figure 8.13.
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Figure 8.13: Structure de hopping pour l’ansatz de Dirac sur les réseaux Kagome et Triangulaire.
Nous montrons l’une des nombreuses jauges possibles pour construire les sauts. Les lignes
pleines et pointillées font référence à χi, j = 1 et −1 respectivement. Les flux à travers les
différents polygones qui composent le réseau sont affichés sur les deux réseaux.

Le spectre de champ moyen de l’état de Dirac héberge deux cônes de Dirac par saveur de spin.

Nous discutons ensuite de la construction d’excitations monopôles au-dessus de l’état de Dirac.
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Les opérateurs monopôles dans les théories de jauge compactes (comme QED2+1) correspondent

à des événements tunnel entre différents états fondamentaux de la théorie. Sur le réseau, ils

peuvent être construits en insérant un seul quantum de flux (flux 2π) et en le distribuant

uniformément sur l’ensemble du réseau. Pour ce faire, nous devons généraliser notre hamiltonien

auxiliaire comme suit

H0 =
∑

〈i, j〉,σ
χ0

i, j e
iαi, j c†

i,σc j,σ+h.c., (8.23)

Ici, les phases additionnelles αi, j prennent en compte les flux dus au monopôle, et sont choisies

de telle sorte qu’un flux uniforme de 2π/L2 perce chaque parallélogramme du réseau (comprenant

deux triangles et un hexagone pour le réseau de Kagome, et seulement deux triangles à pointes

opposées pour le réseau triangulaire). On remarque que χ0
i, j est le même que dans la figure 8.13,

donc l’excitation du monopôle est construite sur un fond de flux π sur les deux réseaux. Un choix

de sauts sur le réseau triangulaire est montré dans la figure 8.14.
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Figure 8.14: (a) Phases complexes de sauts αi, j pour l’ansatz monopôle uniforme sur le réseau
triangulaire L = 4 avec des conditions aux limites périodiques, en unités de 2π/L2. Les lignes
continues sans flèches indiquent un véritable saut uniforme. Chaque plaquette a un flux de
2π/L2 modulo 2π. (b) Flux à travers (un ensemble de) boucles incontractibles du tore L = 4 pour
l’état monopôle. Sont également représentés schématiquement les angles φx et φy, qui contrôlent
les conditions aux limites.

En raison de l’insertion de ces flux non triviaux, la symétrie translationnelle est brisée sur

les amas finis, mais est restaurée dans la limite thermodynamique. Nous notons également qu’en

raison des flux non triviaux à travers les plaquettes sur les deux réseaux, la fonction d’onde de

spin résultante brise la symétrie de renversement temporel et de réflexion, mais préserve le

produit des deux. Par conséquent, cet état représente un liquide de spin chiral (CSL). Ensuite,

en surveillant l’énergétique des états monopoles par rapport au DSL, nous pouvons également

commenter la stabilité énergétique du DSL par rapport à (une famille de) CSL.

Dans les deux sections suivantes, nous discutons des principaux résultats de notre travail,

concernant les impulsions et l’énergétique des excitations monopôles.
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8.4.2 Moments monopôles

L’insertion d’un monopôle entraîne une dégénérescence double à l’énergie de Fermi (par spin), et

différentes occupations de ces deux niveaux donnent trois monopôles singulets et un triplet. Le

remplissage de ces deux orbitales avec la même espèce de spin (↑ ou ↓) conduit respectivement

à la composante Sz =+1,−1 du triplet. Le secteur Sz = 0 peut être occupé de quatre manières,

illustrées ci-dessous
|Φ1〉 =

|Φ2〉 =

|Φ3〉 =

|Φ4〉 =

(8.24)

À partir des quatre états ci-dessus, nous pouvons construire trois singulets et la composante

Sz = 0 du triplet. Alors que le monopôle triplet simple est voué à avoir une impulsion définie

dans la limite thermodynamique, les monopôles singulets avec des impulsions définies sont

censés être des superpositions des états singulets ci-dessus. Pour calculer les états propres

approximatifs des traductions sur des amas finis pour les monopôles singulets, nous construisons

et codiagonalisons une paire de matrices 4×4 avec les éléments 〈Φm|ĜTi T̂i |Φn〉 (et 〈Ψm| T̂i |Ψn〉)
(i = 1,2, et m,n = 1. . .4) pour les états de monopôle en champ moyen (et projeté). Ici, ĜTi est la

transformation de jauge U(1) qui annule partiellement l’effet des traductions selon la direction

a⃗i. Les états propres de ces matrices sont divisés en deux blocs de dimensions 3×3 et 1×1,

correspondant respectivement aux secteurs singulet et triplet (composante Sz = 0). Soient les

valeurs propres de la forme Aeiki . Lorsque les états se rapprochent des états propres exacts des

translations, l’amplitude A doit tendre vers 1, ce que l’on observe sur la figure 8.15.

Il est intéressant de noter que nous observons que les fonctions d’onde projetées (qui prennent

en compte les fluctuations temporelles de jauge) convergent beaucoup plus rapidement vers le

résultat de la limite thermodynamique que les fonctions d’onde du champ moyen.

Les moments des monopôles que nous observons sont parfaitement conformes aux prédictions

récentes de la théorie des champs [260, 261].

8.4.3 Energétique monopole

Le DSL a été proposé comme candidat à l’état fondamental à la fois pour le modèle de Kagome

Heisenberg du voisin le plus proche [74, 242] et pour le modèle J1 − J2 sur le réseau triangulaire

avec J2 à peu près dans la région 0,06≤ J2 ≤ 0,16 [243, 244]. Ces deux modèles ont été largement

étudiés au cours des deux dernières décennies, et il existe également des propositions alternatives

pour la nature de l’état fondamental et la région de la phase liquide de spin, et un consensus
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Figure 8.15: Réseau triangulaire : amplitude et phase de recouvrement dans l’équation (??) pour
le triplet ((a)-(c)) et l’un des trois monopôles singulets ((d)-(f)) en fonction de la taille du système
linéaire L. Les résultats sont présentés à la fois pour les recouvrements de champ moyen
(calculés exactement comme les déterminants de Slater) et les fonctions d’onde projetées de
Gutzwiller (calculées par échantillonnage de Monte Carlo). Les résultats de champ moyen
coïncident avec ceux de [260]. Les encarts montrent les points (⃗k.⃗a1, k⃗.⃗a2)= (k1,k2) sur la zone de
Brillouin correspondant aux tracés. Le tracé d’amplitude correspond à k1, et un comportement
identique est observé pour k2. Les barres d’erreur des données de Monte Carlo sont plus petites
que la taille des symboles et sont estimées par un échantillonnage statistique des valeurs
propres des matrices de chevauchement.

complet n’a pas encore été atteint.

HKagome = J
∑
〈i, j〉

Si ·S j

HTriangulaire = J1
∑
〈i j〉

Si ·S j + J2
∑

〈〈ik〉〉
Si ·Sk

(8.25)

Dans cette section, nous étudions les énergies variationnelles des ansatzes monopôles pour

ces modèles. Nous choisissons J2 = J1/8 dans HTriangulaire, qui est considéré comme étant en

phase QSL.Les principales questions que nous abordons sont les suivantes : (a) Le DSL est-il

énergétiquement stable ou instable pour former des états chiraux (avec des monopôles de charge

générique Q) ? (b) Quel est l’écart énergétique des excitations des monopôles dans la limite

thermodynamique après projection ? (c) Comment l’énergétique des monopôles se compare-t-elle

aux calculs de la théorie des champs dans la grande limite N f ?

Tout d’abord, dans la figure 8.16, nous calculons l’énergie pour différentes excitations

monopôles sur les deux réseaux. Nous pouvons clairement voir que les excitations sont in-

interrompues dans la limite thermodynamique, avec une mise à l’échelle linéaire inverse du
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système.

Nous observons également que les excitations des trous de particules construites au-dessus

des cônes de Dirac sont également sans interruption après projection.
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Figure 8.16: Mise à l’échelle de la taille de l’intervalle monopole simple (par rapport à l’état de
Dirac) pour les monopoles singulet et triplet pour les réseaux Kagome et triangulaire
respectivement. Le cas non projeté (pas de projection de Gutzwiller) est rapporté pour le réseau
Kagome à des fins de comparaison. Les excitations de spinon particule-trou (P-H) de la fonction
d’onde de Dirac sont également présentées, soit dans le même cône de Dirac, soit à travers les
cônes de Dirac.

De plus, nous considérons des valeurs plus élevées de la charge du monopôle Q, c’est-à-dire

incluant un flux magnétique de 2πQ. L’énergie des monopôles de charge Q devrait évoluer avec

un comportement non trivial, comme indiqué dans les calculs théoriques de champ de Ref. [262]

pour le terme d’ordre dominant dans le développement 1/N f . Nos résultats pour EQ −E0 sont

rapportés Fig. 8.17 pour quelques valeurs de Q et différentes tailles de cluster L. De plus, nous

rapportons également la comparaison directe entre nos résultats variationnels multipliés par L

et les dimensions d’échelle (y compris N f , pris égal à 4) obtenues par des calculs théoriques de

champ effectués dans le développement à grand N f [262].

Étant donné les différentes géométries considérées dans ces deux calculs (le tore et la sphère

conforme dans les approches variationnelle et analytique, respectivement), et les différentes

échelles d’énergie (J1 = 1 et ℏ= c = 1, dans les approches variationnelle et analytique, respec-

tivement), nous admettons une « renormalisation » dans nos résultats, qui sont multipliés par

C ≈ 0,28. Il est remarquable de constater qu’il existe une bonne concordance, même si les calculs

analytiques concernent la limite N f →∞, alors que nos simulations numériques s’appliquent au

cas N f = 4. Ce résultat apporte un soutien supplémentaire à la stabilité du liquide de spin de

Dirac dans le modèle de Heisenberg J1 − J2 sur le réseau triangulaire et au fait que le liquide de

spin quantique correspondant est décrit par l’électrodynamique quantique en 2+1 dimensions.

Nous notons que des calculs similaires ont été effectués pour les excitations monopôles sur le

modèle Kagome Heisenberg avec un très bon effondrement des prédictions de la théorie des
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Figure 8.17: Panneau supérieur: Énergie variationnelle des excitations monopolaires EQ −E0 de
charge-Q (singulet), en fonction de Q pour différentes tailles de cluster L. Panneau inférieur: les
énergies d’excitation multipliées par C×L (où C ≈ 0,28, voir texte) et comparées aux dimensions
d’échelle ∆Q (incluant le facteur N f = 4) obtenues par des calculs théoriques de champ dans la
limite d’un grand nombre de points de Dirac dans le spectre fermionique [262].

champs.

8.4.4 Conclusion

Les liquides de spin de Dirac sont des états quantiques exotiques caractérisés par des excitations

à basse énergie impliquant des spinons et des monopôles. L’étude de ces excitations est essentielle

pour identifier les signatures expérimentales et guider la découverte et la caractérisation des

liquides de spin candidats. Dans cette étude, nous avons examiné en profondeur les excitations

monopôles dans le modèle de Kagome Heisenberg du voisin le plus proche et le modèle de réseau

triangulaire J1−J2 (J2 = J1/8), en utilisant des techniques de diagonalisation exacte et de Monte

Carlo variationnelle (VMC). Nos principales conclusions dans cette étude sont les suivantes:

1. Les excitations monopôles et spinoniques sont sans trou dans la limite thermodynamique,

sur les deux réseaux.

2. L’énergie variationnelle des états monopôles avec charge générique Q concorde remar-

quablement bien avec les prédictions de la théorie des champs pour QED2+1 en présence
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d’un grand nombre de saveurs de fermions N f .

3. Les fonctions d’onde monopôles projetées convergent plus rapidement (que les déterminants

de champ moyen de Slater) vers les états propres exacts des opérateurs de translation,

présentant des moments cohérents avec les prédictions de la théorie des champs.

4. Les excitations de flux localisées sur des paires de plaquettes triangulaires individuelles

sont sans trou dans la limite thermodynamique en raison d’un très grand chevauchement

avec l’état fondamental.

Nos résultats éclairent la physique complexe des modèles frustrés de Heisenberg sur le réseau

Kagome et le réseau triangulaire, et fournissent des preuves à l’appui d’un état fondamental

liquide de spin de Dirac dans ces systèmes.
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A
SU(N) MONOPOLE ENERGY

Consider the following SU(N) permutation hamiltonian

H = ∑
〈i, j〉

∑
αβ

c†
iαciβ c†

jβ c jα (A.1)

Here, α,β are spin indices that take the values α,β= 1,2, . . . N, and c†
i,α (ci,α) creates (destroys) a

fermion with spin α on site i. For the SU(2) case, the above hamiltonian can be recast as

1
2

∑
〈i, j〉

2∑
αβ

c†
iαciβ c†

jβ c jα = ∑
〈i, j〉

S⃗i · S⃗ j + 1
4

∑
〈i, j〉

n̂i n̂ j (A.2)

where n̂i is the number operator

n̂i = c†
i↑ci↑+ c†

i↓ci↓ (A.3)

and S⃗i are the usual spin 1/2 Pauli operators. So, in the subspace of the Hilbert space with one

particle per site, the model (A.1) is just the Heisenberg hamiltonian upto a constant. In this

appendix, our task is to compute the mean field expectation value of the hamiltonian (A.1) for a

generic many body wavefunction |Φ0〉

EMF = 〈Φ0|H |Φ0〉
〈Φ0| |Φ0〉

(A.4)

We assume a lattice of L sites with N/2 fermions per site. Let |Φ0〉 be constructed as a product of

L/2 orbitals for each spin:

|Φ0〉 =
N∏
α=1

(
L/2∏
x=1

φ†
xα

)
|0〉 (A.5)
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The orbitals φ†
xα are constructed by diagonalizing the tightbinding model for the monopole ansatz:

(in our specific case, the orbitals are the same for all flavors, so U doesn’t depend on α)

φ†
xα =

L∑
j=1

U jx c†
jα

=⇒ c†
iα =

L∑
x=1

U∗
ixφ

†
xα

(A.6)

These orbitals are orthonormal:

〈0|φyβφ
†
xα |0〉 = δαβδxy (A.7)

Using the second line of (A.6), we can expand the mean field energy as

EMF =− ∑
〈i, j〉

∑
αβ

〈Φ0| c†
iα c†

jβ ciβ c jα |Φ0〉

=− ∑
〈i, j〉

∑
αβ

〈Φ0|
(∑

x
U∗

ixφ
†
xα

)(∑
y

U∗
j yφ

†
yβ

)(∑
z

Uiz φzβ

)(∑
w

U jwφwα

)
|Φ0〉

=− ∑
〈i, j〉

∑
αβ

L∑
xyzw

U∗
ix U∗

j y Uiz U jw 〈Φ0|φ†
xαφ

†
yβφzβφwα |Φ0〉

(A.8)

In the state |Φ0〉, only operators of flavor α,β are relevant for the overlap. Further, the overlap

is non-zero only if x, y, z,w ∈ [1,L/2]. The calculation can be separated into two parts, α ̸=β and

α=β. Let us first look at α ̸=β:

− ∑
α̸=β

L/2∑
xyzw

U∗
ix U∗

j y Uiz U jw 〈Φ0|φ†
xαφ

†
yβφzβφwα |Φ0〉

=− ∑
α̸=β

L/2∑
xyzw

U∗
ix U∗

j y Uiz U jw δxw δyz

=− ∑
α̸=β

L/2∑
xy

U∗
ix U∗

j y Ui y U jx =−(
N2 −N

) |A i j|2

(A.9)

where we define A i j to be (note: the summation is only till L/2)

A i j =
L/2∑
x=1

U jxU∗
ix (A.10)
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For the α=β case, we have

−
N∑
α

L/2∑
xyzw

U∗
ix U∗

j y Uiz U jw (1−δzw)
(
δxw δyz −δxz δyw

)
=−N

L/2∑
xy

(
U∗

ix U∗
j y Ui y U jx −U∗

ix U∗
j y Uix U j y

)
=−N|A i j|2 +N A ii A j j

(A.11)

So, the modified final result is

EMF =− ∑
〈i, j〉

[
N2|A i j|2 +N A ii A j j

]
(A.12)

Note however, that A ii = A j j = 1/2, since we are at half filling. Consider the expectation value

〈Φ0| c†
iα ciα |Φ0〉 = 1

2

=
L∑

x=1

L∑
y=1

U∗
ix Ui y 〈Φ0|φ†

xαφyα |Φ0〉

=
L/2∑

x,y=1
U∗

ix Ui y δxy =
L/2∑
x=1

U∗
ix Uix

(A.13)

Therefore, we finally have

EMF =− ∑
〈i, j〉

[
N2|A i j|2 + N

4

]
(A.14)

We finally note that only the first term N2|A i j|2 matters when we compute the difference between

the monopole and the Dirac energy. The single-monople gap is obtained by taking the difference

between the case with one monopole (spread over the entire torus) and no monopoles (i.e., the

Dirac state):

∆E0 =−N2
f

∑
〈i, j〉

[
|Amonopole

i, j |2 −|ADirac
i, j |2

]
(A.15)

For the projected wave functions, we use the Monte Carlo sampling to evaluate the variational

energies corresponding to the single monopole and the Dirac state (in both cases, the Gutzwiller

projector imposes to have N f /2 fermions per site). The size scaling of the total monopole energy

for N f = 2,4,6,8,10, and 12 is shown in Fig. A.1.
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Figure A.2: Single-monopole energies scaled by N2
f , shown along with the unprojected energy

difference ∆0/N2
f from Eq. (A.15).
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Figure A.1: Single-monopole gap as a function of 1/L for various values of N f , along with best
linear fits.

At first glance, the data for N f ≥ 8 would suggest a gapped monopole in the thermodynamic

limit. However, after further investigation, we believe this to be a finite-size effect. Indeed,

by scaling the projected energies by N2
f , we observe that all the data (except N f = 2) collapse

perfectly on top of each other, see Fig. A.2. Furthermore, there is very good agreement between

the projected and the unprojected energies calculated from Eq. (A.15), which increases with

system size. Finally, we remark that the unprojected data indicates a gapless monopole only

if large enough system sizes L ≥ 30 are considered, which are very difficult to access for the

projected wave functions.
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B
COMPUTING CHERN NUMBER

Here, we outline the algorithm proposed by Fukui, Hatsugai and Suzuki for computing

Chern number [209]. As a reminder, the Chern number of a band is given by the integral

of the Berry curvature in the Brillouin Zone (or a sum in a discretized BZ)

c = 1
2πi

∫
BZ

F(k)dk (B.1)

where F(k) is the Berry curvature. Consider a two-dimensional BZ of dimensions ki ∈
[0,2π/qi), where i = 1,2. We then discretize the BZ by defining the step sizes δki = 2π/(qiNi).

Thus, the BZ contains N1N2 points k= (k1,k2) given by

ki = 0,
2π

qiNi
,

4π
qiNi

, . . . ,
2π(Ni −1)

qiNi
, i = 1,2 (B.2)

To compute chern number of a given band, we need the eigenvectors at every k point, which

we denote as |Ψ(k1,k2)〉. These wavefunctions must be periodic in the BZ: |Ψ(k1 +2π/q1,k2)〉 =
|Ψ(k1,k2)〉 = |Ψ(k1,k2 +2π/q2)〉. The algorithm consists of computing the following phases, called

’link variables’

U1(k)= 〈Ψ(k1,k2)|Ψ(k1 +δk1,k2)〉
|〈Ψ(k1,k2)|Ψ(k1 +δk1,k2)〉| U2(k)= 〈Ψ(k1,k2)|Ψ(k1,k2 +δk2)〉

|〈Ψ(k1,k2)|Ψ(k1,k2 +δk2)〉| (B.3)

Then, we define the following lattice field strength

F(k)= ln
(
U1(k1,k2) U2(k1 +δk1,k2)
U2(k1,k2) U1(k1,k2 +δk2)

)
(B.4)

Essentially, F(k) measures the flux of the gauge field U through the plaquette at k. Care must be

taken to ensure that F(k) always lies in the range [−π,π). The Chern number is then obtained by
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summing over the Berry curvature contributions from all the plaquettes in the BZ:

c = 1
2πi

∑
k

F(k) (B.5)

This method always yields an integer Chern number irrespective of the number of grids in the

BZ. Additionally, it has the advantage of not requiring a gauge-fixing procedure for the phases of

the eigenstates since we only deal with fluxes through the plaquettes. In practice, this method

yields the correct Chern numbers even at coarse discretizations of the BZ. For more details, we

refer the reader to [209].
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