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Abstract

This thesis investigates the interplay between electron-electron and electron-phonon interac-
tions in low-dimensional lattice models, specifically within the Hubbard model incorporating
Su-Schrieffer-Heeger (SSH) coupling with phonons. SSH interactions, which modulate the elec-
tron hopping amplitude through lattice displacements, have recently attracted renewed interest
due to their potential relevance in strongly correlated materials.

The main objective of this work is to determine whether the inclusion of SSH couplings in
the Hubbard model can stabilize superconducting or spin-gapped metallic states, as well as other
exotic phases of matter. While the half-filled SSH-Hubbard model has been extensively studied
in one dimension and only partially examined in two dimensions, its phase diagram in the doped
regime remains largely unexplored. This thesis aims to fill this gap, focusing on the emergence
of correlated phases away from half-filling in both one and two spatial dimensions.

We use the variational Monte Carlo method with a trial wave function defined in a hybrid
electron-phonon Hilbert space. In addition to Jastrow factors that account for correlation ef-
fects, the wave function includes an antisymmetric component that captures backflow-inspired
electron-phonon correlations. This approach enables us to accurately model both electron-
electron and electron-phonon interactions. Moreover, since the variational method avoids the
sign problem, we can simulate the system in the doped regime, an area typically inaccessible to
exact quantum Monte Carlo methods (QMC), which are limited to half-filling.

In one dimension, we observe the stabilization of a Luther-Emery liquid, a metallic phase with
gapless charge excitations and a finite spin gap, upon doping a Peierls insulating phase. This
finding resolves a long-standing debate regarding its realization in SSH chains. Benchmarking
with density-matrix renormalization group results confirms the reliability of our approach.

In two dimensions, we investigate the SSH-Hubbard model on the square lattice, obtaining
results that are consistent with previous exact QMC studies at half-filling. Upon doping, we
observe that SSH phonons can induce s-wave superconductivity in the weakly correlated regime.
However, we suggest that the enhancement of d-wave superconductivity by SSH coupling in the
strongly correlated regime may significantly depend on the specific implementation of the SSH
interaction. In one particular case, we find that d-wave superconductivity is slightly suppressed
by SSH coupling. These results are further confirmed by a Hartree-Fock analysis performed in
the anti-adiabatic limit.

Overall, this thesis highlights the crucial role of lattice effects in correlated electron systems,
shedding light on the distinct contributions of SSH-type couplings in one and two dimensions.
Our findings provide new insights into the microscopic mechanisms behind exotic metallic phases
and set the stage for further studies of phonon-mediated phenomena in correlated systems.
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Chapter 1

Introduction

The electron-phonon interaction plays a central role in condensed matter physics, often inducing
significant changes in the low-energy electronic properties of materials. Two key phenomena
closely related to electron-phonon coupling are the emergence of superconductivity in various
systems [1] and the tendency to favor lattice distortions, which can drive, for example, a metallic
system into a Peierls insulating state [2].

Within the Bardeen—Cooper—Schrieffer (BCS) theory of superconductivity [3], the conden-

sation of Cooper pairs allows the system to enter a superconducting state [4]; however, an
attractive interaction between electrons is required for such pairing to occur. In conventional
superconductors, well described by BCS theory, this attractive interaction originates from the
coupling between electrons and lattice vibrations, as indicated by the isotope effect on the critical
temperature [5|. The electron-phonon interaction thus produces an effective attraction between
electrons, which is responsible for the superconducting instability.
The situation is more complicated in the case of unconventional superconductors. In high-
temperature cuprates superconductors, the complex interplay between electron pairing and
charge ordering (commonly referred to as “stripes”) has been a central topic of investigation
over the past decades [6, 7] and continues to represent a crucial element in understanding their
unconventional properties. Some experimental observations suggest that electron-phonon cou-
pling may contribute to the superconducting mechanism in cuprates [8, 9|, although its role
remains debated and likely intertwined with strong electronic correlations.

Peierls insulating states have been observed experimentally in various materials. In the
1970s, several quasi-one-dimensional organic conductors, such as TTF-TCNQ, were synthesized
and shown to exhibit Peierls transitions [10, 11]; other inorganic compounds, such as CuGeOsg,
are also known to exhibit a Peierls instability [12, 13|. These transitions are characterized
by a spontaneous breaking of translational symmetry, leading to a periodic lattice distortion
that opens a gap at the Fermi level. Such lattice-distortion instabilities can also compete or
coexist with other collective phenomena, making Peierls systems a fertile ground for exploring
intertwined orders in low-dimensional materials.

From a computational perspective, the accurate treatment of systems where both electron-
electron and electron-phonon interactions are relevant (especially including effects beyond the
Born-Oppenheimer approximation) remains a challenging task for ab initio methods [14]. In
this context, low-energy lattice models provide a valuable alternative to ab initio approaches
aimed at simulating real materials. Within the framework of such models, one can investigate the
fundamental physics emerging from the competition and cooperation between these interactions.
The single-band Hubbard model (and its strong-coupling limit, the ¢—J model) stands as a
paradigmatic example, capturing essential aspects of electronic correlations [15, 16].

Phonons can be incorporated into lattice models by introducing harmonic oscillators attached

9



either on lattice sites or along the bonds, thereby generating acoustic or optical phonon branches.
Depending on the physical context, different forms of electron-phonon coupling can be consid-
ered, such as Frohlich, Holstein, and Su—Schrieffer—Heeger (SSH) interactions [17, 18, 19, 20].
The Frohlich and Holstein couplings are typically associated with polaronic effects in ionic or
molecular crystals, where electrons interact with local or long-range lattice vibrations. In con-
trast, the SSH model—originally developed to describe polyacetylene chains—couples lattice
displacements directly to the electron hopping amplitude, making it particularly relevant for
systems in which bond modulations play a central role.

Lattice models incorporating electron-phonon interactions can host a remarkably rich variety
of quantum phases. In one dimension, a notable example is the Luther—Emery liquid: a metallic
state characterized by gapless charge excitations and gapped spin excitations. This phase has
been identified, for instance, in the half-filled Hubbard—Holstein chain [21, 22, 23, 24]. In two
dimensions, recent studies of the SSH model have uncovered exotic phenomena, including phases
that can be mapped onto unconstrained Z; gauge theories [25]. Furthermore, investigations of
the half-filled Hubbard—Holstein model on the square lattice have revealed a parameter regime
in which superconducting pairing correlations are enhanced [26]. Finally, SSH-type couplings
have also been proposed as a potential mechanism to enhance superconductivity in the doped
regime of Hubbard-like models [27, 28|.

This thesis focuses on the SSH electron-phonon interaction, with particular attention to its
effects in the hole-doped Hubbard model. In recent years, growing experimental and theoretical
evidence has indicated that SSH-like couplings may be relevant in a broad class of strongly
correlated materials, including cuprates [8, 9, 29|, nickelates [30], manganites [31|, and other
transition-metal oxides [32, 33]. Incorporating such couplings into minimal models is there-
fore essential for capturing the low-energy physics of these systems beyond a purely electronic
description.

In one dimension, hole doping a Peierls insulator—characterized by spontaneous dimerization
and alternating strong and weak bonds—raises the question of whether a Luther—-Emery phase
can be stabilized. Although such a metallic phase with gapped spin excitations has been iden-
tified in doped Holstein chains at quarter filling [34], its existence in SSH-type models remains
debated [35]. Recent density-matrix renormalization group studies have either not observed this
phase [36] or focused on doping levels far from the low-doping regime where it is expected to
occur [37, 38]. Therefore, investigating the possible emergence of a Luther—Emery phase within
the one-dimensional SSH and SSH-Hubbard models remains an open and compelling problem.

In two dimensions, numerical investigations have suggested that a d-wave superconducting
phase may emerge in the doped SSH-Hubbard model [39, 40|, indicating that SSH couplings
could play a significant role in the physics of strongly correlated superconductors. Understanding
whether such couplings can enhance or stabilize superconductivity in realistic parameter regimes
is crucial, as it could shed light on pairing mechanisms in materials where both strong correlations
and bond-modulation effects are present.
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1.1 Summary

This thesis explores the physics of interacting electrons coupled to lattice phonons via a Su-
Schrieffer-Heeger (SSH) mechanism [19]. We investigate both the one-dimensional (1D) SSH-
Hubbard model, whose properties have been often studied in the literature [41, 42, 43|, and
its two-dimensional (2D) generalization, which, although addressed to some extent in the lit-
erature |44, 45, 46, 47|, remains relatively unexplored. The phonon degrees of freedom are
modeled as quantum harmonic oscillators attached to each site to emulate lattice vibrations.
Electron-electron interaction is added by including a standard on-site Hubbard interaction U.

We focus on the behavior of these models at half-filling and upon hole doping. Since exact
quantum Monte Carlo (QMC) simulations are free from the sign problem only at half-filling,
we adopt a variational approach to access a broader range of physical regimes. Variational
Monte Carlo (VMC) thus serves as the central computational method in this thesis. Our goal
is to design a trial wave function capable of accurately capturing electron-phonon and electron-
electron correlations.

The structure of the thesis is as follows.

1.1.1 SSH-Hubbard chain at half-filling

In Chapter 2, we introduce the SSH-Hubbard model in one dimension, exploring three distinct
approaches to implement the SSH coupling: the optical SSH (0SSH), acoustic SSH (aSSH),
and bond SSH (bSSH) models. Each of these models corresponds to a different type of phonon
coupling: the optical SSH model involves site-centered optical phonons, the acoustic SSH model
deals with acoustic phonons, and the bond SSH model considers bond-centered optical phonons.
Although the models treat the lattice coupling differently, they exhibit similar physical behavior
at half-filling.

According to the Peierls instability mechanism [2], non-interacting electrons coupled to lat-
tice distortions dimerize into an insulating state. This chapter discusses this type of instability,
focusing on three distinct regimes: the adiabatic limit, where phonons are treated as classical
variables and the system dimerizes into a Peierls insulator for any value of the Hubbard inter-
action U [41, 48]; the anti-adiabatic limit, where infinite-frequency phonons lead to an effective
electronic Hamiltonian and a competition between the Peierls insulator and an undistorted Mott
insulating phase, with a quantum phase transition between them [49, 50|; and the case of fi-
nite phonon frequency, where the same Kosterlitz-Thouless transition occurs between the two
phases [51, 42, 43|.

Overall, this chapter provides a comprehensive analysis of the 1D SSH-Hubbard model
at half-filling, emphasizing the interplay between electron-electron interactions and quantum
phonon fluctuations in determining the phase diagram.

1.1.2 Variational Monte Carlo Ansatz

Chapters 3 and 4 focus, respectively, on the description of the variational wave function and the
details of its implementation within the VMC framework.

In Chapter 3, we define the variational wave function for the SSH-Hubbard model, addressing
both the 1D and 2D cases, and introducing several enhancements to the standard Jastrow-
Slater approach. The variational wave function is constructed in a hybrid Hilbert space that
incorporates both electron and phonon degrees of freedom.

The wave function is analyzed in detail. A standard approach in variational calculations is
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the Jastrow-Slater ansatz [52, 53|, namely:

ijar —eXp ZUZannj Wo> ) (11)

where v;; are Jastrow variational parameters and the fermionic part |g) is typically described
by the ground state of an auxiliary quadratic BCS-Hamiltonian:

Ho = tillolio+ 1) Eo0is+ D Aytlyl), +hec. (12)

7]0 Za- 7‘7

where p, t;;, A;; are variational parameters.

However, this method does not directly account for electron-phonon correlations. To address
this, we propose an extension to the standard approach by incorporating electron-phonon cor-
relation effects directly into the fermionic part of the wave function. This is achieved through
an auxiliary Hamiltonian that depends on the phonon displacements, enabling the inclusion of
"backflow" terms in the fermionic wave function [54, 55]. The auxiliary Hamiltonian becomes:

ep o HO + gz i+l CIUAH-l o (13)

where ¢ is a variational parameter. This modification improves the accuracy of the variational
wave function by capturing electron-phonon correlations more effectively: the wave function
becomes also exact in the adiabatic limit of zero phonon frequency.

Other terms are added to the wave function to properly account for the presence of phonons.

An uncorrelated bosonic component is included to capture phonon distortion phenomena. This
component is represented as a product of Gaussian functions, one for each harmonic oscillator,
with a variational parameter z that controls the dimerization pattern of the phonon displace-
ments, which is crucial for describing the Peierls insulating state.
To account for various correlation effects, several Jastrow factors are introduced: electron-
electron, electron-phonon, and phonon-phonon Jastrow terms. The electron-electron Jastrow
factor shown in Eq. (1.1) is particularly important to describe the Mott insulating phase [52],
where double occupancy is suppressed. The electron-phonon Jastrow factor significantly
improves the accuracy of the trial wave function in the Peierls insulator phase, particularly
when the Hubbard interaction U is large, while the phonon-phonon Jastrow term allows to
reproduce dispersion effects in the bosonic components.

The two-dimensional SSH-Hubbard model on a square lattice is also considered: the corre-
sponding Hamiltonian contains two phonon modes per site, one for each spatial direction. As
a result, the variational wave function is also extended to incorporate both z and y phonon
coordinates. The specific details of the wave function generalization, adapted for the 2D case,
are presented in the final section of Chapter 3.

Chapter 4 focuses on the details of the VMC method, emphasizing its application to electron-
phonon systems. After introducing the variational principle, which states that the expectation
value of a Hamiltonian H with respect to any trial wave function [iy,;) provides an upper
bound to the true ground-state energy, we demonstrate how to estimate this expectation value
for complex many-body systems using Monte Carlo sampling. The chapter proceeds with a
detailed discussion of the procedure and its specific implementation for systems with coupled
electrons and phonons, including details of the Metropolis algorithm and the energy estimator.
The final section describes the optimization of the variational parameters, which is performed
using the Stochastic Reconfiguration method [56].
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1.1.3 1D oSSH-Hubbard model: a variational Monte Carlo study

Chapter 5 is focused on the investigation of the one-dimensional 0SSH-Hubbard model em-
ploying the generalized Jastrow-Slater wave function that includes backflow effects. To validate
our approach, we benchmark our results against density-matrix renormalization group (DMRG)
calculations with periodic boundary conditions. The comparison yields an accuracy of approxi-
mately 1% for U/t = 4 and 2% for U/t = 10, resulting in a clear improvement over the simple
Jastrow-Slater ansatz.

At half-filling, we correctly identify a quantum phase transition between two insulating
phases: a Mott insulator with gapless spin excitations and preserved translational symmetry, and
a Peierls insulator, which breaks translational invariance and exhibits a fully gapped excitation
spectrum (in agreement with previous numerical studies [42, 43]).

Upon hole doping, the system displays a rich phenomenology. Doping the Mott insulator
leads to a Luttinger liquid, characterized by gapless excitations in both spin and charge sectors,
consistent with the known physics of the doped Hubbard chain. In contrast, doping the Peierls
insulator stabilizes a Luther-Emery liquid, a metallic phase with gapless charge excitations and
a robust spin gap. The presence of such a phase, long discussed in the literature but elusive in
models with repulsive interactions and only two Fermi points [57, 58, 59, 60, 61, 62|, is firmly
established here via both variational and DMRG results.

We construct a phase diagram as a function of doping and electron-phonon coupling, identi-
fying the regions where the Luther-Emery phase is stabilized; we further confirm the robustness
of this phase through finite-size scaling analyses, showing that the spin gap remains finite in the
thermodynamic limit.

Finally, we address an unphysical artifact of the SSH model, namely the possibility of changes
in the sign of the hopping amplitude due to large phonon distortions. To this end, we introduce
a regularized SSH coupling that preserves the positivity and smoothness of the hopping term.
Although this modification prevents unphysical configurations, it does not qualitatively affect
the structure of the phase diagram or the stabilization of the Peierls phase.

Overall, our results demonstrate the power of backflow-enhanced VMC in capturing the
subtle interplay between electron-electron and electron-phonon interactions in low-dimensional
systems, and provide strong evidence for the emergence of a Luther-Emery liquid in the oSSH-
Hubbard chain.

1.1.4 Square lattice SSH-Hubbard model at half-filling

Chapter 6 focuses on the two-dimensional version of the SSH-Hubbard model at half-filling,
presenting the current understanding from the literature. The phase diagram is well-established
from previous exact QMC studies, showing two phases: a Peierls insulator exhibiting bond-order
wave (BOW) and an antiferromagnetic (AFM) insulator [44, 45, 46, 47]. The system’s phase
depends on which interaction scale predominates: either the electron-phonon coupling for the
Peierls insulator or the Hubbard interaction for the antiferromagnetic insulator.

As we did for the one-dimensional case, we introduce three distinct ways to implement the
SSH coupling: the optical SSH (0SSH), acoustic SSH (aSSH), and bond SSH (bSSH) models,
explicitly showing the Hamiltonian of the system in both the adiabatic and anti-adiabatic limits.
We observe that the dimerization pattern in the adiabatic limit exhibits peculiar differences
depending on the model considered: the aSSH model shows exotic patterns [63, 64, 65, 66],
while the optical phonon models display a standard @ = (7, 7) pattern [67, 68|.

In the presence of a finite Hubbard interaction U, a transition occurs from the AFM to the
BOW phase, regardless of the phonon frequency. The presence of quantum fluctuations due to
a finite phonon frequency allows for the existence of an AFM phase even at U = 0 for small
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values of the electron-phonon coupling [44, 45].

We discuss a few results from the literature regarding the nature of the AFM-BOW transition,
including the possibility of a phase-coexistence region in between. This region seems to be absent
in the bSSH-Hubbard case [44, 45|, while it may be present in the 0SSH-Hubbard model [47].

1.1.5 2D oSSH-Hubbard model: a variational Monte Carlo and Hartree-Fock
study

Chapter 7 presents our study on the two-dimensional version of the 0SSH-Hubbard model.

First, we assess the accuracy of our wave function by comparing our VMC results at half-
filling with those from determinant quantum Monte Carlo (DQMC) simulations [47] . This
comparison demonstrates that our wave function is highly accurate and consistent with exact
DQMC results for the non-interacting case (U = 0), both in the BOW phase and outside of it.
As we increase the interaction strength U, for U/t = 4 we maintain a reasonable accuracy of
less than 2% in energy. The accuracy decreases to approximately 3% for U = 6 and reaches up
to 5% for U = 8.

Next, we focus on the phase diagram at half-filling. Although the accuracy of our variational
method decreases for large values of U, it predicts a phase diagram that is in very good agreement
with the one obtained from DQMC simulations [47]. We also address the issue of the coexistence
between the AFM and BOW phases, presenting some partial results, which are nevertheless
consistent with those found by DQMC in Ref. [47]. Besides, our results support the presence of
AFM order at U = 0 within the 0SSH model.

The most important aspect we wish to discuss is the emergence of superconducting phases
upon doping the system. In this respect, we begin by performing a Hartree-Fock calculation.
We consider the system in the anti-adiabatic limit, where the phonon degrees of freedom become
fast and can be integrated out, and we apply the Hartree-Fock method to decouple the effective
electronic Hamiltonian in the presence of the Hubbard interaction. The results strongly depend
on how the SSH coupling is implemented.

e 0SSH-Hubbard: The Hartree—Fock calculation does not reveal d-wave superconductiv-
ity. In this case, the terms corresponding to d-wave and extended s-wave superconductivity
vanish during the mean-field decoupling, leaving only an on-site s-wave term. This term
drives the system into a superconducting phase when the electron-phonon coupling domi-
nates, showing on-site s-wave superconductivity; however, no other superconductive phase
appears.

e bSSH-Hubbard. It has been suggested that the bSSH-Hubbard model exhibits a d-wave
superconducting phase upon hole doping [39, 40]. Our Hartree-Fock results confirm this
hypothesis in the anti-adiabatic limit (at least at the mean-field level), where we identify
a phase with on-site s-wave superconductivity in the regime of dominant electron-phonon
coupling, and a phase where on-site s-wave and d-wave superconductivity coexist for larger
values of U.

We observe that, in the anti-adiabatic limit, the aSSH and bSSH models become equivalent.
Clearly, the Hartree-Fock result (which holds in the anti-adiabatic limit) does not completely
rule out the possibility of d-wave superconductivity in the phase diagram of the 0SSH-Hubbard
model, but suggests that different implementations of the SSH coupling may lead to distinct
phase diagrams when the system is doped away from half-filling. Moreover, it is apparent that
using the 0SSH version of the model may not be the most effective way to identify a strong
d-wave superconducting phase.
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Finally, we investigate the 0SSH-Hubbard model with hole doping using VMC. First, we
analyze the weak-coupling regime with U = 0 and large A. Here, the system is deep in the
BOW phase at half-filling, and upon doping we observe the emergence of on-site s-wave super-
conductivity. The superconductive correlations are similar in magnitude to those found in the
attractive Hubbard model at U/t = —2, indicating that the electron-phonon coupling effectively
induces an attractive interaction between electrons in this regime.

Then, our focus moves on d-wave superconducting instabilities for large values of U; for this
reason, we do not consider charge density wave (CDW) and stripe phases, which strongly com-
pete with d-wave superconductivity and may represent the actual ground state of the Hubbard
model at 1/8 hole doping. Since the VMC approach, using a Jastrow-Slater wave function, can
describe both stripe and d-wave superconducting phases [69, 70|, our aim is to determine whether
the inclusion of phonons enhances superconductivity when compared to the VMC solution of the
Hubbard model without phonons at the same values of U. At doping § = 1/8 for U/t = 10 and
small electron-phonon coupling, the system develops a dominant d-wave pairing amplitude in the
auxiliary Hamiltonian. However, the comparison with the plain Hubbard model at the same U
reveals that the latter exhibits stronger and longer-ranged d-wave superconductive correlations.
This indicates that the electron-phonon interaction in this regime does not favor—and may even
suppress—d-wave superconductivity.

Finally, we consider the case with both large U and large electron-phonon coupling, focusing
on points near the AFM-BOW phase boundary. Away from half-filling, although significant
superconducting variational parameters are observed in the auxiliary fermionic Hamiltonian of
Eq. (1.2), the superconducting correlations are weak and decay rapidly. As a result, the presence
of superconductivity in this regime remains uncertain.

Together, these results highlight the delicate interplay between electron-electron and electron-
phonon interactions in the 0SSH-Hubbard model. While phonon-mediated superconductivity
can emerge in the absence of repulsive interactions, strong correlations tend to suppress this
tendency or steer the system toward competing orders.
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Chapter 2

SSH-Hubbard chain at half-filling

In this chapter, we study the physical properties of the SSH-Hubbard chain at half-filling. The
model reveals a rich physics related to the interplay between electron-electron interactions and
electron-phonon coupling. We present analytical calculations where possible and discuss selected
results from the literature.

We begin by introducing the SSH-Hubbard Hamiltonian in one dimension (Section 2.1) and
exploring alternative definitions of electron-phonon coupling in Section 2.2. To provide a physical
understanding of the model, Sections 2.3 and 2.4 focus on two limiting cases of the phonon mass:
the infinite mass (adiabatic) and vanishing mass (anti-adiabatic) limits, respectively. Finally,
Section 2.5 addresses the case of quantum phonons with a finite mass.

The results show that when phonons are treated as classical in the Born-Oppenheimer
approximation (i.e., infinite phonon mass, adiabatic limit), the lattice always undergoes a
symmetry-breaking distortion that opens an energy gap, leading to a Peierls insulator. In
contrast, for quantum phonons with finite mass m (and even for m — 0 in the anti-adiabatic
limit), the competition between the Hubbard interaction U and the electron-phonon coupling
« leads to two distinct phases: an undistorted Mott insulating phase for large U and a Peierls
insulator when o dominates. This demonstrates how the competition between these phases is
strongly influenced by the quantum nature of the phonons.

2.1 SSH-Hubbard chain

We consider an L-site chain with periodic boundary conditions (PBC), where optical phonons
are modeled as L quantum harmonic oscillators, each centered on a site and with no dispersion.
The harmonic oscillators, with frequency w and ionic mass m, are coupled to the electrons via
SSH coupling «, which modulates the electron hopping amplitudes [19, 20]. The bare electron
hopping amplitude is ¢, and the resulting Hamiltonian is:

~2
N R . U R . D3 1 R
H=—t) [L-a(@i - i) (C;'[,UCH-LU + CIH,aCz‘,o) +2 |:27/Zn + Qmwzwﬂ , o (21)
1,0 A
where é:r , creates an electron at site ¢ with spin o and #;, p; are the position and momentum

operatofs of the phonon describing the ion at site ¢, satisfying the usual commutation relation:
(&5, P] = ihdj (2.2)
We consider an on-site Hubbard interaction with strength U that shall be added to H , namely:

Hy =UY  fhiqi, . (2.3)
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An important dimensionless parameter for quantifying the e-ph interaction is:

t2
)\_Oé

= . (2.4)

The Hamiltonian of Eq (2.1) incorporates the same type of electron-phonon coupling introduced
by Su, Schrieffer, and Heeger to describe the behavior of electrons in long-chain polyenes [19].
In this model, at half-filling, electrons are subject to the Peierls instability [2]|, leading to the
formation of dimerization patterns, corresponding to the z-coordinate of the oscillators acquiring
a finite staggered expectation value: (z;) = (—1)7A.

Performing a large-U expansion on the Hamiltonian of Eq. (2.1), a Spin-Peierls Heisenberg
model with quantum phonons is obtained, resulting in the following Hamiltonian:

L A A o)
H=J) [L—a(@i—2)]S S+ [pm + mw%f] , (2.5)

where J = % and each site hosts a spin-1/2 operator 5; = (Sf, gf”, S’f) This model has been

widely studied numerically (49, 71, 72|, particularly due to its connection with the spin-Peierls
compound CuGeO; [12, 13, 73|.

2.2 Alternative definitions of SSH-Hamiltonians

Now, we discuss different choices to account for the presence of phonons in a simple lattice
model.

We will refer to 0SSH the choice of considering decoupled harmonic oscillators to account
for optical phonon modes with no dispersion as we did in Eq. (2.1).

Another natural choice would be to introduce dispersion in the harmonic oscillators to mimic
acoustic phonons. We will call such choice aSSH, and the corresponding Hamiltonian would take
the following form:

A2
H=—=t3 [1—a(@i — i) (e;aém,a +él +Laéi,(,)+z [;n +omw? (B — 20| . (26)
1,0 %

A third option, frequently used in previous studies also for computational efficiency — since
density-matrix renormalization group and quantum Monte Carlo simulations converge more
easily with this type of coupling — is to consider dispersionless, decoupled harmonic oscillators;
however, instead of associating each oscillator with a lattice site, it is linked to the bond between
adjacent sites. We call this choice bSSH, where b stands for bond; the resulting Hamiltonian
would be:

~2

~ p .. 1

H= _tz [1—a(&gi)] (é;r,aéi+170' + éj+17aéi,a) + Z (;’:;1) §mw2 (f(z‘,i+1))2
1,0 i

(2.7)
We notice that the three Hamiltonians of Egs. (2.1), (2.6) and (2.7) are not related in
any simple way by a canonical transformation. However, a thorough comparative study of
these models in the absence of interaction (U = 0) was performed using exact determinant
quantum Monte Carlo [74]. According to Ref. [74], at half-filling the 0SSH and aSSH models
are remarkably similar (showing quantitative agreement in their correlation functions), while
the similarity with the bSSH model is only qualitative. As the system is doped away from half
filling, each model may display distinct behaviors.
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Ref. |74] also suggests that the correct way to compare the three models would be to fix the
dimensionless parameter A shown in Eq. (2.4), ensuring it is properly defined for each model.
Denoting the couplings with subscripts “0”, “a” and “b” for the 0SSH, aSSH, and bSSH models
respectively, the equivalence reads:

2
o

~ .
mew?  dmew?  dmyw?

2

ta pt

t 2
% (2.8)

We observe that the bSSH model in Eq. (2.7) exhibits a peculiar behavior compared to the
0SSH and aSSH models: the average phonon displacement AL = (3, ;) is always zero in
both the 0SSH and aSSH models (even in the presence of distorted phases). In contrast, in the
bSSH model, AL can vary as a function of « unless an external constraint is enforced, meaning
that distortion patterns can lead to the stretching of the chain. Clearly, if one does not need to
address specifically the issue of stretching chains, this may be an undesired effect. This is also
the reason why Ref. [74] found that only the 0SSH and aSSH models exhibited quantitative
agreement at half-filling.

2.3 Adiabatic limit

In the adiabatic limit, corresponding to the Born-Oppenheimer approximation, the phonons
become classical degrees of freedom:

m — 00 w—0 with K = mw? = const . (2.9)

Applying this limit to Eq. (2.1), including also the Hubbard interaction term Hy, the Hamilto-
nian reduces to:

N R R R 1 o
H=—t Z [1—a(zit1 — ;)] (cjpciﬂp + c;.r+1’gci,(,> + iK Z i+ U Z ni4niy ,  (2.10)
(] (3

©,0

where the coordinates x; are now classical variables acting as external parameters in the fermionic
Hamiltonian. Hence, the ground-state wave function depends parametrically on the set {z;},
which must be optimized.

Instead of optimizing each x; coordinate independently, one can take inspiration from the
fact that electronic systems of this kind at half-filling are subject to the Peierls instability [2]
and impose an ansatz for the dimerization pattern of ionic displacements controlled by a single

parameter A:

Li = %(_WHA — T4l — T = (—1)iA . (2.11)

We say that the ground state of the system is a Peierls insulator if the optimal value of A which
minimizes the energy is finite (clearly, this analysis holds only at half-filling).

We observe that all three choices of phonon Hamiltonian of Eq. (2.1), (2.6) and (2.7)
(respectively 0SSH, aSSH and bSSH) trivially coincide in the adiabatic limit when considering
an ansatz as the one of Eq. (2.11). The corresponding Hamiltonians are identical when applying
the following equivalences: K, = K, = 4K, and 2a, = 2a, = «p. This also furnishes a nice
explanation for why the equivalence of Eq. (2.8) works: it becomes exact in the adiabatic limit.

2.3.1 Non-interacting fermions in the adiabatic limit: U=0

For the case of non-interacting fermions (U = 0), an analytical solution can be found. In this
section, we will first show explicitly how the Hamiltonian can be brought into diagonal form and
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derive its energy spectrum. Next, we will demonstrate that its ground state is always a Peierls
insulator (A>0) for any finite value of the electron-phonon coupling a. We will then characterize
the ground state by showing that it displays a bond-order wave order parameter, and that both
the energy gap and the order parameter are proportional to the value of A. Finally, we will
compute a few static correlation functions.

By considering the dimerization pattern of Eq. (2.11), we can write the Hamiltonian of
Eq. (2.10) in the case U = 0 as follows:

L
. L R R 1 )
A=-t>"Y [1-aA(-1)] (cjﬁcmﬂ +él +1’Uci’g) +NKA?, (2.12)

=1 o

where we consider L, the number of sites of the chain, to be even.
At this point, we recognize the Hamiltonian of the well-known electronic SSH model [75] by
separating creation and annihilation operators on even and odd sites of the chain as:

Qi = C2i o bioc = C2it1,0 - (2.13)
The Hamiltonian is then expressed as follows:

L2
o= =t > (- ad) (af o+ b i)
i=1 o
L2 )
NP T 2
_ t; za: 1+ ] (] i +alyy oo ) + SNEA”. (2.14)
Next, we express the Hamiltonian in Fourier space, noting that, since the primitive cell contains
two sites, the Brillouin zone is folded and the momentum index k spans the reduced interval
[—7/2,7/2). For this reason, the Fourier transform of the operators a;, and b;, is defined as

follows:
w/2—2m/L w/2—27/L
bo=12 Y eFHg Y ERN (2.15)
3,0 — L k,o > o — I ko - .

k‘:—ﬂ'/Z l’u‘:*ﬂ'/Q

In this representation, the Hamiltonian takes the form of a quadratic operator:

w/2—27/L ~
g 4t po) 1 2
=% 3 (af, B,)H® (bk a) + SNEA?, (2.16)
k=—7/2 © ’
with the matrix H(k) defined as:
B 0 —t [l —aA+ (1+ad)e 2H]
H(k) = <—t [1— A+ (14 ad)et?F] 0 ' (2.17)
Its eigenvalues are given by:
ex(k) = i2t\/1 — (1 —a2A2)sin? k = +2t\/cos? k + a2 A2 sin® k. (2.18)

One can readily observe that a finite value of A corresponds to a gapped spectrum of the
Hamiltonian. Specifically, €1 (k) vanishes at k = +m/2 only for A = 0. For A # 0, ex(k)
acquires a value proportional to A at k = £7/2 and never vanishes for all other values of k.
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Given the expression for €4 (k), we can compute the total energy of the system at half filling.
In that case, only the lower band e_(k) is occupied. Thus, the energy of the system in the
thermodynamic limit is expressed as follows:

w/2—27/L
E¥'(A) K 1 Lo K 1 [/
=_—A? 4+ e (k) = —A%+ / dk e (k) . (2.19)
L 8 % k:z;/g 8 T J—m/2

More explicitly, we can write:

tot w/2
E L(A) _ IgAQ—?/_W/Qdk\/l—[l—(aA)ﬂ sin? (k) = gAQ—%E[ T~ {0d)] , (220)

where E[z] refers to the complete elliptic integral of the second kind:

Elz] = /OW/2 dzy/1 — 22sin®(x) . (2.21)

The total energy per site as a function of A exhibits a double-well shape, as shown in Fig. 2.1
for the case t = 1, o = 0.3, K = 0.1, indicating that the system always lowers its energy by
transitioning into a dimerized state.

2.3.1.1 Peierls transition in the thermodynamic limit

We aim to show that, given the expression for the energy of a half-filled system in the thermo-
dynamic limit of Eq. (2.20), the system behaves as a Peierls insulator for any value of a > 0.

Since we are interested in finding the minimum of the total energy as a function of A, we
compute its derivative and set it to zero:

d E°(A) K 4E[\/T—(adA?] —F[y/1-(ad)? d B
ST = TA-— — —V1I-(adP =0, (222

where F[z] corresponds to the complete elliptic integral of the first kind:

(2.23)

] = /2 dx
i :/0 V1= 22sin(z)

and, to compute the derivative inside Eq. (2.22), we made use of the following relation between

the integrals:

d _ E[z] - F[¢]
%E[z] == (2.24)

We can factor out A from Eq. (2.22), obtaining as a result:

<K | 40? BT = (@A — FIy/T= <aA>21) A_p (2.25)

4 ™ 1—(ad)?
Apart from the trivial solution A = 0, we need to check for which values of A the expression
inside the parentheses vanishes. To do so, the expansion of the elliptic integrals around z = 1
comes into hand:

E[z] = 1+ 0(1) for z — 1; Flz] = —%ln(l —z)+1In(4)+o(1) for z — 1. (2.26)
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Figure 2.1: Total energy per site as a function of the dimerization parameter A for the SSH model in

the adiabatic limit (see Eq. (2.20)). The plot is shown fort =1, « =0.3, K =0.1.

Thus, the solution for Eq. (2.25) in the case of A — 0 can be written as:

¢ 1—-In(4)+n (1— m) /2

16ta? * 1—(aA)?

=0.

Exploiting the fact that A — 0, we can perform additional simplification:

2 A2
—11n<O‘A> TR

2 = 16ta?

This leads to the result:

4/2 K
A= —exp|— .
ae 16ta?

(2.27)

(2.28)

(2.29)

In this way, we show that the non-interacting system is unstable towards dimerization, since the

value of A that minimizes the ground state energy is finite for any value of o > 0.
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Figure 2.2: Density of states p(E) for the SSH model in the adiabatic limit, see Eq. (2.12). The plot is
shown fort =1 and oA = 0.5: the energy gap AE = 4taA is indicated by the orange arrow.
2.3.1.2 Density of states and energy gap

From the Hamiltonian spectrum ey (k), Eq. (2.18), we can derive the density of states. First, we
compute the following derivative:

des(k) j:2t (a?A? — 1) sinkcosk B 4t? (a?A? — 1) sink cos k

dk T\ 1—(1—a2A?)sin’k ex(k) (2:30)

We observe that, having defined E = :|:2t\/1 — (1 — a2A?) sin? k, two simple relations hold:

4t? — E? E? — 41202 A?
-2 2
= o 2 Ao = - 2.31
Sk = ez W= Ea ey (2:31)
It is now easy to invert the expression of Eq. (2.30) to find dl;(g)’ namely:
dk dk E
’ = ' = ] . (2.32)
dei (k)| |de—(k)| /(42 — E?) (E? — 4202 A?)
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The density of states is computed as follows:

w/2
pLE) = /_ /Q;Ij_[5(6+(k)—E)+5(e(k;)_E)]:
_ L dk L] dE ) |E|
oo d€+(k)‘ 2m df(k)‘ /(42 — E2) (E? — 4202 A7) (2.33)

Assuming a?A? < 1 (otherwise the electrons hopping amplitude between neighboring sites would
change sign, which is unphysical), the domain of p(F) is D = (—2t, —2taA) U (2ta A, 2t). Thus,
we can clearly see that the model displays an energy gap AFE proportional to the dimerization
parameter A, namely:

AE = 4taA . (2.34)

The density of states p(E) and the energy gap AE are shown in Fig. 2.2 for the case t = 1,
aA =0.5.

We have shown in Eq. (2.29) that the optimal value of A, in the limit of small @ and A,
is given by A o exp (f%) /a. Combining this with the expression for the energy gap from
Eq. (2.34), we observe that the energy gap opens in a non-analytical way as a function of the
coupling. For small values of «, the following relation holds:

16t/2 K
AE ~ Gfexp< T ) (2.35)

e  16ta2

Both Eq. (2.33) and Eq. (2.20) are consistent with the density of states and total energy
found by Su, Schrieffer and Heeger in Ref. [20].
2.3.1.3 Ground state wave function

The quadratic Hamiltonian of the SSH model expressed in Eq. (2.16) can be brought into diag-
onal form with the knowledge of the unitary matrix Uy, that diagonalizes H(k). The procedure
is the following:

H = ZZ (fllt;,g 8270) UkU,IH(k;)UkUI;f <€Lk,a> _
k o

bk,o’

= ;ZU: [(at, B,) v [vfreu] [U,j <“’W>} _

br.o
R D ). e

where 4;, » and ék,a are new fermionic operators, related to the old ones by the relations:

@) -ne) s Go)-wl@) 30
We can give an explicit expression for the matrix U as follows:
Uy = \}i (‘fk ?) , (2.38)
where we introduced the variable 7, defined as follows:
ot [1—alA+(1+ad)et? ]  qA—1—(1+ad)et?F
o et(k) 21— (1—a2A?)sin’k

(2.39)
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7y, is actually a phase, since |ry|* = 1.
For a system with L electrons, the ground state is obtained by filling the lower energy band
€~ (k) with L/2 spin-up and L/2 spin-down electrons, namely:

GS) =T 4L:A0, 100 =1GS) @ |GS,) . (2.40)
k

Once we have an explicit expression for the ground state, we can compute relevant correlation
functions and observables.

2.3.1.4 Bond-order wave order parameter

We define a bond-order wave (BOW) order parameter as follows:

> (éjﬁaéﬁm - éjﬂ,aéi,g)] : (2.41)

=1 o

The fact that the value of (GS|mpow|GS) tends to a constant in the thermodynamic limit
indicates the presence of an ordered phase.

Following the same steps used to derive Eq. (2.14), we can express mpow in terms of the
operators ay , and lA);w:

R 1 o o o .
mpow = 7 Z Z {‘I}L,abk,o (1 —e 2Zk) + b};,aakﬁ <1 — SQlk)} . (2.42)
k o

By using Eq. (2.37), we first express aj, , and I;k,g in terms of the new fermionic operators. Then,
when averaging over the ground state of Eq. (2.40), a few simplifications occur, yielding:

. 2 o)1 _ StaA sin?(k)
69 2 S [ (- )] - 22
/2 02
L—soo0 4taA/ dksm (k) . (2.43)
T —7/2 6+(k)

Now, instead of numerically evaluating this expression, we observe that it is directly related
to the value of A that minimizes the energy of the ground state. We note that, by explicitly
rewriting Eq. (2.25), one can obtain a relation satisfied by the optimal dimerization parameter
A in the thermodynamic limit, namely:

/2 : 2(1{:)
s S11
= dk 2.44
16 ¢t A /ﬂ./Q €+(k’) ’ ( )

where \ = (ta?)/K and the only point where the parameter A appears is inside e, (k) at the
denominator.

It is then straightforward to observe that the BOW order parameter is directly proportional
to the displacement parameter A and, by inspecting Eq. (2.34), also to the energy gap, namely:

(GS|inpow|GS) = % , AE =16 t A (GS|ipow|GS) . (2.45)
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2.3.1.5 Charge and spin static correlation functions

We define the Fourier transform of the density operator as follows:

1 o 1 o R . A
"L ;e e \Ezj:e Y4 (Rgy + fijy) = fgr + Ny (2.46)

where we emphasize that 7, is the sum of two spin-resolved density operators. We now express
this operator in terms of the fermionic operators 4y , and (i . First, we observe that 4, can
be expressed as follows:

g = ;z > 6l g piio e (B hio)] - (2.47)

Using Eq. (2.37) to write the old fermionic operators in terms of the new ones, we obtain:
. 1 s ot A :

e (e ) (et ék,a)] - (2.48)

The charge structure factor is then defined as:
N(q) = (GS[i_gig|GS) = (GS|(A_g +1_g) (g + 7y )IGS) - (2.49)

We see that four spin-dependent terms contribute to N(g). However, cross-spin terms vanish
due to the factorized ground state structure: |GS) = |GS;) ® |GS)). Thus, only the terms
fl_q,oNg,0c Temain and we obtain:

N(g) =) (GS|h_qoiigelGS) = (GSeli_gohqs|GSs) - (2.50)

g [ea

For q # 0, the operator 74, acting on the ground state simplifies as:

0 |GSs) = S [+reart (3l + o) (Fhee +440) +

w/2—2m/L
+ e (3 + ) e+ EO)] | TT 3 | 100 =
k=—m/2
= > (—regri e A0 |GSo) (2.51)

s

An analogous simplification holds for the term (GS,|ni_q » and, therefore, the expectation value
(GS|_q oNqs|GS) is expressed as follows:

A A 1 * i * —1i N sF N
(GS1i—gottgr GS) = = D (=rigri +€) (=ramgri + €7 ) (GS]Al4,0CtaCl 0750 [GS)
t,s

(2.52)
One can easily compute the matrix element in the previous equation, obtaining:

(G813 1.0 CroCl g 05,0 |GS) = b15—q (2.53)
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Therefore, the full charge structure factor reads:

w/2—2m/L
A L 1 1 . ;
N(q) = (GS|i—qig|GS) =2 (GSli_grigt|GS) = 5 — © > Re{rir,_q} =
s=—7/2
1 212 ~cos(q) (1+a®A?) +cos(2s — q) (1 — a?A?) -
T2 L et (s)et(s —q) (2:54)

s

Using trigonometric identities, one can show that N(¢ = m) = 1 for all values of aA.
We define the spin structure factor as S(q) = (GS|SZ,SZ|GS), with:

—q7q
~ 1 oA 1 Y R . ~
Se=f ; S =F ;e V9 (g — fij)) = frgp — gy (2.55)

Since S(q) = (GS|§iq§§|GS> = (GS| (N_gpr — —q) (gt — Ng,y) |GS), the cross terms between

different spin components vanish—just as in the charge case—leading to:
S(q) = N(q) = (GS|it—g4714|GS) + (GS|it—g,1 72,1 |GS) (2.56)

In Fig. 2.3, we show the charge structure factor N(q) for the ground state of the Hamiltonian
in Eq. (2.12) for t =1, K = 0.1 and various values of . For each value of «, the optimal value
of A is obtained by numerically minimizing Eq. (2.20). The structure factor is then computed
on a L = 100 lattice using Eq. (2.54). For a = 0.125, the optimal value of A is so small
(5 x 10~%) that the structure factor appears to be almost gapless. Changing «, the structure
factor interpolates between the case of free fermion, where N(q) = 1 — |¢ — 7| /7, and the limit
of very large A, where N(q) = 1 — cos? (¢/2).

1.0
— a=0.125

78\ — =025
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— a=05
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Figure 2.3: Charge structure factor N(q) for the ground state of the SSH Hamiltonian, Eq. (2.12), with
t=1, K = 0.1 and various values of «.
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2.3.2 Interacting fermions in the adiabatic limit: U>0

Taking into account the Hubbard interaction U, the adiabatic limit can no longer be solved by
a simple analytic treatment. Although the phonon degrees of freedom remain classical, after
performing the substitution x; = (—1)""1A/2 shown in Eq. (2.11) into the Hamiltonian of
Eq. (2.10), the resulting Hamiltonian becomes:

L
H=—t Z > 1 - aA(-1)] (aj,c,ém,(, - éjﬂpéw) + éNKAQ +U Z Ry . (2.57)

Since the electrons are interacting, it is not straightforward to determine whether the dimerized
state (with a finite value of A) is always favored, or if there exists a regime where an undistorted
state with A = 0 prevails.

This model was first studied using the unrestricted Hartree-Fock approximation [76], report-
ing the presence, for sufficiently large values of U, of an undistorted spin-density-wave (SDW)
state with (n; ) = 1/2+0 (=1)* 6WF. A subsequent analysis by Baereswyl and Maki [48], using
a variational approximation (specifically a Gutzwiller wave function and an expansion valid for
U/(4t) < 1), found no evidence of a SDW state, agreeing well with Hirsch’s exact Monte Carlo
calculation performed for a very large value of the harmonic oscillator mass term (K = 0.25 and
M = 230, close to the adiabatic limit) [41]. Both Monte Carlo calculations and the Gutzwiller
wave function agree that a small value of the Hubbard interaction (U/t < 1) actually favours the
dimerized state, leading to an increase in the dimerization parameter A compared to the non-
interacting U = 0 case. The dimerization parameter A reaches a maximum around U/(4¢) ~ 1
and decreases for higher interaction values.

In the large-U limit, the model of Eq. (2.57) becomes equivalent to a spin-Peierls Heisenberg
model, with the following Hamiltonian:

L A~ A
H= JZ [1—aA(-1)"] S - Siv1 + éNKAQ , (2.58)

7

where J = % and each site hosts a spin-1/2 operator 5‘; = (5’;”,5’5’,5‘5) This model has
been widely studied [77, 78], and it was established that the spin part of the Hamiltonian has
an energy per site that scales as —JA*3 in the thermodynamic limit [79]. Since the function
—J ¢ AY3 4 %K A? always has a minimum at a finite value of A, the ground state of the spin-
Peierls Heisenberg model of Eq. (2.58) always exhibits dimerization in the thermodynamic limit,
for any finite value of a.

The conclusion drawn from these studies is that the model in Eq. (2.57) does not support
undistorted phases, even in the presence of a large Hubbard interaction U. Although this
conclusion is not a rigorous proof, it naturally follows from the fact that the model seems to
always favor dimerization, both for finite values of U/t and in the large-U limit.

2.4 Anti-adiabatic limit

In the anti-adiabatic limit, the phonon mass becomes negligible, and the phonon degrees of
freedom can be effectively integrated out:

m — 0 w — 00 with K = mw? = const . (2.59)

In this section, we first consider the bSSH model, as it is the simplest and most instructive case
for performing the anti-adiabatic limit. Next, we address the aSSH and 0SSH models. Finally,
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we discuss the physical properties of the models in the anti-adiabatic limit, both in the absence
and in the presence of Hubbard interaction U. Although the effective Hamiltonians derived in
this section are valid for any doping level, the analysis of physical properties will focus exclusively
on the half-filling regime.

To perform this limit, it is convenient to switch to an imaginary-time action formalism,
which naturally shows how the bosonic fields are integrated out, leaving an effective electronic
interaction. First, we define the electronic action in the absence of phonons, which we will refer
to as Sp[¢, 1], namely:

Solv),v] = /dTZ (001 — tBii] (2.60)
where B; ; = Za(i/;w¢jg + h.c.) represents the electronic hopping term.

2.4.1 Anti-adiabatic limit for the bSSH chain

The imaginary-time action for the 6SSH model, which includes electron hopping, phonon kinetic
and potential energy, and electron-phonon coupling, is given by:

_ K
S[l/), w, ] S() w 1/1 /dTZ |: 8 {L‘(,L Z+1))2 —+ ECC?Z"H_D + to ‘r(i,i+1)Bi,i+1 s (261)

where z(; ;1) is the phonon displacement field (in the bSSH model, each pair of nearest neighbors
(i,7 + 1) corresponds to a variable T(;441), Which is bond-centered) and B; ; is the electronic
hopping term defined above.

In the anti-adiabatic limit, the phonon kinetic term vanishes, allowing us to integrate out
the phonons. It is sufficient to complete the square for each z(; ;1 1) term to see that the x(; ;4 1)
fields get integrated out:

/mﬂ)wxe Wl—/wwe So[wwl/m He Jdr % e+ Buin]’ of drigie szH),

(2.62)
This results in an effective electronic interaction mediated by phonons:

2.2
Seff[&ﬂ/]] = 50[1;71/]] - /dTZ % ii+1 — /dTZ [Qﬁaﬂﬁ th ji+1 — 2K Bz z+1:| . (263>

The interaction term sz 41 can be rewritten in terms of spin and pairing operators, respectively:

o ) L
i =3 kool s Ay =¢850 (2.64)

o0’

It can be easily checked that the following equality holds:

BZQJ - Z (ézo-éja + é}Uéig> < ZU’C]U/ + CT /cio’> -
0,0’

Hence, we obtain the effective Hamiltonian for the bSSH model in the anti-adiabatic limit,
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namely:

bSSH K t*a? A 2
HRT = Z(Ci,aCHLJ +he)— oK (Bz‘,z‘+1> =
1,0 i
= — Z(é;r’aéﬂ_l’g + h.C.) +
1,0
2t%a2 S I 1/t » .
+ [Si St + Jhami — (A1 Ai + ALlAiﬂ .. (266)

i
We can notice that the presence of phonons effectively generates an antiferromagnetic spin

exchange term (S’; . §i+1) and an attractive pairing interaction of the form — (AAIAAZH + h.c.).

2.4.2 Anti-adiabatic limit for the aSSH chain

We note that, for the aSSH model, following a procedure similar to the one shown in the previous
section, the resulting effective interaction turns out to be exactly the same as in Eq. (2.66). The
imaginary-time action for the aSSH model is given by:

S[J]a ¢, ] SO ¢ Q;Z) /dTZ |: a 331 12( ($i+1 - .Ti)2 + ta (‘Ti—i-l — SL‘Z) Bi,i+1:| s (267)

where z; is the phonon displacement field (site-centered in this case).
Although it would be straightforward to perform a treatment analogous to Eq. (2.62) to
integrate out the phonons, namely by writing:

/D¢D¢Dxe S[p el —/D¢D7JJ e_SO[WM/Dx H — [ dr & [oin1—oi+ 2 Biina]” det i sz+1)

(2.68)

the fact that the integral of the quadratic term [ Dz [], e_de%[x"+1_x"+tfaB"=”l]2 gives a con-
stant result independent of %O‘BMH is less trivial in this case. A careful treatment would require
switching to k-space and treating the term with zero momentum separately, since the disper-
sion relation of acoustic phonons is w(k) o |sin(k/2)|, which vanishes at & = 0. However, the
resulting effective Hamiltonian turns out to be the same as in Eq. (2.66) [80, 81].

2.4.3 Anti-adiabatic limit for the 0SSH chain

Integrating out the phonons in the anti-adiabatic limit requires a slightly more complex calcu-
lation for the case of the 0SSH Hamiltonian rather than the straightforward case of the bSSH
model. The imaginary-time action for the 0SSH model is given by:

S[QL,'(#, ] SO ¢ ¢ /d’l’z I: 8 xz gm? + o (xH_l — l’l) Biiy1], (2.69)

where x; is the site-centered phonon displacement field.
The most simple way to integrate out the phonons in the case of vanishing mass m = 0 relies
on the following identity [47]:

Z(xi-i—l — ;) Biit1 = ZIZ i—14 — ”—}—1)- (2.70)

i
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Thanks to this identity, completing the square for each z; is straightforward. The path integral
[ DYDY Dre %7l can then be written as:

/Ddﬂ)w 6_50[1;’w] /Dx(He_delz([wi+?(Bil,z Biit+1) ] de

+242

(PovBus)®) (211

Hence, we obtain the effective Hamiltonian:

4o t2a? X X 2
= —t Z(Ci7aci+1’g + h.C.) — ﬁ (Bi—l,i — Bi,i+1> =
7

1,0

HOSSH

B - 9 (B) + B (B iBuior + Busn B 2.72
zi: |: t 1,041 K ( z,z+1> + 2K ( i—1,0D10+1 + 1,041 2—1,2):| ( 7 )
We can compare the results of performing the anti-adiabatic limit for the 0SSH model with
those for the bSSH model discussed in Section 2.4.1, in particular by examining the effective
Hamiltonians obtained after integrating out the phonons: Egs. (2.66) and (2.72). In both cases,
a term of the form —(B;;11)? is generated, which, as discussed in Eq. (2.66), leads to an effective
antiferromagnetic spin exchange term and an attractive pairing interaction. However, for the
0SSH case, an additional term of the form Bz 1 sz 4+1 1s generated. This term has the same
amplitude but the opposite sign compared to the squared hopping term, introducing a distinct
feature in the effective Hamiltonian.

2.4.4 Physical properties in the anti-adiabatic limit for U = 0

After performing the anti-adiabatic limit, an effective electronic Hamiltonian remains. However,
integrating out the phonon degrees of freedom generates interactions within the resulting elec-
tronic model, making it more challenging to investigate the nature of the insulating state at
half-filling.

We first focus on the case of absence of Hubbard interaction (U = 0). Using a field theory ap-
proach combined with renormalization group techniques [80], Fradkin and Hirsch demonstrated
that the system remains in a dimerized ground state at half-filling for any value of the coupling
constants, confirming that dimerization persists despite the phonon-induced interactions. Their
study focused on the bSSH and aSSH models in the anti-adiabatic limit, namely on the effective
electronic Hamiltonian of Eq. (2.66).

A subsequent work by Zhang et al. numerically confirmed Fradkin’s prediction using density-
matrix renormalization group (DMRG) [81]. They showed that, even in the anti-adiabatic
limit, a linear relationship exists between the energy gap and the BOW order parameter. This
relationship is reminiscent of Eq. (2.45) which holds in the adiabatic limit, although with a
different proportionality constant, indicating similar underlying physics despite the complexity
introduced by the interactions.

2.4.5 SSH-Hubbard model in the anti-adiabatic: U > 0

When the Hubbard interaction U is included, the situation becomes more intriguing. One
possible approach is to first take the large-U limit and then perform the anti-adiabatic limit (as
we did in this section) on the effective Spin-Peierls Heisenberg Hamiltonian given in Eq. (2.5).
This procedure has been employed in various works [49, 82|, resulting in an effective Ji-Jo
Heisenberg Hamiltonian:

I:I =J; Z S; . 5;'4_1 + Jo Z S’; . §i+2 . (2.73)
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The couplings J; and Jo are given by J1/J = 1+ Ja?/2K and Jo/J = Ja?/4K, where J =
4t2 /U, while a and K represent the electron-phonon coupling and the phonon spring constant
respectively. The J;-J2 Heisenberg chain has been extensively studied, and it is well known that
when the ratio Jo/J; exceeds a critical value of 0.241167(5), a phase transition occurs from a
spin-liquid (gapless) state to a dimerized (gapped) state. This implies that, for any value of
K, there is a critical value for the electron-phonon coupling that allows the transition from a
dimerized Peierls state to an undistorted state. The undistorted state is adiabatically connected
to the ground state of the one-dimensional S — 1/2 Heisenberg chain, characterized by gapless
spin excitations and quasi-long-range spin order (true antiferromagnetic order is prevented by
the Mermin—Wagner theorem, which forbids breaking of SU(2) symmetry at zero temperature
in one dimension).

The case of finite Hubbard interaction U has been studied less frequently. Nevertheless, a
work by Zhang et al. [50] demonstrated that a sufficiently large value of U can drive the system
described by Eq. (2.66) from a Peierls insulator to a Mott insulator, characterized by gapless
spin excitations and the absence of BOW.

Although the one-dimensional SSH model (in the absence of interaction) tends to stabilize a
dimerized BOW phase in both the adiabatic and anti-adiabatic limits, the fact that the Hubbard
interaction can turn a 1D Peierls insulator into a Mott insulator in the anti-adiabatic limit, but
not in the adiabatic one, reveals the crucial role of quantum phonons in the competition between
the distorted and undistorted phases.

2.5 Finite Phonon mass case

We now review results from previous studies on the SSH-Hubbard model with fully quantum
phonons of finite mass m.

At half-filling, several works agree on the point that two distinct phases can be stabilized
depending on the dominant interaction. When the electron-electron interaction prevails, the
system enters a Mott insulating phase, which features no lattice distortions and gapless spin
excitations. In contrast, when the electron-phonon coupling dominates, a Peierls insulating phase
emerges, characterized by lattice distortions, BOW, and a fully gapped excitation spectrum.

In the following subsections, we begin by discussing the historical results on the stability
of the two phases and the transition between them (Sec. 2.5.1). Then, we examine numerical
and analytical results in the large-U limit, corresponding to the Spin-Peierls model (Sec. 2.5.2),
before concluding with a focus on numerical results for finite values of U (Sec. 2.5.3).

2.5.1 Early studies on the SSH-Hubbard Model

Hirsch was among the first to employ Monte Carlo techniques to study the sign-problem-free
half-filled model in 1983 [41]. He was able to study relatively small rings (N = 24 sites) and
argued that a sufficiently large Hubbard interaction U would suppress Peierls dimerization. His
argument relied on the large-U limit of the model, which is mapped to an effective Spin-Peierls
Heisenberg Hamiltonian, see Eq. (2.5), which in turn can be mapped to spinless fermions via a
Jordan-Wigner transformation. Fradkin and Hirsch previously demonstrated, using renormal-
ization group arguments, that the spinless SSH model cannot sustain dimerization at any finite
phonon frequency w, undergoing a Kosterlitz-Thouless transition to an undimerized phase when
the electron-phonon coupling « is smaller than a frequency-dependent critical value a*(w) [80].
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2.5.2 Spin-Peierls Heisenberg model in the large-U limit

The large-U limit problem has been extensively studied via the effective Spin-Peierls Heisenberg
Hamiltonian of Eq. (2.5), with minor variations depending on the type of phonon coupling
(acoustic, optical, or bond-centered). Citro, Orignac and Giamarchi [51] employed bosonization
and renormalization group techniques to derive an explicit expression for the energy gap at
the transition, confirming that the dimerized-undimerized transition belongs to the Berezinskii-
Kosterlitz-Thouless (BKT) universality class. The presence of the Mott insulating an Peierls
insulating phases had been numerically confirmed earlier: Bursill et al. [49] used DMRG to study
a Spin-Peierls Heisenberg model with 0SSH coupling, while Sandvik and Campbell [72]| used
sign-problem-free quantum Monte Carlo to analyze an analogous model with bSSH coupling.
Both works identified a transition point at finite electron-phonon coupling strength. Analogous
results have been found in a study that used a flow equation approach to map the system onto
an effective magnetic problem [83].

2.5.3 Numerical results on SSH-Hubbard model

The finite-U case with quantum phonons has been studied in a limited number of works. Ref. [42]
employed stochastic series expansion quantum Monte Carlo to study the model with bSSH
coupling of Eq. (2.7), while Ref. [43] used continuous-time quantum Monte Carlo method to
study both the cases of bSSH and aSSH couplings, Eq. (2.7) and Eq. (2.6), respectively. Both
studies included on-site Hubbard interaction U and a (small) nearest-neighbor interaction term
vV T4, confirming the presence of a direct transition between Mott and Peierls insulating
phases.

Regarding the transition point between the phases, it can be observed that, for a fixed
Hubbard interaction U > 0, the critical value a. of the electron-phonon coupling at which the
system transitions from a Mott insulator to a Peierls insulator is a monotonically increasing
function of the phonon frequency w. This has been demonstrated numerically in Ref. [84] for
U/t = 4, for both the aSSH and 0SSH models. In the case of small w (and consequently large
phonon mass m), the system approaches the adiabatic limit, where the Mott insulating phase
disappears, and «a. tends to zero. As w increases, one approaches the anti-adiabatic limit, where
the Mott insulating phase remains stable from o« = 0 up to a large critical value ae.

Notably, Pearson et al. [84, 85] conducted studies first on a Spin-Peierls Heisenberg Hamilto-
nian and subsequently on a SSH-Hubbard Hamiltonian with a phonon energy term interpolating
continuously between the 0SSH and aSSH couplings. The conclusion of both works is that the
dimerized phase associated with acoustic phonons (aSSH coupling) is less robust against quan-
tum fluctuations, favoring the Mott phase over a broader region of the phase diagram.
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Chapter 3

Variational wave function for
SSH-Hubbard model

In this chapter, we define the variational wave function that we employ to study the SSH-
Hubbard model, leaving the discussion of the optimization procedure and the details of varia-
tional Monte Carlo for the next chapter.

We begin by demonstrating how the number of parameters in the SSH Hamiltonian can be
reduced by introducing rescaled variables to describe the phonon degrees of freedom (Sec. 3.1).
The variational wave function of the model is expressed in terms of these new rescaled phononic
variables.

The most important part of the chapter follows in Sec. 3.2, where we define the variational
wave function and describe the Hilbert space in which it is constructed. We then provide
a detailed analysis of the wave function components. First, we focus on the antisymmetric
fermionic part, discussing the improvements made over a simple Slater determinant. Next, we
present the uncorrelated bosonic part of the wave function, which captures the presence of bond-
order wave. Finally, we discuss the various Jastrow factors that account for correlation effects
both among the electrons and between electrons and phonons.

Throughout the chapter, we focus on the 1D SSH-Hubbard model, with Sec. 3.3 extending
the variational wave function to the 2D case.

3.1 Simplified SSH Hamiltonian with rescaled phonon coordi-
nates

Our variational Monte Carlo study of the SSH-Hubbard model focuses on the 0SSH version,
which involves dispersion-less harmonic oscillators coupled to each site of the chain, as given by
Eq. (2.1). For convenience, we rewrite the Hamiltonian for the 1D case here, as we will perform
a few steps to reduce the number of parameters it contains:

2
H = —tz 1 —a(Zip1 — 24)] (éza@ﬂ,a + éLLUéi,g) + Z [2197% + ;mwQ;ﬁg] + Uzﬁi,Tﬁi,¢ ;
1,0 ) %

(3.1)
where éjg creates an electron on site ¢ with spin o, and Z;, p; are the position and momentum
operatofs of the phonon describing the ion at site 7. The parameter ¢ is the bare electron
hopping amplitude, and U represents the on-site Hubbard interaction. The harmonic oscillators
have frequency w and ionic mass m, while « is the electron-phonon SSH coupling.
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The displacements and conjugate momenta of the harmonic oscillators satisfy the usual commu-
tation relation:

&}, i) = ihdjp, . (3.2)

We observe that the ground state of the free-bosonic problem (in the case t = U = 0) is given
by a product of identical Gaussian wave functions, each centered around one site:

mw
wG’aussian(m) X exp {_%332} . (33)

Now, we define new rescaled variables for the phonons in the following way:

. mw . /1
Xi = —_— AZ' N Pz = I AZ‘ . 3.4
V' & . mwhp (34)

Their commutation relation is therefore:
[Xi,z%} —. (3.5)

Therefore, the Hamiltonian of the system becomes:

N /A N . R R hw A A o
H = —tz |:1 — (Xi—H — Xl)] (c;-rci_H + C;F_HCZ') + 7 Z [Pl2 + XZZ] +Uzni,Tni,J, 5 (36)

where @ is the rescaled version of «, which has absorbed the extra prefactor brought by the new
displacement operator, and is defined as follows:

h

mw

a=a (3.7)
Using these new units, the Gaussian wave function for the ground state of the non-interacting
bosonic problem acquires a simple form:

@Z)Gaussian(X) X exp {_;XQ} . (38)

At last, the dimensionless parameter A described in Eq. (2.4), gets a simple expression in terms

of &, namely: ) )

S (3.9)
mw hw

After this procedure, the mass of the phonons has been completely reabsorbed. Thus, we can

simply work with the following values being specified:

ot
o U
o hw
e G or A

Since the Hamiltonian in Eq. (3.6) allows us to perform simulations by specifying only the
phonon frequency Aw, we explain how the adiabatic and anti-adiabatic limits of the phonon
degrees of freedom are defined for this Hamiltonian in Appendix A.
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3.2 Variational wave function definition

We define the wave function in a Hilbert space that contains both electron and phonon configu-
rations. However, while the electronic degrees of freedom are described in terms of creation and
annihilation operators in second quantization, we decide to describe the harmonic oscillators in
terms of their displacement operators, working in first quantization and in a continuum basis.
Therefore, the Hilbert space is defined by the following quantum states:

1X;n0) = |X) ®|no) = ®\X ®|njo) (3.10)

where the local Hilbert space of electrons is made by four states, namely:

!nj,a>—{!0> el 10y séh joy el el jo) } (3.11)
while the local Hilbert space of bosonic coordinates is defined by:
X;1X;5) = X;1X;) Xj € (—o0,00) , (3.12)

where X ; is the position operator for the harmonic oscillator at site j, defined in Eq. (3.4).
The variational wave function we use is defined in the Hilbert space of Eq. (3.10) as follows:

(X W) = Toa() Ton(X) To(X, 1) (<X|wp> <X;no|ave>) NERE)

where (X;ny|%.) represents the fermionic determinant part, which is antisymmetric with re-
spect to the fermionic coordinates, and depends directly on the phonon state |X). The term
(X|¥,) describes a non-interacting bosonic state. The remaining three terms are Jastrow fac-
tors: Jee(No), Jpp(X), and Jep(X, ny), which account for electron-electron, phonon-phonon,
and electron-phonon correlation effects, respectively.

All terms that appear inside Eq. (3.13) contain variational parameters that must be optimized
in order to provide an approximate description of the ground state. In this chapter, we focus
on the precise description of the ansatz itself, leaving for the next chapter the optimization
procedure and the details of variational Monte Carlo that allow to compute relevant expectation
values.

We notice that one could have used a second-quantization notation also to deal with the
bosonic degrees of freedom, namely by defining a local space for the harmonic oscillators of the
form: ) . )

b7 = = (6}) 0)  with  bf = % (Xj - uﬁj) , (3.14)
obtained by repeatedly applying a construction operator I;; to the vacuum, with X j andlf’j defined
in Eq. (3.4). This choice is perfectly legitimate, and typically employed when using density-
matrix renormalization group (DMRG) to optimize a Matrix Product State (MPS) variational
ansatz. However, our variational wave function will benefit from the fact that the bosons are
described as continuous variables and by the fact that their displacement coordinate is diagonal
in the basis of our choice: evaluating the variational wave function of Eq. (3.13) on the local
Hilbert space of Eq. (3.14) would not be feasible, in particular for the term (X;ny|e).
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3.2.1 Slater Determinant with phonon-backflow terms

In a conventional Jastrow-Slater approach, as has been done multiple times in the past for this
and other electron-phonon systems (such as the Hubbard-Holstein model) [53, 86, 87, 88|, one
could design a variational wave function where the antisymmetric part is given by a pair-product
state, independent of the phonon degrees of freedom, namely:

W) =exp | Y fijelel |10y (3.15)

1,J

where the values f; ; can either be independent variational parameters or be determined from
the diagonalization of an auxiliary quadratic BCS-Hamiltonian Hg, which itself contains some
variational parameters to be optimized. The form of Hy is:

Hy=> tyel e, +n> cle,+3 Ayel el +he, (3.16)

7/7]70- l7o- Z’J

where the hopping (t;; = t;}) and pairing (4A;; = Aj;) amplitudes are variational parameters, as
well as the chemical potential u.

If one were to consider a variational wave function of the form described in Eq. (3.13) and
use a pair-product ansatz as Eq. (3.15) for the antisymmetric part, the term (X;ny|¥,) would
lose its dependence on the phonon configuration |X). The downside of this approach is that,
in this case, correlation effects between electronic and phonon degrees of freedom would only
be captured by the term Jop (X, ny). If this term were to vanish, the trial wave function would
factorize into two terms: (X;nq|Wvar) = (X|®phonon) (No|Peiectrons)-

Previous variational Monte Carlo calculations on the SSH-Hubbard chain, using a wave
function with the fermionic part given by Eq. (3.13), demonstrated that the presence of the term
Jep(X, ny) was not crucial for obtaining a valid description of the physical system. When this
term was eliminated, the quality of the results remained similar. For this reason, we concluded
that a new way to incorporate electron-phonon correlations within the variational wave function
was needed.

Our idea is to add a direct contribution from the phonon degrees of freedom inside the pair
function of Eq. (3.15), such that electron-phonon correlation effects are already included within
the fermionic part of the wave function. This is achieved by considering an auxiliary Hamiltonian
that parametrically depends on the phonon displacements:

Hep = Ho+ Y g (Xivm = X0) € o8 o+ D b Xipm — Xo) el el b, (3.07)

1,M,0 ,m

where ¢, = g_p, and hy, = —h_,, are variational parameters for m = +1 and £3 (suitable for a
possible bond dimerization), and {X;} are the phonon displacements in the configuration |X).
In this way, (X;n,|%.) depends upon the actual phonon configuration. This introduces a sort
of “backflow” within the electronic part of the variational wave function.

In the standard continuum case, the term “backflow” refers to a trial wave function in which
the effective position of each electron (from which the Slater determinant is constructed) depends
on the positions of all other electrons [89, 90, 91]. On the lattice, this approach has been extended
by constructing single-particle orbitals or pairing functions that explicitly depend on the many-
body electron configuration [54, 55]. In our case, the backflow correlations involve both electrons
and phonons.

The reason why we expect this ansatz to effectively capture electron-phonon correlation
effects within the SSH-Hubbard model is that the term with coefficient ¢; in Eq. (3.17) has
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exactly the same form as the SSH coupling appearing in the physical Hamiltonian of the model in
Eq. (3.6). For this reason, if one considered the adiabatic limit in which the phonon displacements
{X;} become classical coordinates, the ground state of the Hamiltonian ﬁep coincides with the
exact ground state of the physical SSH Hamiltonian at U = 0 for any fixed value of the phonon
displacements { X}, which should only be minimized classically.

3.2.2 Non-interacting bosonic state

The non-interacting bosonic state, represented by the term (X|¥,) in Eq. (3.13), is given by the

following expression:
(0] 1°
(X|7,) = Hexp{—Q[Xj —z <—1>J} } , (3.18)
J

where X; denotes the position operator of the jth phonon coordinate within |X), while £2 and
z are variational parameters.

The most significant variational parameter is z, which controls the staggered phonon displace-
ment. This parameter closely resembles the variational parameter A introduced in Section 2.3
to describe the dimerization of the SSH model in the adiabatic limit. A finite value of A corre-
sponded to the system showing a dimerization pattern of the ionic displacements, resulting in a
Peierls insulating state.

In the adiabatic limit described in Section 2.3, since the phonons were treated as classical
degrees of freedom, the substitution z; — (—1)7 A/2 could be made directly in the Hamiltonian.
In the present case, where the phonons are modeled as quantum harmonic oscillators, we intro-
duce the parameter z into the wave function. A finite value of z shifts the center of the Gaussian
wave function of each harmonic oscillator in a staggered manner by an amount z. The average
value of the Xj operator in the wave function of Eq. (3.18) satisfies the same relation as in the
adiabatic limit, namely:

(V| X[ ¥p) = (=1) =z (3.19)

3.2.3 Jastrow factors

The three Jastrow factors that appear inside the variational wave function of Eq. (3.13) are
described as follows:

1
Jee(ne) = exp §Zvij(ni—1)(nj—1) , (3.20)
ij
1
Top(X) = exp izuijxixj : (3.21)
ij
Jep(Xyng) = expq > wij(ng —1)(n; — 1)(X; = X;) ¢, (3.22)
ij

where the pseudo-potentials v;;, u;;, and w;; are variational parameters, with vj; = v;;, uj; = u;j,
and Wj; = —Wiy.

We observe that, in principle, the pseudo-potentials can be optimized as independent pa-
rameters for each pair of sites (7, j) in the lattice. However, to reduce the number of variational
parameters, some symmetries can be implemented. In our variational Monte Carlo calculations,
we imposed both translation and reflection symmetries for the Jastrow factors, which ensures
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that the variational parameter associated with sites (i, j) depends only on the lattice distance
between site ¢ and site j.

The density-density Jastrow factor Jee(n,) captures correlation effects arising from a large
Hubbard interaction U, which disfavors double occupancy and thus modulates electronic charge
fluctuations. This term is especially relevant for describing the Mott insulating phase, where
the Fourier transform of the pseudo-potential v, scales as vy ~ 1/¢* for small momenta ¢ [52].

The phonon-phonon Jastrow factor Jpp(X) is designed to capture correlation effects between
phonons that go beyond the simple non-interacting term described in Eq. (3.18).

On the other hand, the electron-phonon Jastrow factor Je,(X,ns) becomes particularly
important in the regime where both U and A are large. It enables the capturing of correlations
between the electronic charge and phonon displacements that go beyond the expressive power
of the fermionic ansatz (X;n,|¥.) that includes phonon-backflow effects.

It is important to note that the term (n; —1)(n;—1) inside the electron-electron and electron-
phonon Jastrow factors cannot be simply replaced with n;n;. In the case of Jop(X, ng), we found
that the optimal value of the parameters w;;, with the term defined as in Eq. (3.22), led to a
better variational energy compared to the same wave function with the term defined as n;n;
and the parameters undergoing a new optimization.

3.3 Variational wave function for 2D SSH-Hubbard model

In this section, we will first show how to generalize the SSH-Hubbard Hamiltonian to a square
lattice geometry and then provide a variational wave function that is a straightforward gen-
eralization of the one of Sec. 3.2. Next, we will focus on some peculiarities of the 2D wave
function.

3.3.1 SSH-Hubbard Hamiltonian on the square lattice

The natural generalization of the SSH-Hubbard model to a two-dimensional square lattice simply
requires to consider phonons along both the x and y directions. Consequently, each Einstein
dispersionless phonon is modeled as a quantum harmonic oscillator attached to each site. In this
case, each site hosts two phonon modes: one for the x direction and another for the y direction.
The Hamiltonian of the system for the case of the 0SSH model is then:

A= - tz 1= (Xnve, = Xn) | (Shotriens + ki, oor0 ) + (3.23)
_ tz [1 —a (YR+6 )} cR oCR+e 0+ cg+ey7géR U) +
fhtad H2 2 @ 2 -2 N A
T3 Z Pir+Xg| + 2 Z P,R+YR "‘UZ”R,TnR,i ;
R R R

where the sum over R = (R, Ry) runs over all lattice sites, e, and e, are unit displacement
vectors in the z and y directions, respectively, and the operator é};’g creates an electron on
site R with spin o. As before, U represents the on-site Hubbard interaction and t is the bare
electron hopping amplitude. The operators Xp and Yy are the position operators of the harmonic
oscillators attached to site R, accounting for the optical phonon modes in the x and y directions,
respectively. Their conjugate momenta are Px r and ]5% R, and together they satisfy the following
commutation relations:

[XR,E-,S} = [YRapy,S:| =1i0R,s [XR,Py,S} = [YR,P@S} =0. (3.24)
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For simplicity, we are already working with rescaled variables for the phonons, as defined in
Eq. (3.4) for the one-dimensional case. Hence, the Hamiltonian in Eq. (3.24) only requires the
phonon frequency and the electron-phonon coupling & to be specified. Finally, we note that the
phonon frequency and the electron-phonon coupling are assumed to be equal in both the z and
y directions.

3.3.2 Variational wave function on the square lattice

The definition of the Hilbert space in the square lattice case closely follows the construction
presented in Sec. 3.2. The Hilbert space includes both electron and phonon configurations: the
former described in terms of creation and annihilation operators in second quantization, the
latter characterized by their displacement operators. The quantum state that we use to describe
the Hilbert space is given by:

1X:Yino) = |X)®|Y) @|no) = Q)| Xr) @ [Yr) ® Ingo) | (3.25)
R

where the local Hilbert space of electrons is defined as in Eq. (3.11), and the local Hilbert
space for bosonic coordinates is defined in terms of the eigenvalues of the Xp and Yg position
operators.

The variational wave function is defined as follows:

(X5 Y516 |War) = Jee(ng) Tpp(X,Y) Tep(X, Y, ng) (<X;Y\u7p> <X;Y;na\u7€>) ) (3.26)

where (X;Y;n,|%.) represents the fermionic determinant part, which also depends on the
phonon state |X;Y). The term (X;Y|¥,) describes a non-interacting bosonic state, and the
remaining three terms are Jastrow factors.

The determinant term (X; Y'; n,|%,) is the straightforward generalization of the one-dimensional
term, which is defined to be the ground state of an auxiliary Hamiltonian that explicitly depends
on the phonon configuration as shown in Eq. (3.17). In this case, also the Y coordinates are
included: in the following equation we show how the hopping term g is modified when added to
the auxiliary BCS quadratic Hamiltonian Hy:

Hep=Ho+ Y 9(Xrte, = XB) Cholpio ot D9 (Vare, = YR) thothie o (3:27)
R,o R0

where the usual BCS auxiliary Hamiltonian Hy in this case contain pairing terms that can be
divided into s-wave and d-wave pairing channels, namely:

A~

Hy = §:m¢g£%+ﬂ§:%¢%ﬂ+ (3.28)
R,S,O’ R,a’

+ > Agch ek b+
R
St it
0 A (e, hyhe,) + et
R

ot o A
+ E:AdGRWRMmV7QMQH@¢)+hQ’
R

with Ap, As and A, being superconducting variational parameters, together with the conven-
tional tpg and p terms.
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The non-interacting bosonic state (X; Y'|¥;,) is defined in close analogy to its 1D counterpart
of Eq. (3.18), specifically:

(X: ¥ |0) = [T exp {—f; [XR — 2y cos(Qa - R)} 2} exp {—‘;y [YR — 2y cos(Qy - R)] 2} ,
R

(3.29)
where the x and y phonon coordinates are controlled by different variational parameters, 2, and
(2, which determine the width of the Gaussians, and z, and z,, which specify the displacement
of their centers. This expression is written in a more general form with respect to the 1D case,
allowing for different bond-order wave patterns depending on the two-dimensional vectors Q.
and Q. For the half-filling case, the possible values of the two components of (), are restricted
to either 0 or 7. The same holds true for Q.

Apart from the density-density Jastrow factor Jee(ns ), which is defined exactly as in Eq. (3.22),
the other two Jastrow factors are slightly modified in the 2D case.
The phonon-phonon Jastrow factor J,,(X,Y) is a product of two independent terms, namely:

1 1
Top(X,Y) = exp §ZuggXRXS exp §Zu%ySYRYS , (3.30)
R,S R,S

where the parameters u}y and ulq are optimized independently. We also tried to add a mixed
term R.S uj%X RrYs, but it did not contribute to lower the energy of the variational wave
function, so we discarded it.

In the exact same way, the electron-phonon Jastrow factor Jep(X,Y,ns) is the product of
two independent factors for the phonons in the z and y directions, namely:

Jep(X,Y,n5) = expq ¥ whg(ng —1)(ng — 1)(Xr — Xs) (3.31)
R,S

exp { Y wh g(nr —1)(ng —1)(Yr = Ys) ¢
RS

with independent parameters w§, g and wp, g.

For computational reasons, all the variational parameters inside the Jastrow terms (namely
v, U, u¥, w”® and wY) have been considered respecting reflection symmetry and translational
symmetry in the x and y direction independently, allowing for the breaking of rotational sym-
metry.

3.3.2.1 External antiferromagnetic field for the auxiliary Hamiltonian

The two-dimensional Hubbard model at half-filling displays antiferromagnetic order with or-
dering vector QY™ = (m,7), for this reason we may be interested in inserting an external
antiferromagnetic field within the auxiliary quadratic Hamiltonian I:IO. Inserting an antiferro-
magnetic ordering vector requires to break SU(2) invariance of the model by favoring a particular
direction. A straightforward choice would be to direct the external field in the z-direction for
the spin operators, namely:

Hpe = Ho+ B* Y cos (Q™M - R) [ey e, — ey - (3.32)
R

where B~ is the variational parameter representing the external antiferromagnetic field.
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However, the most effective way to give a variational description of antiferromagnetism in
the square-lattice Hubbard model corresponds to consider the direction of the external antifer-
romagnetic field to lie in the x-direction for the spin operators, namely:

Hpe = Hy+ B" ) _cos (Q*V - R) [é}%’TéR L ek eral (3.33)
R

where B” is the variational parameter representing the external antiferromagnetic field. In order
to obtain a correct description of the antiferromagnetic system, an additional Jastrow factor that
is linked to the correlation between spin operators must be added, namely:

Jsrs(ng) =expq > JrsSSE ¢ (3.34)
R,S
where the value of S% is defined by the eigenvalue of the operator 5’12% = 627T6R7T — 627 ¢6R7 v
diagonal in the Hilbert space in which we are working.

In the case of a BCS auxiliary Hamiltonian f[ep which includes pairing terms (e.g. Ap), we
employ a particle-hole transformation for computational reasons to write the Hamiltonian in
terms of new fermionic operators. This allows us to express its ground state as a determinant,
avoiding the need for Bogoliubov transformations. The procedure is described in detail in the
first section of Appendix B.

However, a downside of using a particle-hole transformation is that we cannot simultaneously
include the BCS-pairing terms Ay, A, Ag4, and the external antiferromagnetic field B* in the
auxiliary Hamiltonian lﬁIep.

Therefore, when considering antiferromagnetic solutions in our variational Monte Carlo study
of the 2D Hubbard SSH model, we will need to exclude pairing terms in the auxiliary Hamiltonian
ﬁep. It is important to note that the presence of backflow terms of the form g is unaffected by
the external magnetic field, and only the terms A will be eliminated.
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Chapter 4

Variational Monte Carlo

In this chapter, we focus on variational Monte Carlo by first describing the variational principle,
on which variational Monte Carlo is based, in Section 4.1; next, we briefly introduce variational
Monte Carlo in general terms focusing on the Metropolis algorithm, Section 4.2. Then, we discuss
the details of our implementation for electron-phonon systems, including details regarding the
Metropolis algorithm and the local energy, Section 4.3. At last, we describe the optimization
procedure, which is based on the Stochastic Reconfiguration technique, Section 4.4. Specific
details regarding the computation of derivatives are discussed in Appendix B. We refer to
the book in Ref. [92] for a detailed discussion about Variational Monte Carlo and interacting
electronic systems.

4.1 Variational principle

Variational methods in quantum mechanics are based on the so-called variational principle. For
a general interacting quantum system described by a Hermitian Hamiltonian H in a Hilbert
space H, at least in principle, we can always find a basis of the Hilbert space given by the
eigenstates of H: X

H |¢m> = En |¢m> : (4'1)

We consider a variational state |iy,y) that we wish to use to approximate the ground state |¢g)
of H. The variational energy E.,; is defined as:

<wvar ‘ flevar> )
<wvar ‘ 1/Jvar >

Clearly, |1yar) can be expanded on the basis of eigenvectors of H, namely:

‘wvar> = Zam ’¢m> . (43)

Eyar = (4.2)

Considering a normalized variational state requires an additional constraint:

<¢Var’wvar> = Z ‘am‘z =1. (4.4)

The variational wave function is progressively more accurate as ag approaches the value of 1,
becoming exact in the case ag = 1.
We can substitute Eq. (4.3) into the expression for the variational energy Ey,;, obtaining:

Evar = ZEm |am|2 > Ey Z |am|2 =Ly, (45)
m m
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where, exploiting the normalization condition on |t¢y,,) and the fact that Ey is the lowest eigen-
value, we show that FE.,, represents an upper bound to the exact ground-state energy Ey. The
quality of the approximation can be measured in terms of the energy difference between E.,,
and Fy, namely:

B = Bo= > (B — Bo) lam[* > (B1 = Bo) Y lam[* = (B1 — Bo) (1= Jaof?) . (46)

m>0 m>0

where we again used the fact that the eigenvalues are ordered and the normalization condition
on |1;Z)Var>-

Inspecting Eq. (4.6), we can observe that it relates the value of |ag|? to the variational energy
and the energy gap E1 — Ejy between the ground state and the first excited state of the system,
namely:

Evar - EO
Ey — Ey
Therefore, as the error made by the variational energy with respect to the ground state Ey ., — Eg
decreases with respect to the energy gap Ej — Ejy, the variational state |i)y,y) is guaranteed to

provide a better approximation of the ground state |¢o).

laol> > 1 — (4.7)

4.2 Variational Monte Carlo

Once the variational principle is established, the main challenge is to compute the variational
energy efficiently. This is where Markov chain Monte Carlo (MCMC) comes into play. In this
section, we first briefly explain how Monte Carlo sampling can be used to approximate the
variational energy. Then, we show how the Metropolis algorithm can be employed to sample a
given probability distribution. Finally, we discuss a few peculiarities of its implementation.

4.2.1 Monte Carlo sampling

In order to obtain an estimate of the variational energy, the idea is to insert a resolution of the
identity >, |z) (x| = 1 over the entire Hilbert space in the definition of the variational energy
Eq. (4.2), namely:
1 .
Eow=7+—7"7"— Z <wvar|x> (DC\Hanr> . (48>
<wvar"¢var>
This expression cannot be evaluated exactly for large systems, since the dimension of the Hilbert
space that appears in the sum grows exponentially with the system size. However, we can
multiply and divide the right-hand side of the equation by the same term (z|1)y,;), isolating two
terms:

T

_ = ek (@B ) e
Evar = Z <¢var‘wvar> <x’¢var> - ZP( )SL( ) . (49>

The first term P(x) in the sum corresponds to the normalized squared modulus of the wave
function on configuration |x), the second term £ (x) is typically referred to as the local energy.

The key is to interpret Eq. (4.9) as the average value of the quantity €1 (z), weighted over
the probability distribution P(z). To compute it, it would be sufficient to randomly draw M
independent configurations that are distributed according to the probability distribution P(x)
and average the local energy for each of them, namely:

x x

1
By = 57 ZP; )SL(x) : (4.10)
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According to the Central Limit Theorem, the error made by approximating F.,, in this way
scales as 1/v/ M, where M is the number of sampled used, independently of the dimension of
the original Hilbert space.

4.2.2 The Metropolis algorithm

At this point, we only need to specify how to sample configurations from a probability distri-
bution P(z). This task is accomplished using the Metropolis algorithm [93]. The procedure
requires to start from a certain configuration |x) and propose a new configuration |z’) according
to a certain transition kernel k(2’, ). The configuration |z’) is then accepted with probability:

Al 0) =min {1, PEEEEI (4.11)

The procedure is then repeated to create a Markov chain. The algorithm allows to sample a
probability distribution P(z) without explicitly computing its normalization, which disappears
in the acceptance probability relation.

If the transition kernel is symmetric, i.e., k(z',2) = k(z,2’) (which will always be the case
in our implementation), the transition probability simplifies to:

A(z',z) = min {1, i(g)) } . (4.12)

Thus, to perform a Metropolis step, it is sufficient to evaluate the probability distribution at
the two configurations |x) and |2’) and draw a random number 1 uniformly distributed in [0, 1).
Ifn < ];((9;/)), the move is accepted; otherwise, it is rejected. The Metropolis algorithm ensures
that, after a transient regime, the chain of configurations drawn in this way will sample the
probability distribution P(x).

Moreover, the Metropolis algorithm can be restated in terms of the logarithm of the prob-
ability distribution In P(z) instead of P(z). Given the monotonicity of the function In, it is
equivalent to extract a random number u uniformly distributed in [0, 1) and compute the accep-
tance probability by: In(1 —u) < In P(2’) — In P(z). This is useful because it allows us to work
directly with the logarithm of the wave function, computing the logarithm of the unnormalized
probability distribution as In P(z) = 21n [¢(z)].

4.2.3 Details about Variational Monte Carlo implementation

The enforcement of projectors that reduce the Hilbert space to a specific subspace (such as a
sector with fixed magnetization or with fixed number of electrons) is usually trivially imple-
mented within variational Monte Carlo. It is sufficient to initialize the Markov chain from a
configuration that lies within the target subspace and ensure that the configurations proposed
during the Metropolis steps remain within this subspace.

The main issue is that the configurations drawn by the Metropolis algorithm are correlated
with each other. A common solution to reduce autocorrelation effects is to compute observables
not at every step of the Metropolis algorithm, but after a certain number of proposed steps,
usually proportional to the system size. This technique is referred to as sparse averaging.

Finally, when estimating error bars, autocorrelation effects should be accounted for by using
methods such as binning averaging [94].
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4.3 Variational Monte Carlo for electron-phonon systems

In the case of the SSH-Hubbard model described by Eq. (3.6), considering a variational wave
function as described in the previous chapter, defined on the Hilbert space in Eq. (3.10), we can
explicitly write the form of the variational energy estimator and provide a detailed description
of the local energy term. We remind that the Hilbert space we consider is defined as:

|X;ns) = |X) @ |ng) ®\X @ |njo) (4.13)

where the electronic local state is defined in terms of creation operators acting on the vacuum,
while the local bosonic state is represented by the continuous eigenvalue X; of the position
operator X j-

A resolution of the identity in this specific Hilbert space is written as:

Z/dX Ing, X) (ng, X| =1, (4.14)

where the sum extends over all electron configurations and the integral is over all phonon dis-
placements.
The variational energy is therefore written as:

Evar =

2 . ]
< Var‘H’!pvar Z/dX X na‘&pvarﬂ <X7nJ’H’kpvar> (415>

< var ’anr var|g/var> <X % ’anr> '
P(X;neg) Er(Xine)

where P(X;n,) is the probability distribution given by the square amplitude of the wave func-
tion, and £7(X;n,) is the local energy term. Both quantities are expressed in terms of the
configuration state | X;n,).

4.3.1 Metropolis algorithm details

All simulations have been performed working within a reduced Hilbert subspace of fixed electron
number and zero magnetization, namely > . njt+ = >_;n;| = N¢/2. Therefore, the system is
always initialized in an initial configuration |n,, X) that satisfies the above constraints. At each
Metropolis step, one of the following updating schemes is randomly selected:

e Electron hopping move: The next configuration is proposed by randomly selecting an
electron and a direction, then moving the electron to its nearest neighbor site in that di-
rection. If the move violates the Pauli exclusion principle, it is rejected directly; otherwise,
it is accepted or rejected according to the Metropolis criterion.

e Electron spin-flip move: The next configuration is proposed by randomly selecting
an electron and a direction. If, on its nearest neighbor site in that direction, there is an
electron with opposite spin, the two electrons swap places. The move is accepted or rejected
according to the Metropolis criterion (it is rejected immediately if the initial configuration
does not involve exactly two electrons with opposite spin, one on each site).

e Phonon move: A lattice site j is randomly selected, and a random number A is drawn,
uniformly distributed within the interval [—Amax, Amax]. The proposed move is X; —
X; + A, with the acceptance probability computed using the Metropolis algorithm.
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4.3.2 Local energy term

The local energy Er(X;n,) for a given local configuration |X;n,) consists of two contributing
terms, which are obtained by splitting the Hamiltonian of Eq. (3.6) in the following way:

A A 4 A hw A 5
H=—t E [1 —Q ( i+1 — Xz)} (C;FCH_] + CI_’_ICZ') +U E n; 4N, | + ? g |:f112 + XE} .
: -

7

H;Tec H;;on
(4.16)

Thus, the local energy of Eq. (4.9) can be written as:

<X; Ng ’ﬁelec ’!pvar> <X7 Ng |ﬁphon |g/var>
<X; Ng |y7var> <Xa Ng ’!pvar>

EL(Xing) = = %X n,) + EPMN(X;n,)  (4.17)

First, we focus on the electronic term £°¢(X;n,). Notice that the Hubbard interaction term
is trivial, as it acts by leaving the state |z) unchanged; hence, its contribution only accounts
for the number of doubly occupied sites times U. On the other hand, the hopping term is
diagonal in the phonon coordinates (one can replace the operators XZ+1 Xi it contains with
their eigenvalues X; 1 — X;), but it acts non-trivially in the electronic space. Thus, it can be
computed as follows by inserting a resolution of the identity:

(Xm0 | HO Wy
<X§ na‘wvar>

(X;nl | Par)

elec
X:ing) = Mo ol T var/
7 Ximo) (X Prar)

(4.18)

_Z<X no‘Helec‘X >

/

No

where the configurations n., over which the sum runs are those connected to the local configura-
tion ny by the hopping Hamiltonian within A, and (X; ng\H elec| X:n! ) is the corresponding
matrix element. Since the Hamiltonian is local, the number of configurations n,. scales with the
size of the lattice, making the calculation feasible.

Lastly, the term £PP°"(X:n,) does not depend on the local electronic configuration. The
potential energy term %‘” > XZZ is particularly simple, as it is diagonal in the basis we are using.

Its contribution is obtained by replacing the operators X; with their eigenvalues X;. The kinetic

term requires computing the second derivative of the wave function, since the operator PZ-Q acts

2
as —-2 in the basis we are considering.

0X;
Thus, the term that needs to be computed is:

X5 1| FIPRO0 B, 1 O Whae(X 1)
pron ) = Xt X2+ el IR
£ ( 7n0) <X, na‘!pvar [Z Var X nU) Z aXlQ ( )

Considering a generic wave function ¥ (X;n,) defined for the local configuration | X;n,), we
observe that, by working with the logarithm of the wave function instead of the wave function
itself, the following equality holds:

L P9(Xing) _ Plny(Xing) <aln¢<X;ng>>2

= 4.20
O(Xin,)  OX? X2 X, (4.20)

where the logarithm is defined in the complex plane, ensuring there are no issues with its domain.
By considering the gradient operation (V X) = 8% and expressing the operator inside the local

energy as a Laplacian, i.e., Ax =), 6(3(2’ the previous equality can be rewritten as:

1 2

B(Ximy) (4.21)

Axp(Xing) = Ax Inp(X;ng) + HVX Iny(X;nes)
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The variational wave function described in the previous chapter is real, with its sign fully
determined by the fermionic part, and all other terms being positive definite by definition. It is
given as a product of various components: Jastrow factors, non-interacting bosonic terms, and
the fermionic antisymmetric part. We now consider a generic wave function expressed as the
product of several terms:

P(Xing) = [[eaXine) = Wmyp(Xing) =) Inea(Xin,), (4.22)

where the logarithm is defined in the complex plane.
Taking the logarithm of the wave function from Eq. (4.22), we can express its gradient and
Laplacian as follows:

1
1 1 2
AxIny(Xing) = E WAX Pa(Xing) — E HMVX Pa(X;no) (4.24)

Thus, if the wave function ¢ (X;n,) has a product form as described in Eq. (4.22), the Laplacian
in logarithmic form expressed in Eq. (4.21) can be written as:

1 1
WAX"L/}(XH%) = ZWAX <Pa(X§na> +
1

“Pa(X§no)

«

>

67

1
Z mvx SDa(X§ na)

2

Vx pa(X;ng)|| +

2

+ ‘ (4.25)

From this expression, we observe that for each wave function component, we only need to
compute its gradient and Laplacian divided by the component itself.

Applying Eq. (4.25) to the wave function described in the previous chapter, one can compute
the kinetic term in the local energy. However, the evaluation of the gradient and Laplacian is
a straightforward calculation in the case of the non-interacting bosonic term and the Jastrow
factors contributions; the case of the fermionic part of the ansatz (which depends on the position
operators X;) is much more complicated. For this reason, this case is treated in detail in
Appendix B.

4.4 Optimization method: Stochastic Reconfiguration

After having shown how to compute the energy of a variational state within the variational Monte
Carlo framework, the next step is to explain how the variational parameters are optimized. This
optimization allows us to obtain the best possible representation of the true ground state within
the variational space, specifically the one that minimizes the variational energy.

The optimization is performed using the Stochastic Reconfiguration method [56], which is
an improved version of gradient descent. The key feature of Stochastic Reconfiguration is that it
preconditions the gradient by multiplying it with a preconditioner matrix, allowing for a faster
convergence. This section provides a brief overview of the Stochastic Reconfiguration method;
for a more detailed description see Ref. [92]. In Section 4.4.1, we describe the local operators
used to compute the gradient and the preconditioner matrix. In Section 4.4.2; we present the
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gradient descent method, and in Section 4.4.3, we discuss Stochastic Reconfiguration. Since we
are working with a real-valued wave function (as opposed to a complex one), all the equations
will be presented accordingly.

4.4.1 Local operators

The local operators used to estimate the gradient and the preconditioner are defined for each
variational parameter o as follows:

O |X;ns) = On(X;n,) |X;ne0)

' B 1 OWar (X5 10)
Or(X;ng) = T (X 1) D . (4.26)

The quantities Og(X;n,) are functions of the local configuration |X;n,), and they can be
expressed analytically for variational parameters associated with Jastrow factors and the non-
interacting bosonic state. The case of the determinant part of the wave function is more complex,
and the local operators are computed by means of backward automatic differentiation, which is
described in the Appendix B.

For each parameter ay, the average value of Oy, over the variational wave function can be
computed as follows:

= < var|0k|wvar / X ncr|wvar>|
= dX X:ng) . 4.2
O = )~ 2 ¥ Ty O (4.27)
P(X;ng)

This expression offers a significant simplification compared to Eq. (4.15) for the estimator of the
variational energy, mainly because each operator Oy, is local. As a result, in order to estimate
Oy, one only needs to sample configurations from P(X;n,) using the Metropolis algorithm and
compute the average of O (X;n,) over all configurations.

4.4.2 Gradient descent

If one were to apply plain gradient descent, only the derivative of the variational energy with
respect to the variational parameters would be required. Therefore, one would need an estimator
for the following quantity:

aE‘var 0 <wvar|ﬁ|¢var>
_ _ 42
fk aak aak <¢var |¢var> ’ ( 8)

where [tyay) depends on the variational parameters a.
The correct expression for fi is given as follows:

2 el B (O~ O ) har)

fk - <¢var|¢var>
- % [ ax 1melenl g ;) (Ou(Xime) — 00) =
P(X;neg)
= 2|Bu Or = 3 [dX P(Xino) EL(Xinn)Ou(Ximo)| (4.29)
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where £,(X;n,) is the local energy. In order to estimate fi, at each configuration |X;n,)
sampled via the Metropolis algorithm, one needs to store the following:

e the local energy £1,(X;n,), whose average returns the estimate for Eyy;
e the local operators Oy(X;n,), whose average returns the estimate for Oy;

e the product 1 (X;n,)O(X;ns), whose average, having subtracted the product Ey,, Oy,
returns the estimate for fj.

Performing gradient descent only requires imposing a learning rate v (usually between 10~! and
10~%) and updating the parameters according to fy, i.e.:

oy =ar+7 fr - (4.30)

The procedure can then be iterated until convergence.

4.4.3 Stochastic Reconfiguration

Stochastic Reconfiguration significantly improves the convergence speed of gradient descent by
applying a preconditioner matrix to fi before updating the parameters. In this section, we will
not derive the method from first principles or discuss it in detail. Instead, we will focus on how
the algorithm works and how it is implemented in our case.

In order to apply Stochastic Reconfiguration, together with the estimate for fi computed
in the gradient descent case, one also needs to compute the Fisher information matrix S of the
variational parameters with respect to the variational wave function. The Fisher information
matrix is defined as:

(Yvar| <Ok - Ok) (Ok’ - Ok’) |"var) B
{Yvar [Yvar) B

- 2 / dx XZ;‘Q;Y;’ (Ou(X:n0) — O) (O (Xiny) — O) =

P(X;nes)

Spr =

— 0,0 . (4.31)

Z/dX P(X: 1) O(X:n0) O (X 1o

In order to estimate Skx, at each configuration | X; n,) sampled via the Metropolis algorithm, one
needs to store in a matrix all the products O (X; ns)Oy/ (X;ns). By subtracting the contribution
0,0y from their average, one obtains an estimator for Sy

The matrix Spi can be interpreted as a covariance matrix of the operators Ok evaluated
on the wave function |, ), and it is positive definite by definition. However, since we are
computing an estimate of Sip via Monte Carlo sampling, the positive definiteness may not be
guaranteed due to the sampling error. To ensure that the matrix is invertible, a small bias € (of
the order of 1072 to 107°) is added to the diagonal of Sy, obtaining:

§kk’ = Sir + € Oppr (4.32)

The Stochastic Reconfiguration method can now be applied by performing gradient descent
using the matrix S~! as a preconditioner, i.e.:

ap=ar+v > Suifu (4.33)
k/
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where ~ is the learning rate.

An alternative approach is to consider the imaginary-time Schrédinger equation. If it were
possible to evolve the variational state exactly in imaginary time, the exact ground state of the
system would be reached. By minimizing the difference between the infinitesimal evolution in
imaginary time and the evolution of the variational state within the variational space, one derives
equations of motion for the variational parameters. The Stochastic Reconfiguration method is
equivalent to discretizing these equations using the Euler method, with the discretization time
step equal to the learning rate ~.

Thus, Stochastic Reconfiguration provides the closest approximation to imaginary-time evo-
lution within the variational space, leading to significantly faster convergence.

93



54



Chapter 5

1D oSSH-Hubbard model: a variational
Monte Carlo study

In this chapter, we present our variational Monte Carlo (VMC) study of the 0SSH-Hubbard
chain, including results at both half-filling and upon hole doping. To validate our VMC re-
sults, we compare them with density-matrix renormalization group (DMRG) [95] calculations
performed on the same system under periodic boundary conditions, wherever possible.

We begin by benchmarking the VMC method against DMRG in Section 5.1. Following that,
in Section 5.2, we focus on the half-filling regime, providing a phase diagram and presenting
several correlation functions. The main part of the chapter is dedicated to the analysis of the
doped system in Section 5.3, where we demonstrate the presence of a Luther-Emery liquid phase,
characterized by gapless charge excitations and gapped spin excitations. Finally, in Section 5.4,
we explore the effects of modifying the SSH coupling to prevent unphysical behaviors and discuss
the associated results.

Throughout this study, we use t as the energy scale and, unless otherwise stated, set hw = ¢.
Different values of the phonon energy have also been considered, but they do not affect the
qualitative results.

5.1 Benchmark against DMRG calculations

First, we assess the accuracy of our variational wave function by comparing its energy with
DMRG results. We aim to quantify the improvement achieved by including phonon-backflow
terms in the antisymmetric part of the wave function over a simple Jastrow-Slater ansatz. We
consider a chain of L = 50 sites with electrons coupled to phonons, described by the 0SSH-
Hubbard Hamiltonian in Eq. (3.6) with fiw = t, and work within the half-filling regime: ) . n; s =

>imi) = L/2.

5.1.1 Details about DMRG implementation

In the DMRG calculations, a truncation of the Hilbert space of the phonon is required. Bosonic
degrees of freedom must be described using creation and annihilation operators, as shown in
Eq. (3.14), but their occupancy cannot be unbounded (for computational reasons). Thus, we
set a maximum occupancy of 10 bosons per site, which is considerably larger than the average
occupancy. Considering the electron-phonon Hamiltonian with periodic boundary conditions,
the energy is optimized using the DMRG algorithm implemented in the ITensor library [96]
for a matrix product state (MPS) [97] which, for computational efficiency, does not assume
translational symmetry.
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Optimizing an MPS ground state with periodic boundary conditions requires very high bond
dimensions and extensive optimization. The accuracy of the DMRG calculations is verified by
evaluating the variance of the total energy, which remains below 0.007¢? for all DMRG results
presented in this section. The bond dimension of the MPS is always above y = 1200, reaching
x = 2400 in some cases.
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Figure 5.1: Accuracy of the variational energy with respect to DMRG, € = (E— Epmra)/|Epymre — fiw/2|
on L = 50 sites for hw =t = 1. The simplest wave function, for which the electronic part is obtained
from the auziliary Hamiltonian (3.16), is denoted by blue points; the best one with backflow correlations
generated by Eq. (3.17), is represented by orange points; an intermediate case, with backflow correlations,
but without electron-phonon Jastrow factor Jep, is also reported for comparison (green points). Results
are shown for U/t = 4 (upper panel) and U/t = 10 (lower panel), as a function of A.

5.1.2 Benchmark results

The energy accuracy is defined as:

_ Evmve — Epmra
€= , (5.1)
‘EDMRG — fLCU/2’

where the term hw/2 is subtracted from the denominator to account for any global energy shift
in the Hamiltonian. The value of € is reported for U/t = 4 and U/t = 10 in Fig. 5.1, where the
electron-phonon coupling A is varied, and hw =t = 1 is fixed.

We compare three different wave functions: the full wave function of Eq. (3.13) described in
Section 3.2, a conventional Jastrow-Slater wave function with no phonon-backflow effect, and a
wave function that includes phonon-backflow but lacks the electron-phonon Jastrow term Jp
(i.e., where only the phonon-backflow terms inside the determinant enable correlation effects
between electrons and phonons).
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The best wave function, which includes both backflow correlations and Jastrow factors,
achieves high accuracy (e ~ 0.01 for U/t = 4 and € =~ 0.02 for U/t = 10), significantly improving
over the standard wave function without backflow terms. Since the backflow wave function is
exact in the adiabatic limit (w — 0) with U = 0, its accuracy is expected to decrease as U
increases. However, the observed increase from e =~ 0.01 to ~ 0.02 is still a notable achievement.

Interestingly, the electron-phonon Jastrow factor Jep, as defined in Eq. (3.22), plays a crucial
role in the variational optimization. A substantial deterioration in accuracy is observed when
this term is removed. For U/t = 10, the accuracy of the backflow state without Jp, is comparable
to the standard Jastrow-Slater ansatz with no backflow but including Jep.

5.2 Half-filling results

In this section, we discuss the results at half-filling, focusing on our best variational Ansatz
with backflow correlations. The properties of the SSH-Hubbard chain at half-filling have been
extensively described in Chapter 2. We showed that, for a finite phonon frequency w, varying
the electron-electron repulsion U and the electron-phonon interaction A leads to a ground state
that is either a Mott insulator (uniform) or a Peierls insulator (dimerized). We will begin by
presenting the phase diagram of the system and then focus on two representative points: one
corresponding to the Mott insulator and one to the Peierls insulator. For these points, we will
calculate and show a few correlation functions to better characterize the phases.

5.2.1 Phase diagram

Within our approach, the presence of a finite lattice distortion is indicated by the stabilization of
a finite parameter z in Eq. (3.18), which describes a dimerized pattern around which the phonon
displacements are distributed. In this case, the translational symmetry is explicitly broken in the
variational wave function, and dimerization can also be detected by calculating the bond-order
parameter:

L
1 . R )
Be= 17D Y (W (8 o800+ 085,), (5.2)
j=1 o

where the expectation value is taken over the variational state [Wyay).

The results are summarized in the phase diagram shown in Fig. 5.2, where we fix fiw/t = 1. In
this diagram, the trivial limits are A = 0, corresponding to the Mott insulator with no electron-
phonon coupling, and U = 0, corresponding to the Peierls insulator. The transition between
these two phases is of the Kosterlitz-Thouless type [51]. As a result, it is extremely difficult to
pinpoint the exact location of this transition in numerical calculations, since the spin gap of the
Peierls phase is exponentially small near the transition. This issue is especially relevant in the
vicinity of the non-interacting limit, U = A = 0, where large clusters are required to detect the
tiny dimerization that exists as A — 0. Nevertheless, well away from the non-interacting limit,
our variational approach can effectively distinguish between the two regimes: with and without
bond order.
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Figure 5.2: Phase diagram at half-filling as a function of U/t and A\ with hw/t = 1. Calculations are
performed on a chain with L = 50 sites at the points marked by filled black circles. For U/t — 0 and
A — 0, distinguishing between Mott and Peierls insulators becomes extremely difficult, as indicated by
the white region. The blue and red circles denote two points that will be examined in more detail in the

following sections.
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5.2.2 Static structure factors definition

The nature of the ground state can be inferred from equal-time correlation functions. We begin
by defining the density, spin, and bond operators at site j as follows:

= Zé},oéj,o’ (53)
g

5 = Losethoty 5
g

b = D (et +he), (5.5)

g

where s, = 1 for spin-up and s, = —1 for spin-down.
Next, we define the density, spin, and bond structure factors as:

1 ig(m—73) /5 5
m,j
1 iq(m—j Gz Qz
Sta) = 73 e (5,55, 6.7
m7]
1 iq(m—3) /7 1
Blq) = 7> e (bmbj). (58)
m?j

Structure factors provide valuable insights into the system’s instabilities and the presence of
gapless excitations.

Considering a generic operator Oj and the corresponding structure factor O(q), the presence of
long-range order with a given momentum () for a certain correlation function [i.e., <Omén> ~
C e Qm=n) a5 (m —n) — oo| determines a peak at ¢ = @ in the corresponding structure factor.
The value of O(q = Q) will diverge with the system size L as O(Q) ~ C L and can be considered
as an order parameter.

Power-law correlations in real space imply cusps in momentum space and the existence of gapless
excitations in the corresponding sector. More specifically, for <Omén> ~ % with a > 1,
there will be a divergence in the derivatives of O(q), which manifests as a cusp at ¢ = Q. Slower
power-law decays imply both singularities in the derivatives and a sublinear divergence of the

structure factor with system size. For instance, (O;,0,) ~ % leads to O(Q) ~ In(L), and

(0 Oy) ~ % with @ < 1 corresponds to O(Q) ~ L=,
In contrast, exponential decay of correlations in real space leads to smooth behavior in momen-
tum space and gapped excitations.

For small values of ¢, the charge and spin structure factors exhibit specific scaling behaviors
related to the spectrum of variational excited states of the form [Wh) = fiy|Wyar), where iy =

> €. Specifically:

e If N(q) ~ q for ¢ — 0, the variational state |¥k,) has a vanishing energy for ¢ = 0 in the
thermodynamic limit, indicating a gapless charge excitation spectrum.

e If N(q) ~ ¢* for ¢ — 0, the charge excitation channel is gapped at g = 0.
The same applies to S(gq), with a smooth quadratic decay in ¢ for gapped spin excitations.
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5.2.3 Mott and Peierls insulating states

We select two representative points from the phase diagram in Fig. 5.2, marked by the small
blue and red circles. The results for U/t = 4 are shown in Fig. 5.3 for two different regimes:
A = 0.04 (Mott insulator, blue circle) and A = 0.25 (Peierls insulator, red circle). DMRG results,
obtained on the same cluster size and optimized for the Hamiltonian with periodic boundary
conditions, are also included for comparison.

The distinction between Mott and Peierls states is most clearly observed in the bond structure
factor, which shows a huge peak at ¢ = 7 (i.e., B(m) =~ 30) in the Peierls case. This peak, which
diverges with increasing system size, indicates the presence of dimerization. In the variational
approach, this peak at ¢ = 7 arises due to the stabilization of a finite phonon parameter z [see
Eq. (3.18)], representing a finite lattice distortion. In contrast, within the Mott state, B(m)
is much smaller, though it still exhibits a cusp that diverges logarithmically with system size.
Since both the Mott and Peierls insulators exhibit a peak at ¢ = 7 in the bond structure factor
B(q = 7), the presence of a Peierls phase is more readily identified by examining the parameter
z |or equivalently Be, as defined in Eq. (5.2)] rather than considering the bond structure factor
B(q) alone.

Next, we turn to the density and spin correlations. In both insulating phases, the density
structure factor N(q) is smooth and shows quadratic behavior for small ¢, i.e., N(q)  ¢?, indi-
cating that charge excitations are gapped. For the spin structure factor, S(g) is also smooth and
quadratic around the origin in the Peierls phase, suggesting gapped spin excitations. However,
in the Mott phase S(q) is linear for small ¢ and features a peak at ¢ = 7, which is expected to
diverge logarithmically with system size, signaling the presence of gapless spin excitations.
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Figure 5.8: Density, spin, and bond structure factors (denoted by N(q), S(q), and B(q), respectively) at
half-filling for L = 50 sites, with U/t =4 and X\ = 0.04 (upper panels) and A = 0.25 (lower panels). The
phonon energy is set to hw/t = 1. In each panel, variational results from the backflow wave function
are compared to the ones obtained by DMRG calculations (optimized for the Hamiltonian with periodic
boundary conditions).
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5.3 Results away from half-filling

In this section, we investigate the behavior of the ground state in the doped regime, where the
number of electrons N, is less than the system size L, and the doping is defined as 6 = 1— N, /L.
Throughout, we restrict our study to the subspace where the total spin projection is zero, i.e.,
> S’f = 0, which implies ), n;+ = >, n; | = Ne/2.

5.3.1 Doping the Mott insulator

Let us begin by doping the Mott insulator. In the Hubbard model, when only nearest-neighbor
hopping ¢ and the U-interaction are present, with no phonons included, the system enters a
Luttinger liquid phase upon doping, characterized by gapless modes in both the charge and
spin sectors. In this case, real-space correlations decay as a power law, and the corresponding
structure factors show cusps at ¢ = 2k in momentum space, where krp = @

These features are also present when phonons are included, as long as the Mott insulator
remains stabilized at half-filling. The results for the doped Mott insulator are shown in Fig. 5.4,
where we take the same parameters as in the Mott insulating state presented in the upper
panel of Fig. 5.3; we consider three different doping levels, each requiring a new optimization
procedure, and display the corresponding structure factors. The data reveal the characteristic
cusps at ¢ = 2kp in the variational calculations of both the density structure factor N(¢) and the
spin structure factor S(q). Notably, these cusps are less prominent in the density correlations
obtained via DMRG, particularly as the system approaches half-filling. Nevertheless, the linear
behavior of N(q) for small values of ¢ strongly indicates the presence of gapless charge modes,
confirming the metallic nature of the doped Mott state, even though the singularities at ¢ = 2kp
are less pronounced compared to those in the backflow wave function.
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Figure 5.4: Density and spin structure factors for a chain with L = 50 sites at various dopings 0, for
U/t =4 and X\ = 0.04 (with hw/t = 1). At half-filling (6 = 0), the ground state is a Mott insulator.
DMRG results (optimized for the Hamiltonian with periodic boundary conditions) are shown for compar-
1S0M.
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DMRG calculations become significantly more demanding in the doped regime compared to
half-filling. However, the variance of the total energy remains consistently below 0.09¢2.

5.3.2 Doping the Peierls insulator

The most interesting behavior is observed when doping the Peierls insulator. For small doping
0, the system transitions into a Luther-Emery liquid. Indeed, for § > 0 the system immediately
turns into a metal, but the spin gap remains finite close to half-filling. As d increases, the spin
gap gradually decreases, eventually leading to a Luttinger liquid for sufficiently large doping.

This observation is particularly significant because the Luther-Emery state has been identi-
fied in repulsive models without phonons, emerging from a spin-gapped and dimerized insula-
tor [57, 58, 59, 60, 61|. However, its stabilization has been argued to depend on the presence of
multiple Fermi points in the non-interacting band structure. Only one notable exception to this
has to be signaled: Ref. [62] suggested that the Luther-Emery liquid may emerge from doping
an insulating phase with bond order obtained within a single-band Hubbard model in presence
of both on-site and nearest-neighbor interactions.

In our case, the band structure is trivial, with only two Fermi points, and the spin gap
is opened by the electron-phonon coupling. The Luther-Emery phase has remained elusive in
the context of the SSH model with interacting electrons. To the best of our knowledge, only
an early study [35], employing bosonization and renormalization-group methods, showed that a
spin-gapped metal can emerge near half-filling due to phonon-assisted backward scattering.

The density and spin structure factors for the doped Peierls insulator are presented in Fig. 5.5,
where we consider three different doping levels and show the corresponding structure factors (as
before, we take the same parameters of the Peierls insulating state presented in the lower panel of
Fig. 5.3, we consider three different doping levels, each requiring a new optimization procedure,
and display the corresponding structure factors). The results show that a smooth S(q) persists
in the doped system for small values of §, before cusps appear at ¢ = 2kp. The existence of this
spin-gapped metal is confirmed by DMRG calculations.

Interestingly, the Luther-Emery phase in the SSH-Hubbard model has not been observed
before in other numerical studies, although its stability extends down to the U = 0 limit.
Evidence for this phase is shown in Fig. 5.6, where A\ = 0.16 and J = 0.08 demonstrate the
presence of a spin-gapped metal. Although determining the exact power-law decay of correlation
functions is challenging due to their oscillatory behavior, bond-bond correlations appear to
dominate in the Luther-Emery phase.
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Figure 5.5: The same as in Fig. 5.4, but for U/t =4 and A = 0.25. At half-filling, the ground state is a
Peierls insulator.
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Figure 5.6: Density, spin, and bond structure factors for a chain with L = 50 sites at § = 0.08, for U =0
and A = 0.16 (with hw/t = 1). DMRG results (optimized for the Hamiltonian with periodic boundary

conditions) are shown for comparison.
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5.3.3 Luther-Emery Liquid: Phase Diagram, Phase Separation, and Size
Scaling

By analyzing the singularities in the spin structure factor, we are able to construct a phase
diagram as a function of electron doping d. Specifically, we focus on the case where A is varied
and U/t = 4 is fixed, as shown in Fig. 5.7. At § = 0, the system is either a Mott insulator
or a Peierls insulator. Upon introducing doping, a Luther-Emery metal emerges from doping
the Peierls insulator at sufficiently large A. As the doping concentration increases further, the
system transitions into a Luttinger liquid, characterized by gapless spin excitations.
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Figure 5.7: Phase diagram at U/t = 4 as a function of A and § with hw/t = 1. Calculations are performed
on a chain with L = 50 sites, with data points represented by filled circles. The system is insulating at
0 = 0, indicated by the shaded region at the bottom of the figure. For finite values of §, a transition is
observed from a Luttinger liquid to a Luther-Emery metallic phase.

To confirm the stability of the Luther-Emery phase and ensure that the spin gap persists as
the system size increases, we perform a size-scaling analysis at A = 0.25 and § = 0.15, which
lies within the Luther-Emery phase. The structure factors for chains of length L = 40, 80, and
120 are shown in Fig. 5.8. Remarkably, the spin structure factor does not exhibit significant
changes with system size, which indicates the stability of the Luther-Emery phase even for large
systems, and eventually in the thermodynamic limit.

For U/t = 4, we rule out the presence of phase separation in both the Luttinger and Luther-
Emery phases within the A and § range shown in Fig. 5.7. This conclusion is supported by
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DMRG simulations, which yield the expected convex behavior of the energy as a function of
electron doping. VMC results, although very accurate for the Peierls insulator, show a tiny
region of phase separation near half-filling in the Luther-Emery phase. However, this is mainly
due to the different accuracy of VMC energies, which is very high in the Peierls insulator and
slightly worse for small values of §, while still capturing the correct physical behavior.
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Figure 5.8: Density, spin, and bond structure factors for a Luther-Emery metal at A = 0.25 and § = 0.15.
The quantities are shown for chains of length L = 40, 80, and 120. No significant changes are observed
in the spin structure factors, confirming that the Luther-Emery liquid survives in the large-chain limit.
The peaks of the charge and bond structure factors at 2kp diverge sub-linearly with the system size.

5.4 Changing the SSH Coupling to prevent sign changes of the
hopping amplitude

In this section, we address the issue of sign changes in the hopping amplitudes when modeling
electron-phonon coupling through SSH-like terms. In the original SSH model, the electron-
phonon interaction is linear, meaning that the hopping amplitude between neighboring sites ¢
and 7 4+ 1 depends linearly on the displacement between neighboring phonon sites. Specifically,
the hopping amplitude is given by:

t [1 — Oé(.m_H — 1‘2)] . (5.9)

However, this linear dependence can lead to unphysical behavior when the term «a(z;t1 — ;)
becomes too large. In particular, two related problems may arise:

e A milder issue occurs when «a(x;+; — x;) becomes large but remains smaller than 1. In
this case, the linear coupling loses its validity, and non-linear terms would be necessary to
maintain a correct description of the physical system.

e A more severe issue arises when «(x;11—1;) exceeds 1, which causes the hopping amplitude
to become negative. This would imply that electrons are unable to move from one site to
the next, which is clearly unphysical.

These problems become particularly relevant when the system enters the Peierls insulating phase
in the SSH-Hubbard model at half-filling. In this phase, characterized by bond-order wave
(BOW) formation, the phonon distortions lead to (z;) = (—1)?A, where the value of A increases
as the BOW grows. This behavior is illustrated in Fig. 5.9, which shows the observable a{Az) =
ad ""(Zip1 — ;) as a function of A for U/t = 4 at half-filling, based on data from our VMC
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simulations for a L = 50 0SSH-Hubbard chain. As the system enters the Peierls phase, a(Ax)
increases rapidly, soon exceeding 1, which leads to sign changes of the hopping amplitudes in a
significant fraction of configurations sampled during the Monte Carlo simulation.
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Figure 5.9: VMC results for a L = 50 chain, showing a(Az) = ay ;""" (Zi11 — &) as a function of A
for U/t = 4 at half-filling. The points shown here correspond to the same points displayed in the phase
diagram of Fig. 5.2 at U/t = 4. The Peierls transition occurs between A = 0.12 and A = 0.16, showing a
rapid increase of a(Ax).

To resolve the sign-change problem, we modify the SSH coupling by introducing a regularized
form for the coupling term, ensuring that the hopping amplitude remains positive. The modified
Hamiltonian is expressed as:

0=t fa(@in — ) (ézaéHLU +él +1,Uéi,a) . (5.10)

0,0

Here, the function f,(z) is chosen to maintain a positive, differentiable, and smooth hopping
amplitude. Specifically, we define f,(x) as:

l—a-x if z <0,
a = — 5.11
o) {(1+g-x) 2tz >0 (511

The functional form of f,(z) is illustrated in Fig. 5.10, and its design was inspired by Ref. [74],
which discusses the same problem of unphysical sign-change in SSH model.

Our backflow wave function is fully capable of representing the ground state of the modified
Hamiltonian in Eq. (5.10) with the same accuracy as when using the original SSH Hamiltonian,
at least in principle. The reason is that, since f,(x) is a smooth function, introducing the
corresponding backflow term to account for phonon displacements costs the same as the original
backflow term in the case of the linear SSH coupling.

The new backflow term corresponds to the ground state of the following auxiliary Hamilto-
nian (see Eq. (3.17) to compare it with the conventional backflow case):

Hep = Ho =) fo (@i — wis1) (éz,g@m,o + éj+1,aéi70> : (5.12)
1,0

where f, has the same functional form shown in Eq. (5.11) and g is a variational parameter.
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Figure 5.10: Plot of the regularized SSH coupling fo(x) defined in Eq. (5.11) as a function of x. The
function ensures that the hopping amplitude remains positive, smooth, and differentiable. In red one can
see the original SSH coupling 1 — « x and in blue its reqularization for x > 0, as described in Eq. (5.11).

In contrast, DMRG methods would struggle with the Hamiltonian in Eq. (5.10), since the
method relies on describing bosonic degrees of freedom through creation and annihilation op-
erators |as seen in Eq. (3.14)]. This approach greatly benefits from the linear nature of the
Zit+1 — 2; term, which can be expressed as a linear combination of four creation and annihilation
operators.

The Hamiltonian in Eq. (5.10) can be seen as a regularization of the original 0SSH-Hubbard
Hamiltonian in Eq. (2.1), since it depends on the same parameter «. It is therefore reasonable
to take some points of the phase diagram of Fig. 5.2 and show the corresponding structure
factors for the original 0SSH-Hubbard Hamiltonian and for the regularized version, where the
SSH coupling is given via f,(z) of Eq. (5.11). We also include the DMRG results for the original
Hamiltonian to provide an understanding of the bias introduced by our variational wave function.

The results for t = iw = 1, U/t = 4, and A = 0.09 (upper panel, Mott insulator) and
A = 0.25 (lower panel, Peierls insulator) on a L = 50 chain are shown in Fig. 5.11. In the
Mott insulating phase, the backflow wave function tends to overestimate the peak at B(q = 7)
compared to DMRG results. The regularized Hamiltonian mitigates this effect slightly, but the
change is small. In the Peierls insulating phase, the regularized Hamiltonian reduces the BOW
strength by slightly lowering the peak at B(q = 7), but again, the effect is mild.

Overall, we find that preventing sign changes in the SSH coupling does not significantly
reduce the strong phonon distortion effect for large A\. The phonon distortion remains nearly
identical regardless of the modification, and the phase diagram still contains a large portion of
the BOW region that becomes unphysical due to large phonon displacements.
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Figure 5.11: Spin and bond structure factors, denoted by S(q) and B(q), at half-filling for a system
with L = 50 sites. Results are shown for U/t = 4 and A = 0.09 (upper panels) and A = 0.25 (lower
panels), with the phonon energy set to hw/t = 1. The variational results from the backflow wave function
are compared to DMRG results, along with results from another backflow wave function optimized for a
regularized 0SSH Hamiltonian. In this case, the SSH coupling is defined by fo(z) as given in Eq. (5.11).
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Chapter 6

Square lattice SSH-Hubbard model at
half-filling

In this chapter, we study the physical properties of the SSH-Hubbard model on a square lattice
at half-filling. We primarily focus on different implementations of the SSH coupling and on
the limiting cases of the model (zero-phonon frequency and infinite frequency). In this way, we
provide an overview of the current understanding of this model and discuss various results from
the literature.

We begin by introducing the SSH-Hubbard Hamiltonian in two dimensions and exploring
alternative definitions of the electron-phonon coupling in Sec. 6.1. Specifically, we consider
models for acoustic phonons, site-centered optical phonons, and bond-centered optical phonons,
corresponding to the aSSH, 0SSH, and bSSH models, respectively. Next, we examine the infinite-
mass/zero-frequency (adiabatic) limit in Section 6.2, where we highlight peculiar differences in
the dimerization pattern of the aSSH model, in contrast to the similar pattern observed in both
the 0SSH and bSSH models. We then turn our attention to the anti-adiabatic limit (vanishing
mass/infinite frequency) in Section 6.3. Finally, Section 6.4 discusses the case of quantum
phonons with finite mass.

In contrast to the one-dimensional case, where for w — 0 only a phase with finite lattice
distortions is present, on the square lattice an undistorted phase exists when U > 0 for any
phonon frequency, even in the adiabatic limit of w — 0. The undistorted phase, present when
the Hubbard interaction U dominates, is characterized by antiferromagnetic (AFM) order. The
other phase displays bond-order wave (BOW) corresponding to finite phonon distortions. The
literature suggests that a coexistence region between these two phases may exist.

6.1 The Hamiltonians

We start by presenting the Hamiltonian for the square lattice 0SSH-Hubbard model, which incor-
porates site-centered optical phonons. To extend the SSH-Hubbard model to a two-dimensional
square lattice, we introduce phonons along both the x and y directions. In this framework,
each site hosts two phonon modes: one corresponding to the x direction and the other to the y
direction, with each mode modeled as a quantum harmonic oscillator. The Hamiltonian for the
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0SSH-Hubbard model is given by:
H= — 3 [1-al(irse, —r) (éE’UéRJrez,,, + égﬁwém) + (6.1)

- tZ (1= a(iree, — )] (thotrieyo + eorey ptno) +

+Z RS

P2 1
24 yl'%+

2

mw yR +UZnRTnR¢ s

R

where R = (i, 7) denotes the coordinates of a site on the square lattice, éTR , creates an electron

at site R with spin o, and g, Dz R, URr, Py,r are the position and momentum operators for the
two phonon modes at site R. The usual commutation relations hold:

[ZR,Pz,s] = iM0R s , [UR,Dy,s] = ihdRs , (6.2)

while all other commutators vanish.
Another possible effective model contains acoustic phonon modes. In this case, the two-
dimensional aSSH-Hubbard model is obtained:

H= — t3 [1-alirse, —r) <é}h,aéR+ew,a + é}HEMéR,g) v (6.3)
— t> [1—a(irte, —ir)] <éE,UéR+ey,a + éE+ey,UéR,a) +U Y frtig, +
R
+ +
R R

where the operators are the same as those of the 0SSH case.
Finally, the 06SSH-Hubbard model is frequently adopted in numerical studies due to its
relatively simpler implementation. This model incorporates bond-centered optical phonons:

2 (&Rte, — 2R)”

2 1
2m 2

ﬁQ R 1 2
Y, 2 (n ~
7277% + mew (yRJrey - Z/R) ] )

H= = > 1= aimnie)] (thotniens + e, ptro) + (6.4)

=t 1= niey)] (Chotrione +Chie otro) +UD ingin, +
R,o R

z,(R,R+ez) 1
+ z[ 3| + 5

where each phonon mode is attached to a bond between neighboring sites.

In all of these models, a phase transition occurs from the AFM phase to the BOW phase,
depending on whether the Hubbard electron-electron interaction or the electron-phonon coupling
predominates.

2
J(R,R+ey)

1 222
om YRR, | o

6.2 Adiabatic limit

In this section, we consider the two-dimensional SSH-Hubbard model in the adiabatic limit,
where the phonon degrees of freedom are treated as classical variables with infinite mass, i.e.,
m — oo and w — 0, while keeping the elastic constant K = mw? finite. This limit was discussed

70



for the one-dimensional case in Section 2.3. The Hamiltonian of the 0oSSH model in Eq. (6.2)
becomes

H= — 3 [1-a(tpee, —g)] (a}wémw + égmygém) + (6.5)

- tz [1 -« (yR+ey - yR)] (6L7UéR+ey,o + éJ}r%_‘_ey’UéR,a) +

+ Z|: $R+ ]+UZﬁR,TﬁR,¢7
R

where the phonon displacements {xr} and {ygr} are classical fields, and the electronic problem
depends parametrically on their configuration. As in the one-dimensional case, a common ap-
proach is to compare different variational ansétze for the phonon displacements and identify the
one yielding the lowest total energy.

6.2.1 Single mode distorsions

A straightforward strategy to determine the distortion pattern favored by the system is to restrict
the analysis to single-parameter patterns and compare their energies [see Section 2.3|.

An early study by Tang and Hirsch [67] showed that, in the non-interacting limit (U = 0),
the two-dimensional SSH model is unstable towards a bond-order-wave (BOW) phase. This
analysis of the two-dimensional case follows a similar approach to the treatment of the Peierls
instability in the one-dimensional SSH model, as presented in Section 2.3.1, but with the addi-
tional complexity of considering several dimerization patterns in two dimensions. In each case,
the phonon displacement fields in the x and y directions are defined according to the ordering
vectors Q% and @Y as

xr = Ay cos(QF - R) yr = Aycos(QV - R) , (6.6)

where A, and A, are variational parameters to be optimized. This ansatz is written here for
the 0SSH model.

Tang and Hirsch considered the following four single-mode patterns:

’ Dimerization pattern H Q* ‘ QY ‘ Ay ‘ Ay ‘
Columnar order in the z-direction (m,0) — A 0
Plaquette order (m,0) (m,0) A A
(m,m) order in the x-direction (m,m) - A 0
Staircase order (m,m) (m,m) A A

The columnar and (7, 7) orders listed here are taken along the z-direction; an equivalent choice
would have been to consider them in the y-direction. The four patterns are illustrated in Fig. 6.1.
Analytical results for U = 0 of Ref. [67] show that the (7, 7) order is the most energetically
favorable. As in the one-dimensional SSH model in the adiabatic limit, dimerization occurs for
any non-zero value of the electron-phonon coupling a.
When the on-site Hubbard repulsion U is included, the two-dimensional SSH model enters an
undistorted phase in the large-U regime, characterized by AFM order. This behavior contrasts
with the one-dimensional case, where the ground state is always dimerized in the adiabatic
limit, regardless of the value of the Hubbard interaction U. A subsequent study on the square-
lattice SSH-Hubbard model in the adiabatic limit, employing Hartree-Fock and slave boson
methods, confirmed the transition from the AFM phase to the (7, 7) BOW phase and identified
a coexistence region [68].
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Finally, we note that the analysis in this section was performed for the 0SSH-Hubbard model.
However, the ansatz given by Eq. (6.6) can be easily reformulated for both the bSSH and aSSH
models. It is important to emphasize that, for any of the four single-mode patterns listed above,
the 0SSH, bSSH, and aSSH models become equivalent, up to trivial rescaling of o and K, as
discussed in Section 2.3 for the one-dimensional case. This equivalence holds only after imposing
the single-mode ansatz; the full models are not identical.

Furthermore, while the single-mode analysis correctly captures the dimerization pattern in
the 0SSH and bSSH models !, in the aSSH case the (7w, 7) configuration represents only a local
energy minimum, as shown in the next section.

Figure 6.1: Four dimerization patterns on a 6 X 6 lattice. Bonds crossing the periodic boundaries are
not shown. The hopping amplitude on each bond is indicated by color: blue bonds represent short (and
stronger) bonds, red bonds represent long (and weaker) bonds, and dotted bonds are undistorted. From
left to right and top to bottom: (A) Columnar order, (B) Plaquette order, (C) (w,n) order, and (D)
Staircase order.

! Actually, in the 0SSH model, for large values of the coupling o, the favored pattern becomes another single
mode ansatz not included in the previous analysis, having Q, = (7, 7), Qy = (0,7) and finite A, and A,.
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6.2.2 Multimode Peierls distortions in the adiabatic limit for the aSSH
model

As discussed in the previous section, the single-mode ansatz provides a reliable description of
the energetically favored distortion pattern for the 0SSH and bSSH models. However, in the
case of the aSSH model, this is not the case: as first noted in Ref. [63], the ground state in the
adiabatic limit is not a single-mode distortion, but instead exhibits a more complex multimode
pattern.

The Hamiltonian of the aSSH model in the adiabatic limit at U = 0 is:

A= — 3 [1-a(@ree, —r)] (eg,aem%a v a}im’gaﬁg) n (6.7)
R,o
-t Z [1 - (yR+ey B yR)] (éE,UéR"‘eyvU + éJ;%Jrey,UéRvU) +
R,o
K 2
! 2 ER: [("Eb@rem — UCR)2 + (yR+ey — yR) }

A simple way to illustrate the multimode nature of the optimal distortion is to consider a bimode
ansatz:

TRte, — TR = aQcos(Q-R)+ ag 2 o8 [(Q . R)/Q]
YRte, —YR = aQ cos(@ - R) — ag/a cos [(Q . R)/2] , (6.8)
where ) = (m,7) and aqg, ag/, are variational parameters. Substituting this ansatz into

Eq. (6.7), the resulting tight-binding Hamiltonian can be diagonalized at half filling to eval-
uate the total energy.

—0.798
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—— staircase
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—0.800f —— (m,m)
—— bimode
~ —0.802
~)
~
53
~_ ) ///
—0.804
—0.806 I
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A

Figure 6.2: Energies per site as a function of A for various distortion patterns. The bimode distortion
is taken as ag = ag o = A for simplicity. Results are shown for a L X L square lattice with L = 12,
K =0.5, and a = 0.5, using the Hamiltonian of the aSSH model, Eq. (6.7).
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Figure 6.3: Bimode distortion of Eq. (6.8) for ag = ag/2 = A on a 12 x 12 lattice. Bonds crossing
the periodic boundaries are not shown. Blue bonds represent short bonds (with larger hopping amplitude
for electrons), red bonds indicate long bonds (with smaller hopping amplitude), undistorted bonds are
represented as dotted lines.

The results in Fig. 6.2 show that, even under the constraint ag = ag/ = 4, the bimode pattern
yields a lower energy than the standard single-mode dimerization on a 12 x 12 lattice. The
real-space structure of this bimode distortion is shown in Fig. 6.3.
A key feature of the aSSH model is that only bond differences, such as zri., — TR, enter
the Hamiltonian. This motivates the introduction of bond-centered displacement variables:
AT(R Rie,) = TRte, — TRy, AY(RRte,) = YR+e, — YR - (6.9)
In terms of these variables, Eq. (6.7) can be rewritten as

f{ = — Z [1 -a Ax(R=R+€x)] (éJIf{,UéR“‘th + é;r%-f—emaéRvU) + (610)
R,0

= 3 (1= adyriey) (hotriene + e, otno) +
R,o

K
+ 52 |[(Arren)’ + (Aurree,)’] -
R

The Hamiltonian of Eq. (6.10) must also satisfy the constraint:

L

ZA$(R+n6¢,R+nex+em) = 0 VR,

n=1

L

ZAy(R+ney,R+ney+ey) =0 VR7 (611)
n=1
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which ensure that the lattice length is preserved in both directions, i.e., the distortions do not
stretch the system.

It is worth noting that, without these constraints, Eq. (6.10) would correspond to the adi-
abatic limit of the bSSH Hamiltonian. This distinction is crucial, as the multimode behavior
discussed here would not apply in that case.

A systematic analysis of multimode distortions in the aSSH model [63] demonstrated that,
at U = 0, the optimal distortion pattern contains the nesting vector @ = (m,7) together with
additional components parallel to ). In the thermodynamic limit, this leads to an infinite set
of degenerate multimode configurations, each corresponding to a distinct real-space distortion
pattern. The simple bimode ansatz shown in Eq. (6.8) can be generalized into a multimode
ansatz as

TRte, —TR = agcos(Q-R)+ Zaq cos(q - R),
q

YRte, —YrR = agcos(Q-R)— Z aqgcos(q- R), (6.12)
q

where the ¢ vectors can be expressed as ¢ = (%, QMW) with M > 2, and {a4} are variational

parameters. This ansatz is suitable for the aSSH model of Eq. (6.7), where only differences like
TR+e, — TR appear in the Hamiltonian.

Later works, which incorporated Hubbard interaction effects, confirmed this multimode dis-
tortion picture. Hartree-Fock calculations [64] found a first-order AFM to BOW transition with
no coexistence region, in agreement with results from variational Monte Carlo simulations [65].
Furthermore, in the large-U limit, the effective spin—Peierls model derived from the ¢SSH Hamil-
tonian in the adiabatic limit also exhibits multimode distortions, as shown by quantum Monte
Carlo (QMC) studies [66].

6.2.3 Excluding multimode distortions for 0SSH and bSSH models

We now examine whether multimode distortions could lead to an energetically favorable ground

state in the case of SSH coupling with optical phonons. This analysis parallels the multimode

study performed for the aSSH model, but is carried out here for the 0SSH and bSSH cases.
For the 0SSH model, we first considered the following bimode ansatz:

tr = aqgcos(Q- R)+agcos [(Q-R)/2]
yr = agcos(Q-R) —agcos [(Q-R)/2] . (6.13)

We also considered the distortion pattern of Eq. (6.8), supplemented by the constraints zp_; j) =
0 Vj and yr—(;1) = 0 Vj, since Eq. (6.8) specifies only displacement differences rather than ab-
solute displacements. For completeness, a trimode ansatz was also tested, but is not reported
here for brevity.

These ansétze were inserted into Eq. (6.6) for U = 0, and the resulting tight-binding Hamil-
tonian was diagonalized at half filling. The dimerization parameters were optimized via a simple
gradient descent algorithm, with derivatives computed using backward automatic differentiation
(see Appendix B). Across a broad range of K and «, the multimode configurations were con-
sistently found to be energetically sub-optimal, with the (7, 7) distortion remaining the most
favorable. This confirms the conclusions of Tang and Hirsch for the 0SSH model.

The same result, that the multimode ansatz is sub-optimal, also applies to the case of
the bSSH model. It is important to note that the bSSH model in the adiabatic limit can be
written as the Hamiltonian in Eq. (6.10), but without the global-length constraints discussed

75



earlier. Therefore, to properly address this case, one should optimize all dimerization ansétze
by introducing for each case two additional variational parameters, g and yg, representing the
average displacement of the x and y phonon modes. After optimization, these offsets were always
found to be finite, and the bimode configuration remained energetically sub-optimal. The same
outcome was observed when considering a trimode distortion.

Although this does not constitute a formal proof, our results strongly indicate that multimode
distortions are not realized in the 0SSH and bSSH models. This conclusion is in line with several
determinant quantum Monte Carlo (DQMC) studies of the two-dimensional 0SSH and bSSH
models at finite phonon frequency, which do not impose any specific ansatz for the bosonic wave
function or phonon displacements and do not rely on approximations. These works consistently
report only a (7, 7) BOW phase [46, 44, 45, 47].

Since this thesis focuses on models with optical phonons, we will not pursue the topic of
multimode distortions further and restrict our analysis to the possible patterns shown in Fig. 6.1.

Finally, we note that in a study of phonon dispersion in the multimode regime [98], the
authors affirm that they could not draw any conclusions about whether multimode degeneracy
might be lifted by quantum corrections. To the best of our knowledge, the investigation of
multimode patterns in the aSSH model with fully quantum phonons remains an open problem.

6.3 Anti-adiabatic limit

The procedure to derive the anti-adiabatic limit in the square lattice closely follows the treatment
presented in Section 2.4. Since the phonon modes along the x and y directions are decoupled,
integrating them out corresponds, effectively, to applying the one-dimensional method separately
along each direction. For this reason, we do not repeat the detailed steps outlined in Section 2.4,
and we directly present the resulting effective Hamiltonians obtained after integrating out the
bosonic degrees of freedom in the various models.

For the bSSH model, the effective Hamiltonian reads:

. 202 /. 2
HbSSH — Z |:_tBR,R+€V — ﬁ (BR,R+6,,> :| =
R,v

. 202 -
(i) (i5)
where the sum runs over nearest-neighbor pairs (ij), and the hopping operator between sites ¢

and 7 is defined as Bij => (¢ ol ¢ ,Cje+h.c.). Using Eq. (2.65), the squared hopping term can be
rewritten in terms of spin and pairing operators:

Z P Ciors A5 =¢850 (6.15)

Hence, the effective Hamiltonian in Eq. (6.14) can be rewritten as:

K <
(ij)o (i9)

2t202 58 1 1/ 24 & At
AR = (e ey + hue) + 3 [si S+ iy — 5 (414, + A4, )] (6.16)
The antiferromagnetic spin exchange term, 5’; . gj, indicates that an AFM phase can be induced
by high-frequency phonons via SSH coupling, even in the absence of a Hubbard interaction [44].
We remark that for the aSSH model, the effective interaction in the anti-adiabatic limit turns
out to be identical to that in Eq. (6.14).
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The 0SSH model case is slightly more difficult. The integration of the phonon degrees of
freedom, as detailed in Section 2.4.3, leads to a more complex effective Hamiltonian:

- R t2a? A A 2
XSASH = —t Z (C}F%VO_CR_;'_QU’U + hC) — ﬁ (BR,R—HBV — BR,R—e,,) = (617)
Ryv,o Ry
A 202 . 2 202 . A X X
= Z [_tBR,RJreV K (BR,RJreV) + 9K (BR,RH,,BR,R%,, + BR,Rel,BR,R+e,,>:| ;

R,v

where the sum over v runs over the two spatial directions, z and y, and the hopping operator
Eij is defined as above.

Comparing Eq. (6.17) with Eq. (6.14), we observe the emergence of an additional term with
coefficient t?a?/(2K) in the 0SSH case. This term, which has the opposite sign with respect
to the squared hopping term in the bSSH model, may frustrate the antiferromagnetic coupling
and counteract the attractive pairing interaction mediated by the f)’fj terms.

These models have not been extensively investigated in the literature. Most studies have
focused on the doped regime, exploring whether this type of effective phonon-mediated electronic
interaction can support superconducting phases. An early work by Hirsch [99] suggested that the
ground state of the Hamiltonian in Eq. (6.16) could be superconducting under electron doping.

More recently, a study employing density-matrix renormalization group techniques investi-
gated the same Hamiltonian on cylindrical geometries in the large-U limit—i.e., the correspond-
ing ¢-J model [100]. The authors reported the absence of a superconducting phase unless a
frustrating next-nearest-neighbor hopping term ¢’ was introduced.

A few additional studies have considered a Hamiltonian closely related to Eq. (6.16), derived
from the anti-adiabatic limit of a model in which the SSH coupling was accompanied by phonons
that coupled the z and y directions. In these cases, the effective Hamiltonian was found to
support a d-wave superconducting phase [27, 101, 102].

6.4 Finite-frequency phonon results

In the literature, a few numerical studies on the SSH-Hubbard model with fully quantum phonons
at half-filling have been performed, all relying on QMC methods: finite temperature determinant
Quantum Monte Carlo (DQMC) and zero temperature projector Quantum Monte Carlo. This
is possible because the system is sign-problem free at half-filling for any value of the Hubbard
interaction U.

Most studies have focused on the bSSH—-Hubbard model. All results agree on the existence of
a zero-temperature quantum phase transition from an AFM state to a BOW dimerized state. The
BOW phase displays (7, 7) order, as predicted by Tang and Hirsch in the adiabatic limit [67]; the
corresponding pattern is shown in Fig. 6.1 (panel C). A phase diagram showing phase boundaries
for U = 0 and U = 8 is taken from Ref. [103| and shown in Fig. 6.4.

An important feature emerging from QMC results is that, for U = 0 and finite phonon
frequency, weak electron—phonon coupling induces an AFM phase [44, 45, 46]. In fact, at U = 0,
the symmetry group of the bSSH Hamiltonian is O(4), making the AFM phase degenerate with
a charge-density wave (CDW) and an s-wave superconducting state. However, as pointed out
in Ref. [44], any infinitesimal U > 0 lifts this degeneracy in favor of AFM order.

The presence of an AFM phase at U = 0 and finite w contrasts with the adiabatic limit (zero
phonon frequency), where the system is always a Peierls insulator at U = 0. Nonetheless, the
emergence of antiferromagnetism is fully consistent with the effective Hamiltonian of Eq. (6.16),
obtained in the anti-adiabatic limit (infinite phonon frequency), which contains an AFM spin-
exchange term.

7



0.0 -q/’ T T T T T T T T T T T T —
0.00 0.05 0.10 0.15 0.20 0.25 0.30
A

Figure 6.4: Phase diagram taken from Ref. [103] for the bSSH-Hubbard model [see Eq. (6.5)], showing
the competing phases as a function of the phonon frequency w and the electron-phonon coupling X, for
interaction strengths U = 0 and U/t = 8. Note that the definition of \ used in the figure differs by
a rescaling factor from the one adopted in this work; however, the qualitative phase boundaries remain
consistent. Two distinct phases are identified: an AFM phase and a Peierls phase characterized by a

(m,m) BOW, referred to as a valence bond solid (VBS) in the figure.

The precise nature of the AFM-BOW transition at U = 0 is still unclear. The possibility
of a deconfined quantum critical point (DQCP) is excluded, since the BOW phase has (m,7)
order (a DQCP would have been possible for a transition between AFM and (7, 0) columnar
BOW [104, 105]). Consequently, the transition is expected to be either first order or accompanied
by a coexistence region. Within the bSSH model, no evidence of coexistence has been reported:
Ref. [44] suggests a weakly first-order transition, whereas Ref. [45] reports behavior consistent
with a continuous transition.

Introducing a finite Hubbard interaction U (favoring the AFM phase), the boundary between
the AFM and BOW phases shifts to larger electron-phonon coupling values. The transition in the
bSSH-Hubbard model has been reported as direct (without a coexistence region) in Ref. [103],
while Ref. [106] suggests that the transition is first-order at large values of U.

The 0SSH—-Hubbard model with finite-frequency phonons has been studied using DQMC
at half filling in Ref. [47]. These results suggest that the AFM-BOW transition may host a
coexistence region at finite U. Moreover, AFM correlations at U = 0 are substantially weaker
than in the bSSH case, consistent with the effective Hamiltonian of Eq. (6.17) in the anti-
adiabatic limit, which contains terms that can frustrate phonon-induced AFM coupling. A
definitive conclusion regarding the existence of an AFM phase at U = 0 for the 0SSH model
is challenging according to Ref. [47], since the temperatures required to clearly observe the
signature of AFM are very low and difficult to reach using DQMC.

Finally, no studies were found that address the two-dimensional a.SSH model on the square
lattice in the presence of finite phonon frequency. The peculiar feature of the aSSH model in the
adiabatic limit—hosting infinitely degenerate multimode distortion patterns—mnaturally raises
the question of whether, and in what manner, quantum fluctuations induced by finite-frequency
phonons could lift this degeneracy. As discussed in the previous section, the investigation of
multimode patterns in the aSSH model with fully quantum phonons remains an open problem.
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Chapter 7

2D oSSH-Hubbard model: a variational
Monte Carlo and Hartree-Fock study

In this chapter, we present our analysis of the 0SSH-Hubbard model on a square lattice, with
results obtained through variational Monte Carlo (VMC) simulations. A Hartree-Fock analysis
in the anti-adiabatic limit is also provided.

We employ the Hamiltonian given by Eq. (3.24), which we restate here for clarity:

I:I = - tz |:1 -« (Xpﬁ.ez — XR>] (éTRJéR_;,_emJ + é}L%Jrez,aéRJ) + (7.1)
R,o
B tz |:1 - (YR+3y B YR)} (éE,GéRJF@yvU + é];%Jrey,aéR,U) +
R,o

+ % > [PjR + X%} + % > [P;R + Y}%} +UY fpgigy -
R R R

This Hamiltonian is closely related to the 0SSH-Hubbard Hamiltonian of Eq. (6.2) by a simple

rescaling of the bosonic operators, as discussed in Section 3.1. In our analysis, we will specify

the values of the parameters: U/t, hw/t, and A = (ta?)/(hw).

We begin with Section 7.1, where we demonstrate the accuracy of our variational wave
function, which is described in Section 3.3 for the square lattice case, by comparing its energy
with that obtained from determinant quantum Monte Carlo (DQMC) in Ref. [47] (A. T. Ly,
private communication, March 2025). The results show excellent accuracy for U = 0 across all
values of A\, and good accuracy for U/t = 4. The accuracy decreases for larger values of U.

Our variational method at half-filling predicts a phase diagram, shown in Section 7.2, that
agrees well with DQMC simulations. The system shows an antiferromagnetic (AFM) undistorted
phase for dominant Hubbard interaction U, and a bond-order wave (BOW) phase exhibiting
lattice distortions when A dominates. We also observe a possible phase coexistence region
between the AFM and BOW phases, in agreement with DQMC results, although our findings
are inconclusive in this regard.

Before exploring the hole-doped regime with VMC, we perform a Hartree-Fock calculation in
the anti-adiabatic limit to identify potential superconducting instabilities. Our analysis shows
that the 0SSH-Hubbard model only exhibits on-site s-wave superconductivity, with no d-wave
or extended s-wave terms appearing in the mean-field decoupling. This result contrasts with
the bSSH-Hubbard model, where the same Hartree-Fock calculation in the anti-adiabatic limit
reveals a d-wave superconducting phase upon hole doping, confirming earlier predictions [39,
40]. Specifically, we observe s-wave superconductivity in the regime dominated by A, and a
coexistence of s-wave and d-wave phases for larger values of U within the bSSH-Hubbard model.
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This suggests that different SSH implementations lead to distinct phase diagrams, with the 0SSH
model potentially being less suitable for identifying d-wave superconductivity.

Finally, we investigate the doped 0SSH-Hubbard model using VMC. Our results show that
the BOW phase persists up to finite doping and that, for U = 0 and doping around ¢ = 1/4,
the system exhibits on-site s-wave superconducting correlations. Furthermore, we find that
a weak coupling to phonons within the 0SSH model at large-U can actually suppress d-wave
superconductivity that would otherwise emerge in the pure Hubbard model.

7.1 Comparison with DQMC results

We begin by assessing the accuracy of our variational wave function by comparing its energy
with that obtained in Ref. [47] using an exact finite-temperature method. DQMC provides exact
sampling of the system’s partition function at finite temperature, given by Z = Tre #H  where
f is the inverse temperature, and the Hamiltonian H includes both bosonic degrees of freedom
(to model phonons) and interacting electrons.

The method employs a Hubbard-Stratonovich transformation to account for the U interaction
between fermions and applies a Trotter-Suzuki decomposition to exactly sample configurations
from the partition function at a given finite temperature. This approach has been adapted to
treat electronic systems coupled to bosons [107]. All results we compare with were obtained in
the half-filling regime, which is crucial for DQMC to be sign-problem free.

The data we compare with were obtained at a low temperature, ensuring the system is in its
ground state, with an inverse temperature 5t = 16 on a 8 x 8 lattice [47]. Our VMC method,
being a ground state method, operates at T" = 0, accounting only for quantum fluctuations and
not for thermal ones. However, we can still compare our results, obtaining a reasonable figure
of merit.
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Figure 7.1: Accuracy of the variational energy compared to DQMC results on an 8 x 8 lattice for hw/t =
0.5. Points are plotted in the (A, U/t) phase diagram, with color indicating the value of the accuracy
€. The size of each point corresponds to the associated error bar. The results are also summarized in
Table 7.1.

80



The energy accuracy is defined as:

_ Bvmc — Epquic 7 (7.2)

|Epqmc — hw|
where the term Aw is subtracted from the denominator to account for any global energy shift in
the Hamiltonian (the zero-point energy of the z and y phonon components is fuw/2 each).

Fig. 7.1 shows the accuracy €, and the results are also reported in Table 7.1, where error
bars are included. Our energies coincides (within error bars) with those obtained by DQMC
at U = 0 for various values of A, spanning from the undistorted phase to the BOW-distorted
phase. The high accuracy is expected for small values of A, as our wave function is exact in the
case of free fermions (U = A\ = 0). However, the fact that the accuracy remains unchanged at
A = 0.4 (a point located within the BOW phase) demonstrates that the backflow correlations
introduced into the fermionic ansatz accurately capture the electron-phonon physics induced by
the SSH coupling.

It is also important to note that our wave function is exact in the adiabatic limit (w — 0)
at U = 0. In our simulations, we set the phonon frequency to fw/t = 0.5 and, as expected,
the accuracy decreases as U increases. Nevertheless, maintaining a relative accuracy of around
1.5% at U/t = 4 in both the AFM phase (small \) and the BOW phase (large \) is a notable
achievement.

U/t=0 U/t=6
A € Ae A € Ae
0.05 || -0.0003 | 0.002 0.2 0.026 | 0.011
0.1 -0.002 | 0.003 0.4 0.028 | 0.014
0.4 || -0.0041 | 0.0044

U/t=4 U/t=8
A € Ae A € Ae
0.05 || 0.0145 | 0.0040 0.05 || 0.056 | 0.008
0.1 0.0098 | 0.0045 0.2 || 0.026 | 0.011
0.4 0.0111 | 0.0096 0.4 || 0.051 | 0.018

Table 7.1: Accuracy of the variational energy compared to DQMC results on an 8 x8 lattice for hw/t = 0.5.
The accuracy, €, is defined in Eq. (7.2). The data are organized according to different values of U.

7.2 VMC phase diagram at half filling

In this section, we investigate the competition between AFM and BOW phases at half-filling
within the two-dimensional 0SSH-Hubbard model at fuw/t = 0.5.

Using VMC, we analyze the nature of the AFM-BOW transition, construct the corresponding
phase diagram, and explore the possible coexistence of magnetic and bond-ordered phases. We
also address the emergence of magnetic order at U = 0, highlighting the role of electron-phonon
coupling in stabilizing long-range AFM correlations in the absence of Hubbard interactions.

All simulations have been performed on a 8 x 8 lattice with periodic boundary conditions,
apart from a few calculations regarding the presence of AFM at U = 0.
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7.2.1 First order AFM-BOW transition

The phase diagram of the two-dimensional 0SSH-Hubbard model consists of an undistorted
AFM phase and a BOW phase, where the BOW is characterized by lattice distortions. In our
initial attempt to characterize the phase diagram, we consider two distinct variational ansétze
and observe a first-order transition between them.

The two variational ansétze are realizations of a Jastrow-Slater wave function with phonon
backflow terms, as described in Section 3.3. They exhibit the following distinctive features.

1. |Yarnr), which displays AFM order, is characterized by:

e No phonon distortions. The variational parameters 2z, and z, that appear in the
uncorrelated bosonic wave function of Eq. (3.29) are set to zero. These parameters
govern the centers of the Gaussian wave functions that model the harmonic oscillators
and, thus, do not allow for phonon dimerization when set to zero.

e FExternal magnetic field B*. Following Eq. (3.33), an external magnetic field with
ordering vector ) = (7, ) oriented in the z-direction is added to the auxiliary Hamil-
tonian whose ground state constitutes the antisymmetric part of the wave function.
We also tried adding an external magnetic field oriented in the z-direction, but the
variational energy was significantly worse.

e No pairing terms. As discussed in Section 3.3.2.1, given the way in which pairing terms
are implemented in the auxiliary Hamiltonian, these cannot be added simultaneously
with an in-plane magnetic field. However, backflow terms, such as those in Eq. (3.27),
are unaffected by this issue and are added as usual.

e Spin-spin Jastrow factor. An additional Jastrow factor is introduced to model spin-
spin correlations, which are induced by the external magnetic field; see Eq. (3.34).

2. |Ypow), which displays BOW order, is characterized by:

e Phonon distortions with ordering vector @ = (mw, ). We tested the four dimerization
patterns shown in Fig. 6.1: the pattern with the lowest energy, after a full optimiza-
tion, is the one with only one phonon specie displaying @ = (7, 7) distortions. For
this reason, referring to the phononic wave function of Eq. (3.29), we set z, = 0,
Q. = (m,7) and optimize the parameter z,; the corresponding dimerization pat-
tern is shown in Fig. 6.1 (panel C). This result is in agreement with exact DQMC
calculations of Ref. [47], which claim to find the same distortion pattern.

e No external magnetic field.
e Pairing terms. Both s-wave and d-wave pairing terms as those shown in Eq. (3.29)

are added to the auxiliary Hamiltonian.

By varying X\ at a fixed U, the energies of the two ansétze cross, signaling the presence of a
first-order phase transition. The energy curves as a function of A for U/t = 4 are shown in
Fig. 7.2. The possibility of a phase coexistence region will be discussed later.
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Figure 7.2: Energy comparison between the AFM and BOW phases as a function of X\ for U/t = 4
in an 8 x 8 0SSH-Hubbard model at hw/t = 0.5. The energy per site for the two variational ansdtze,

[Yarna) and |[Wpow), is plotted. Dotted lines represent quadratic fits, included to guide the eye. The
inset provides a closer view of the transition point.
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Figure 7.8: Phase diagram of the 0SSH-Hubbard model on a 8 x 8 square lattice at half-filling. Black
dots represent the points where our results were obtained, and the two colors correspond to the AFM and
BOW phases. The red and blue lines represent the transition points obtained from Ref. [47] by means of

DQMC calculations.
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7.2.2 Phase diagram

By optimizing the variational solutions ) 4rar) and | pow) over a range of values in the (A, U)
plane at fw/t = 0.5, we can construct a phase diagram for the 0SSH-Hubbard model at half-
filling. Fig. 7.3 shows the phase diagram, where the black dots represent the points where our
results were obtained, and the two colors represent the two different phases. The red and blue
lines are taken from the phase diagram of Ref. [47], based on DQMC results. According to
Ref. [47|, as A increases from left to right, the red line corresponds to the point where AFM
order disappears, while the blue line marks the onset of the BOW phase; a coexistence region is
assumed between the two lines by Ref. [47].

We note that, although the accuracy of our wave function decreases when U/t reaches values
of 6 or 8, the phase diagram we obtained is in good agreement with the one of Ref. [47], with
their transition point marked by the red and blue lines.

To further analyze the results, we pick two points: one within the AFM phase and the other
deep within the BOW phase, and show the spin-spin and bond-bond correlations in Fourier
space. The correlations are defined as:

S(g) = *Z =R (Sk - Sk, (7.3)
R,R’

B*(q) = iz (=R (h2hit,) | (7.4)
R,R’

where the local spin and bond operators are defined as follows:

Sk = > ek o ln (7.5)
!

b = 3 (Cholrres +he), (7.6)

(e

where 7¢ denotes one of the three Pauli matrices.

Fig. 7.4 clearly shows that a large peak at Q = (7, 7) determines the described phase. We
emphasize that we are representing B*(q) because we allowed dimerization of the z-phonons;
however, we could have chosen the y direction, yielding the same result.

7.2.3 AFM-BOW coexistence

We now briefly address the question of phase coexistence between the AFM and BOW phases.
In Ref. [47], the transition points were identified using the following correlation ratios:

5(Q —dq) B*(Q —4q)
S@) B*(Q)

where ) = (m, ) is the ordering vector, and d¢ is the smallest nonzero momentum displacement
in the Brillouin zone. In a I x [ lattice, this corresponds to dg = (27/l,0) or dg = (0,27/l). In
the thermodynamic limit, these ratios tend to 1 in the presence of long-range order, and to 0 in
its absence.

When plotting Rpow (or analogously Rapn) as a function of a control parameter (e.g., A),
one observes that curves for different system sizes intersect at a common point, marking the
location of the phase transition. This method is precisely how Ref. [47] was able to draw the
red and blue transition lines shown in the phase diagram of Fig. 7.3, indicating the boundaries
where AFM order disappears and BOW order emerges, respectively. Their analysis suggests a
narrow coexistence region between the two phases.

Rarm =1 — Rpow =1 — (7.7)
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S(q) - (A =0.1,U/t = 4) - AFM Blg) - (A= 0.1,U/t = 4) - AFM

S(g) - (A= 04,U/t = 4) - BOW Blg) - (A= 0.4,U/t = 4) - BOW

Figure 7.4: Spin-spin and bond-bond correlations in Fourier space within the AFM and BOW phases.
Top panels (A and B) show the spin correlation S(q) and bond correlation B*(q), respectively, for a
representative point in the AFM phase with A = 0.1 and U/t = 4. Bottom panels (C and D) display the
same quantities for a point in the BOW phase, with A\ = 0.4 and U/t = 4. In both cases, the presence or
absence of a sharp peak at Q = (m,m) clearly distinguishes the two phases.

Using VMC and imposing either AFM order or BOW in the wave function, the information
which we could extract from the correlation ratio may be significantly biased. As discussed in
the previous two sections, our results suggest a first-order transition between the two variational
states, |®arpm) and |Ypow), which are not adiabatically connected. Therefore, computing cor-
relation ratios provides limited additional insight: for example, evaluating Rapy for the |[tapm)
state would merely confirm the expected presence of long-range AFM order. The most direct
and effective method to locate the transition in our variational framework is through energy
comparisons, as demonstrated in Fig. 7.2 for the case U/t = 4.

We try to address the issue of phase coexistence by considering a different variational ansatz
that allows for the coexistence of AFM order and BOW. We refer to this trial wave function as
|thcoexist ), Which is characterized by the following features:

e Phonon distortions with ordering vector Q = (m, ) for the z-phonon component, controlled
by a variational parameter z, in the bosonic wave function.

o Fxternal magnetic field B* along the z-direction, included in the auxiliary Hamiltonian
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from which the antisymmetric fermionic part of the wave function is derived [see Eq. (3.33)].
The magnetic field is antiferromagnetic, with ordering vector Q = (m, 7).

e No pairing terms, due to the incompatibility between in-plane magnetic fields and pair-
ing terms in our current implementation of the auxiliary Hamiltonian, as discussed in
Section 3.3.2.1.

e Spin-spin Jastrow factor, which models spin correlations induced by the magnetic field
(see Eq. (3.34)).

This ansatz can be continuously deformed into [¢)apy) but not into |¢pow), due to the mutual
exclusivity of in-plane magnetic fields and pairing terms within our VMC implementation.

Upon optimization, [tcexist) converges to an AFM solution when z, — 0 and B* remains
finite, and to a BOW solution when B® — 0 and z, remains finite. If both z, and B* remain
non-zero after optimization, the result is a coexistence phase exhibiting both AFM and BOW
order.

As an illustrative example, we consider the case U/t = 4. When optimizing [tcoexist) for
A < 0.2, the wave function settles into an AFM phase. For larger values of A, the coexistence
solution emerges. Notably, near the transition point identified in Fig. 7.2, the energy of |t)coexist )
is slightly lower than that of both |¢apy) and |¢Ypow). However, for even larger values of A,
the coexistence solution persists with an energy slightly higher than that of |¢pow). Table 7.2
reports the variational energies for the 8 x 8 lattice at U/t = 4 and fw/t = 0.5, we can see that
the coexistence solution is compatible with the AFM one for A = 0.22 and has a lower energy
than the other two solutions only for A = 0.25.

] Ujt =4 \
y A I 0.05 \ 0.10 \ 0.20 0.22 |
AFM —0.3689 & 0.0001 | —0.3902 = 0.0001 | —0.4393 = 0.0005 | —0.4508 + 0.0001
coexistence — — — —0.4510 £ 0.0002
BOW — — —0.4192 £ 0.0007 | —0.4449 + 0.0006
| U/t=4 |
y A I 0.25 0.30 \ 0.35 0.40 \
AFM —0.4686 & 0.0009 | —0.514 = 0.005 — —
coexistence || —0.4881 = 0.0005 | —0.5619 = 0.0002 | —0.6464 + 0.0002 | —0.7402 & 0.0002
BOW —0.4859 & 0.0002 | —0.5626 == 0.0001 | —0.6479 = 0.0002 | —0.7429 = 0.0002

Table 7.2: Table showing the energy per site as a function of A of three variational solutions: | arn),
[ coexist), and |Ypow). The results are presented for an 8 x 8 lattice with U/t = 4 and hw/t = 0.5. The
energies of the AFM and BOW solutions have been previously shown in Fig. 7.2. It can be observed that
the coexistence solution is compatible with the AFM solution at A = 0.20, and it exhibits a lower energy
than the other two solutions only for A = 0.25.

Despite these results being promising, our analysis cannot give a definite conclusion on
the possibility of phase coexistence due to the disconnected variational spaces of [t)coexist) and
|¥Bow). Unfortunately, pairing terms are essential to stabilize the BOW solution, and discarding
them significantly raises the variational energy. A more complete study would require a unified
wave function that includes both pairing terms and in-plane magnetic fields. This would allow
a consistent exploration of the full phase diagram using a unique wave function and enabling
the use of correlation ratios to precisely locate the boundaries of each phase. As a result, our
current analysis cannot fully resolve the nature and the extension of the coexistence region.
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7.2.4 Antiferromagnetism at U =0

The possibility of AFM order in the absence of Hubbard interaction (U = 0) has been discussed
in earlier studies of two-dimensional SSH models. For instance, exact QMC simulations of the
bSSH model reported the emergence of an AFM phase at U = 0 for small values of the electron-
phonon coupling [44, 45]. A straightforward explanation for this phenomenon lies in the second-
order processes induced by the electron-phonon interaction, which give rise to antiferromagnetic
exchange interactions. This mechanism is explicitly visible in the effective electronic Hamiltonian
derived in the anti-adiabatic limit, where fast phononic degrees of freedom are integrated out,
leading to a spin-exchange term, see Eq. (6.16).

The situation for the 0SSH model, however, is more intricate. In this case, the effective
electronic Hamiltonian in the anti-adiabatic limit includes additional terms that may frustrate
antiferromagnetic correlations [see Eq. (6.17)]. In Ref. [47], the authors reported that AFM order
could only be detected at finite U; at U = 0, the temperature reached in their DQMC simulations
was too high to conclusively identify magnetic ordering. Specifically, the AFM correlation ratio
Rarwm did not display the characteristic size-dependent crossing behavior that signals long-range
order. Instead, it decreased with increasing system size for A < 0.15 at U = 0, both at w/t = 0.5
and hw/t = 2, suggesting the absence of detectable AFM order at the simulated temperatures.

Nevertheless, it appears unlikely that the system remains metallic at 7' = 0 without develop-
ing some kind of instability when a finite, albeit small, electron-phonon coupling is introduced.
Our VMC analysis suggests that an AFM phase indeed exists at U = 0. While our method is
inherently variational and thus biased by the choice of ansatz, the good agreement in energy
with DQMC results at U = 0 (see Table 7.1) supports the reliability of our conclusions.

In Fig. 7.5, we compare the behavior of the variational parameter B* (obtained after fully
optimizing the parameters) as a function of system size for U/t =4 and U = 0 at A = 0.1 and
fw/t = 0.5. The parameter B represents an in-plane magnetic field term in the variational
wave function. As shown in the figure, the system clearly develops AFM order at U/t = 4, with
B? tending to a finite value in the thermodynamic limit. For U = 0, our VMC calculations,
within the available cluster, are consistent with a small but finite value in the thermodynamic
limit. Moreover, the AFM correlation ratio Rapn increases with system size for A < 0.1, as
shown in Fig. 7.6. This strongly suggests the presence of an AFM phase at zero temperature in
the 0SSH model, even in the absence of a Hubbard interaction.
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Figure 7.5: Size dependence of the variational magnetic field B* for A = 0.1 and hw/t = 0.5, comparing
U/t =4 (green points) and U = 0 (blue points). Simulations were performed on 1 x I lattices, with 1/1
shown on the x-axis. The finite values of B* at U/t = 4 provide clear evidence of AFM order in the
limit of large . In contrast, for U = 0, the behavior is less conclusive: a linear fit suggests that B
extrapolates to a small, possibly nonzero value in the thermodynamic limit.
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Figure 7.6: Correlation ratio Rapm and Rpow shown for various system sizes as a function of \ for
U =0, w/t = 0.5. The increasing trend of Rapm with size for X\ < 0.1 supports the existence of long-
range AFM order at T = 0.

7.3 Superconductive instabilities in the anti-adiabatic limit of
the square lattice SSH-Hubbard model: a Hartree-Fock study

In this section, we apply a mean-field analysis to study the effective Hamiltonian of the square
lattice SSH-Hubbard model in the anti-adiabatic limit. Our aim is to identify the superconduct-
ing instabilities when the system is driven away from half-filling.

We begin by considering the 0SSH model in the anti-adiabatic limit, followed by the 0SSH
model. For convenience, the mean-field treatment will be performed after having expressed the
Hamiltonians in k-space.
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7.3.1 Hartree-Fock: bSSH-Hubbard model at anti-adiabatic limit

The effective Hamiltonian of the 0SSH-Hubbard model, obtained after integrating out the
phonons in the anti-adiabatic limit, is given by Eq. (6.14).
For convenience, we rewrite it here and split it into several terms:

2

A~ oS > 2 »
FPSSH Hy + Uzﬁnﬁu — gz (BRR%I) — gz (BR,R-l-ey) =
i R R

= Hy+ Hy — H?NN — gy~ (7.8)

0 ]0‘ joio

where H, represents the non-interacting part of the Hamiltonian, and Bij =>.l¢ ( el e el e )

is the hopping operator connecting sites ¢ and j. The two relevant interaction scales are the
Hubbard interaction U and the electron-phonon coupling g. For bSSH phonons, the coupling is

given by g = t;%Q, as derived in Eq. (2.63). The terms ﬁg’NN and f]g’NN have a negative sign
to emphasize that they represent attractive interaction pairing terms.

7.3.1.1 Expressing the Hamiltonian in k-space

Hy represents the non-interacting part, given by:

Hy = _tZZCROCR+eVU+hC) Z nj =
J

Ro v

= —QtZ [cos(ka) + cos(ky)] oy — 1Y holrs (7.9)
k,o

where 4 is the chemical potential, which must be tuned to achieve the desired doping level.
Hp; is the conventional Hubbard on-site interaction term:

g oot U N A 5
Hy =U eheqllty = 730303 gt hin i@ gipilypt - (7.10)
i kK q p

where L is the number of sites in the lattice.
Hy AN and H] AN represent the nearest neighbor squared hopping terms. These terms can be
expressed in momentum space as follows:

NN = g Z <ch@1 rero F el Jéw) <éj.g/é,-+ez,al +él +ez’g,éw,) =
49
= Z Z Z Ch+p, Tc—k—i-p 16—g+p, Cqtp,t [€0S(2p) + cos(ky + g2)] +

29 K 44 . : .
+ T Z Z Z Z ck’gcker,chygcq_p,U exp {iky — iqy + ips} - (7.11)
o k q P

A completely equivalent expression holds for the term ﬁg’NN, corresponding to the nearest
neighbor squared hopping in the y direction.

7.3.1.2 The mean-field Hamiltonian

In order to perform the Hartree-Fock approximation, it is necessary to consider all possible
contractions to decouple the interacting Hamiltonian and obtain a new quadratic Hamiltonian
H MmF, which includes some self-consistent parameters that depend on the ground state |arr)
of the mean-field Hamiltonian itself.
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The self-consistent parameters are defined by the following equations. First, we focus on
conventional terms, which are defined for each spin ¢ and direction v = {x, y}:

1 4
ng = 7 Z (nip|e], o lrr) (7.12)
c, = 7 Z cos( ¢MF|CkUCka|¢MF) (7.13)
Sy = - Z sin(k,) (Yarelel, érolarr) (7.14)

Next, we consider the superconducting terms:

Ay = %Z (YmFle—g 1 Crplbmr) (7.15)
k
ANN_s = 1L ) [cos(ky) + cos(ky)] (7.16)
k
ANN—d = i Z <¢MF|é—k,¢ék,T|wMF> [COS(]CJ;) — COS(ky)] (717)
k
Aviplet—y = % Z (YmrlC—k Crplrmr) sin(ky) (7.18)
k

For convenience, we express the superconducting parameters involving terms with cos(k;) and
cos(ky) as nearest-neighbor s-wave and d-wave superconducting parameters, denoted by Ay n_s
and Ann_g, respectively. We observe that the superconducting terms Ayxy_s and Ayy_g
correspond to the spin-singlet channel, while Aryipiet,z and Amyiplet,y belong to the spin-triplet
channel.

In this particular treatment, we consider a mean-field ground state where the only non-zero

correlations are <¢MF’éLaéka|wMF>’ <¢MF|é—k,¢ék,T|¢MF> and <wMF|éLTéT_k”L|wMF>; all other
terms vanish by assumption.

We now show the mean-field decoupling in the case of Hy and omit the more involved
calculation for H NN I the following equation, the averages are intended to be performed on

the mean-field ground state, 1.e., (C_gip 1 Corpt) = (VMP|C—gip | Corpt|VMP).
u o o 5 5
7 Z Z Z ChtptC—ktp L C—atpd Catp,t

T
T Z Z Z dp,0 { ck+p TC E-+p, ¢> CoqtpCatpt + Crip, TCT k.l (C—gtp,iCqtpt) T

— (Epr ) <é—q+p,¢@q+p,¢>} +

u 4 4 R 4
+ L Z Z Z Oq,k |:<ck+p,TCQ+P7T> € ltp C—atpd T Chgp1Catpt <C—k+p,¢c—q+p,¢> +
k q¢ »p

4 . 4 . _
- <Ck‘+pchq_'_va> <C—k+p7¢6_‘I+p7~L>} -

= U Z(cMc MAOJrhc) —L |A0‘2+2262706k,0ng—Lngnél . (7.19)
k k o
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Thus, the Hartree-Fock approximation allows us to rewrite the interacting Hamiltonian in
Eq. (7.8) as a quadratic fermionic Hamiltonian, which contains several parameters that must be
determined self-consistently.

We anticipate that, after having completed the self-consistency procedure, all terms of the
form S7, S, Amiplet—z and Amyiplet—y vanish for all values of the parameters U, g and u we
have considered. Therefore, we will omit these terms in the mean-field Hamiltonian.

Moreover, terms such as n§, C7, and CJ correspond to a renormalization of the chemical po-

tential ;¢ and the hopping amplitude ¢ in the non-interacting Hamiltonian Ho, Eq. (7.9). These
contributions can therefore be absorbed into a renormalized non-interacting Hamiltonian, which

we denote as H 0, that can be explicitly written as:

Ho = > [—2t — 8gCT — 4gCT | cos(kv)eh, e, + D (—p+ Un + dgng — 29) & ¢y, (7.20)

k,ov

where by ¢ we denote the opposite spin.
Therefore, the mean-field Hamiltonian, up to some constant terms such as L ]A0|2, can be
expressed in the following way:

HbSSH = Ho+ (U -28g) Z (élt:,TéT—k,iAO + h.c.) +
k
— 4g Z [6,17T6Jr_k7¢ANN,S (cos kg + cosky) + h.c.] +
k

4g Z [627T6T_k7¢ANN—d (cosky — cosky) + h.c.] . (7.21)
k

7.3.1.3 Sketch of the self-consistency procedure

To illustrate how the self-consistency procedure works, we start from the mean-field Hamiltonian
in Eq. (7.21), which can be written as:

4 Crp
HbSSH Z <CIT€7T7 c_;w) Hﬂp (@T ) ) . (7.22)
k

At each momentum k, the problem reduces to diagonalizing the 2 x 2 matrix H’fw - Due to its
specific structure, the eigenvalue decomposition reads:

k €k 0
UL Hip Up = [0 _ek] : (7.23)

where € > 0.
Correspondingly, we define new fermionic operators at each k as

Y\ o [ Gkt
<<k> U, (grk’i) . (7.24)

Expressed in terms of these new operators, the mean-field Hamiltonian becomes diagonal:

HbSSH Z €L (’A)/);"Ayk + é;ék> . (7.25)

k
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For the ground state of ISI}\’f;H, the only non-zero two-point correlation functions for the new
fermionic operators satisfy

WrrlAt [ on ) = Warl Gl loar) = Sy - (7.26)

Thus, using Eq. (7.24) to rewrite the self-consistent parameters as expectation values of A
and (i, their evaluation becomes straightforward and the self-consistent cycle simply requires
iterating these steps until convergence of all parameters is achieved.

7.3.1.4 Numerical results

By inspecting Eq. (7.21), we can already recognize that for g > U/8 the on-site s-wave super-
conducting term, corresponding to the parameter Ag, has a negative coefficient. Additionally,
for g > U/4, the coefficient of Ag is greater than that of the extended s-wave and d-wave super-
conducting terms. Consequently, in the regime where g > U, we expect the system to develop
on-site s-wave superconductivity, which may compete with d-wave and extended s-wave super-
conductivity in the region around U/8 < g < U/4. Numerical results confirm this prediction.

We performed the self-consistency calculation on a 20 x 20 lattice for various doping levels.
We observed difficulty in the convergence of variational parameters for g < U/8.

For a doping level § = 1 — N./L = 0.25, the system is dominated by the on-site s-wave
superconducting term in the region g > U/8. Fig. 7.7 shows the values of the parameters
Ag and Ay py_s obtained after the self-consistency procedure converged, for different values of
U and g. As shown in panel A, Ay dominates in the large-g region. In panel B, one can
observe that Ayy_s becomes progressively more important as g approaches the g = U/8 line,
although it remains relatively small (the ratio Ag/Ann_s never exceeds 0.15 for all points where
convergence was achieved). The value of Ayy_g4 is always exceedingly small. In the region
where the U interaction dominates over g, we were not able to reach convergence, however
the superconducting parameters we are considering assume smaller and smaller values as the
dominant-U region approaches.
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Figure 7.7: 6 = 0.25; phase diagram of the mean-field Hamiltonian for the bSSH-Hubbard model in the
anti-adiabatic limit, Eq. (7.21). Superconducting self-consistent parameters are shown as a function of
U and g. A: On-site s-wave superconducting parameter Ay as a function of U and g, the parameter is
larger in the g > U region. B: Ratio Ann—s/Ao as a function of U and g.

For a lower doping level of § = 0.125, as shown in Fig. 7.8, the system undergoes a transition
from the region with g > U/4 where on-site s-wave superconductivity dominates (panel A),
to a region where both d-wave superconductivity and on-site s-wave superconductivity coexist
for g 2 U/8 (panel B). In this region, the value of Ayy_; is always one order of magnitude
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smaller than that of Ayy_g, as shown in panel C. As in the previous case, the ratio Ag/Ann—s
progressively increases while approaching the g = U/8 line, always remaining quite small (panel
D). This result is consistent with previous numerical studies [39, 40|, which employed density-
matrix renormalization group and functional renormalization group, respectively, to identify a
d-wave superconducting phase in the bSSH-Hubbard model.
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Figure 7.8: 6 = 0.125, phase diagram of the mean-field Hamiltonian for the bSSH-Hubbard model in the
anti-adiabatic limit, Eq. (7.21). A: On-site s-wave superconducting parameter Ag as a function of U and
g, the parameter is dominant in the large-g region. B: Ratio |AnN_a4/A0| as a function of U and g, the
region of coexistence of d-wave and on-site s-wave superconductivity is clearly visible. The two red lines
correspond to g = U/8 and g = U/4. C: Ratio |ANN—d/ANN—-s| as a function of U and g. D: Ratio
AnnN—s/Ao as a function of U and g.

7.3.2 Hartree-Fock: 0SSH-Hubbard model at anti-adiabatic limit

We now turn to the 0SSH case. The effective Hamiltonian, obtained after integrating out the
phonons in the anti-adiabatic limit, is given by Eq. (6.17). One can notice that there is one term
analogous to the bSSH case (with the same negative sign), along with an additional term with
a positive sign. For clarity, we rewrite the Hamiltonian and split it into the following terms:

A ~ > 2 » 2
HoSsH Hy+U Z Nipfi| — g Z <BR,R+ex) -9 Z (BR,R'F%) +
i R R

+ g Z BR—ez,R BR,R+6I +9 Z BR—ey,R BR,R—I—ey =

R R
= Ho+ Hy — HPNN — HYNN 4 NN [y NNN (7.27)
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where, as before, Bij = (éT e, +él e ) is the hopping operator connecting sites (i, 7),

0 jo joio

while Hj AN and A, g’NN are the nearest-neighbor squared hopping terms.

The terms ﬁ; NNN and ﬁ;’ NNN correspond to new terms that involve products of two hopping
terms sharing a site and spanning next-nearest neighbor distances. The interaction strengths
depend on the parameters U and g: in the case of 0SSH phonons, the coupling g is given by

g= %, as derived in Eq. (2.72).

7.3.2.1 The mean-field Hamiltonian

First, we express the Hamiltonian in k-space. Since the term ﬁgf NN'ig identical to the one

analyzed in the previous section for the bSSH case, the only new contribution not examined

earlier is given by H o ’NNN, which in momentum space is expressed as:
HENY = g3 (e imenr + 0, o) (ptinesor + ey, i) =
o0’
29 4 s R R
- 7 Z Z Z CLp,TCT—k+p,¢c—q+p,¢cq+p,T [cos(2qz) + cos(2kz) +
kg p

+2 cos(2p,) cos(ky — qz)] +
2g At A N i
+ L Z Z Z Z CL,aCkeryaC;,GCfp,a exp {—ips } cos(ks + dz) (7.28)
o k q p

As done in the previous section, we now derive the mean-field Hamiltonian. Apart from the
self-consistent parameters defined in Eqgs. (7.14)—(7.18), two additional parameters need to be
considered in this case:

1 A oA
TS = I Z cos(2k,) <1/JMFICLUCkg|¢MF> (7.29)
k
1 . R
ANNNfs = ﬁ <7!)MF|C—k,¢Ck,T 7[’MF> [COS(Qk‘x) + COS(Qk‘y)] (7.30)
k

As before, we omit the explicit calculation of all contractions for the term H, e ANNN and write

the mean-field Hamiltonian neglecting terms involving sin(k;) or sin(k,), which always vanish
at the convergence of the self-consistent cycle.

Once again, we include the contribution of n§, CJ

7, and Cy terms into a new renormalized

non-interacting Hamiltonian Hg, which is expressed as:

Ho=—2t cos(kn)ch ., + D (—p+Und +dgn§ — 29) &) ¢y, - (7.31)
k,ov k,o
Remarkably, due to a cancellation between terms with opposite coefficients arising from ﬁéf AN

and f[g ’NNN, all d-wave and extended s-wave terms vanish. The resulting mean-field Hamilto-
nian is:

I = Ho+ (U —89)Y (e 4el A0 +he.) +
k
+ 2¢ Z {éL,TéT—Im [Ao (cos 2k, + cos 2ky) + 2ANNN—s] + h.c.} +
k

+ 2 Z Z éLgék,g [n§ (cos 2k, + cos 2ky) + Ty + Ty | (7.32)
k o
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Numerical analysis shows that for this mean-field Hamiltonian, away from half-filling, only on-
site s-wave superconductivity appears. The self-consistency procedure is the same as has been
described in Sec. 7.3.1.3.

7.3.2.2 Numerical results

The Hamiltonian in Eq. (7.32) is actually simpler than the one from the previous bSSH case.
For g > U/8, we expect an on-site s-wave superconducting ground state, since the parameter
Ap has a negative coefficient: this is confirmed by our numerical simulations.

We performed the self-consistency calculation on a 20 x 20 lattice at various doping levels
and encountered difficulties in the convergence of the variational parameters for g < U/8.
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Figure 7.9: 6 = 0.25; phase diagram of the mean-field Hamiltonian for the oSSH-Hubbard model in the
anti-adiabatic limit, Eq. (7.32). Superconducting self-consistent parameters are shown as a function of
U and g.

A: On-site s-wave superconducting parameter Ag as a function of U and g, the parameter is larger in
the g > U region.

B: Ratio Axyn—s/Ao0 as a function of U and g.

C: Ratio ANNN—s/A0 as a function of U and g.

For a doping level of § = 0.25, the system is dominated by the on-site s-wave superconducting
term in the region g > U/8. Fig. 7.9 shows the values of the parameters Ay, Axyny_s and Ayyn—s
obtained after the self-consistency procedure converged, for different values of U and g. As shown
in panel A, Ay dominates in the large-g region. In panels B and C, we observe that Ayny_s
and Axnn—s become progressively closer to Ag in magnitude as g approaches the g = U/8 line.
However, since Ay becomes extremely small as the dominant-U region approaches, we would not
consider the region g < U/8 to be superconducting. The value of Any_q4 is always exceedingly
small, which is reasonable, given that no d-wave terms appear in the mean-field Hamiltonian.
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For a lower doping level of § = 0.125, as shown in Fig. 7.10, the physical description remains
essentially the same, with the panels following the same structure as in Fig. 7.9.
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Figure 7.10: § = 0.125; phase diagram of the mean-field Hamiltonian for the 0SSH-Hubbard model in
the anti-adiabatic limit, Eq. (7.32). Superconducting self-consistent parameters are shown as a function
of U and g.

A: On-site s-wave superconducting parameter Ay as a function of U and g, the parameter is larger in
the g > U region.

B: Ratio Axyn—s/Ao as a function of U and g.

C: Ratio ANNN—s/A0 as a function of U and g.
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7.4 VMC results away from half-filling

In this section, we investigate via VMC the emergence of superconducting correlations in the
0SSH-Hubbard model upon hole doping, focusing on the effects of varying the interaction
strength U and the electron-phonon coupling A. The hole doping level is defined as:

Ne
0=1- T (7.33)
where N, is the total number of electrons and L = [ x [ is the number of lattice sites. Unless
otherwise specified, all results are obtained from VMC simulations on an 8 x 8 lattice in the
S# = 0 sector, with the number of up and down electrons both equal to N, /2.

Section 7.4.1 examines the case of U = 0 and large A\, where on-site s-wave pairing emerges
upon doping. For U/t = 10 and small )\, a dominant d-wave pairing appears, although supercon-
ducting correlations are weaker than in the plain Hubbard model, suggesting a slight suppression
by the electron—phonon coupling (section 7.4.2). Lastly, for both large U and A, superconducting
correlations remain weak and short-ranged (section 7.4.3). These results suggest that phonons in
the 0SSH model promote superconductivity in the weakly correlated regime, but do not support
robust superconducting phases when the electronic interaction becomes strong.

7.4.1 s-wave superconductivity at U = 0 and large \

We first examine the emergence of superconductivity away from half-filling at U = 0 in the
presence of strong electron—phonon coupling. For A = 0.36 and fw/t = 1, the system lies in the
BOW phase at half-filling. Upon hole doping, we observe a progressive melting of the BOW.

The BOW with ordering vector Q = (m,m) persists up to § = 0.25. At § = 11/32, the
BOW pattern is fully suppressed, and dominant on-site s-wave superconducting correlations
appear. This superconducting tendency is first signaled by the onset of a significant on-site
s-wave pairing amplitude Ay in the auxiliary Hamiltonian, see Eq. (3.29). To further describe
the superconducting properties, we compute the on-site pair—pair correlation function

1 L
P(R) = 2> (varl Ay p Al [tvar) (7.34)

L
I
where A R = CRr | CRt is the on-site singlet pairing operator. Correlations Ps(R) are evaluated as
a function of distance R = (r,0) and R = (0,r), with » =0,1,...,0l — 1 on an [ x [ lattice.

Figure 7.11 shows Ps(R) for the 0SSH-Hubbard model at U = 0, A = 0.36, and § =
11/32, compared with results for the attractive Hubbard model at U/t = —2 and the same
doping, obtained with a Jastrow—Slater ansatz. The decay of correlations in the 0SSH model is
comparable with that of the attractive Hubbard model, indicating an effective electron—electron
attraction mediated by phonons.

To further explore the connection between the electron-phonon coupling strength A and the
emergence of superconductivity, we analyze a second case with reduced coupling. In Fig. 7.12,
we present 0SSH-Hubbard results at A = 0.25 and doping level § = 0.25, showing the same
comparison with the attractive Hubbard model at U/t = —2. While both the 0SSH-Hubbard and
the attractive Hubbard models display comparable superconducting correlations, we observe that
the attractive Hubbard model now shows slightly stronger and more slowly decaying correlations
than the 0SSH case. As expected, the strength of the effective pairing is controlled by A.

Finally, we remark that the presence of s-wave superconductivity in this regime is consis-
tent with our findings from the Hartree-Fock analysis performed in the anti-adiabatic limit in
Section 7.3.2. This conclusion also agrees with a recent DQMC analysis, which reported the
presence of s-wave superconductivity within the 0SSH model at U = 0 under hole doping [28].
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Figure 7.11: On-site s-wave superconducting correlations Ps(R) at (U = 0, A = 0.36), and hw/t = 1,
for doping 6 = 11/32 (42 electrons on an 8 x 8 lattice). Results are shown as a function of R = (z,0)
and R = (0,z). The variational results for the 0SSH-Hubbard model are compared with those from a
Jastrow—Slater ansatz for the attractive Hubbard model (U/t = —2,\ = 0), showing qualitatively similar
behavior.

107!

102

Figure 7.12: On-site s-wave superconducting correlations Ps(R) at U = 0, A = 0.25, and hw/t = 1,
for doping 6 = 0.25 (48 electrons on an 8 x 8 lattice). The same quantities are shown as in Fig. 7.11.
Compared to the attractive Hubbard model at U/t = —2, the 0SSH model exhibits slightly faster-decaying
correlations, suggesting a reduced effective attractive interaction at lower \.
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7.4.2 Weak d-wave superconductivity at U/t = 10 and small A

We now investigate the emergence of d-wave superconducting correlations in the strongly cor-
related regime, considering U/t = 10 and a small electron—phonon coupling A = 0.16 with
hw/t = 1. At half-filling, these parameters place the system in the AFM phase, which is also the
ground state of the conventional Hubbard model on the square lattice. Upon doping to § = 1/8
(56 electrons on an 8 x 8 lattice), it is known that by means of a Jastrow-Slater ansatz one
can obtain a d-wave superconductive phase in the plain Hubbard model (excluding stripe-like
solutions, which we do not consider here).

In our VMC study of the 0SSH-Hubbard model at § = 1/8, the variational wave func-
tion develops a finite d-wave pairing amplitude A, in the auxiliary Hamiltonian, as defined in
Eq. (3.29), which dominates over the s-wave components. To quantify the superconducting
correlations, we evaluate the pair—pair correlation functions:

1 - N
PMC(R) = Z Z <¢var|Aw,R/+RAL’R/|¢var> ) (735)
R/
1 - N
Pyy(R) = E Z <¢var‘Ay’R/+RA;R/|¢var> ) (736)
R/
1 N N
Pmy(R) = Z Z <¢V3T‘A$’R/+RAL7R/‘¢V31‘> ) (737)
R/

where the nearest-neighbor singlet pairing operators are defined as:

i g i
Ak = CRaCRie,) ~ CRUCRYe, (7.38)
Al g = (7.39)

ot o S
“RACRtey,l ~ “RACRtey

In Fig. 7.13, we show the decay of P,;(R) along the z and y directions, i.e., for R = (r,0) and
R = (0,r), with r € {0,...,1 — 1}. We find that P,,(R), Pyy(R), and P,y(R) have comparable
magnitudes, with P,,(R) carrying the opposite sign—a hallmark of d-wave symmetry.

To assess the relevance of these correlations, we compare our results with those obtained
from a plain Hubbard model (with A = 0 at U/t = 10 and the same doping), using a standard
Jastrow-Slater wave function. The comparison reveals that the plain Hubbard model exhibits
stronger pairing correlations with a slower decay than the 0SSH-Hubbard model. This suggests
that the electron-phonon interaction in the oSSH-Hubbard model, in this regime, does not
significantly enhance d-wave superconductivity; in fact, it may slightly suppress it.

This result may appear counterintuitive, but is actually consistent with previous findings. In
Ref. [108], the authors studied the attractive bSSH-Hubbard model using DQMC simulations,
which are sign-problem free thanks to the attractive interaction U < 0. They observed that the
SSH-type electron-phonon coupling tends to compete with, rather than enhance, the attractive
Hubbard interaction both at and away from half-filling.

7.4.3 Preliminary results at large U/t and large lambda

We now examine superconducting correlations near the AFM-BOW phase boundary, focusing
on results obtained at U/t = 4 and U/t = 10 with hw/t = 0.5. Referring to the phase diagram
in Fig. 7.3, we selected two representative points close to the transition line: (U/t = 4,\ = 0.2)
and (U/t = 10,A = 0.35). Although both points lie within the AFM phase at half-filling,
our variational calculations show that, upon doping to 6 = 1/8, a BOW solution becomes
energetically favorable in both cases.
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Figure 7.13: Nearest-neighbor superconducting correlations P, (R) as a function of R = (r,0) and

R =(0,7) on an 8 x 8 lattice at U/t = 10, A = 0.16, and hw/t = 1, with doping § = 1/8. The variational
results for the oSSH-Hubbard model are compared with those from a standard Hubbard model (A = 0)
using a Jastrow-Slater wave function. Despite the presence of d-wave pairing in the variational ansatz,
the phonon interaction does not enhance superconductivity in this regime.

As the BOW melts with further increasing doping, superconducting variational parameters
appear in the auxiliary Hamiltonian. In particular, both the on-site s-wave (4() and extended
s-wave (Ag) parameters become finite. Nevertheless, the resulting superconducting correlations
remain weak: Ps(R), Prz(R), Pyy(R), and Py, (R) decay to values below 1073, reaching down
to 107%. A possible explanation is that the parameters Ag and A, acquire opposite signs, which
may partially cancel their individual contributions to pairing correlations, see Eq. (3.29).

Our results represent a first step toward exploring the superconducting properties of the
0SSH—-Hubbard model in the regime of simultaneously large U and A. A systematic study on
larger lattices will be necessary to fully characterize the nature of superconductivity in this
regime. In any case, the present findings reinforce the picture that has emerged so far: while
the 0SSH coupling A alone may favor s-wave superconductivity at U = 0 (Section 7.4.1), strong
Hubbard interactions compete with this tendency. The d-wave superconductivity observed when
U dominates (Section 7.4.2) is not enhanced by a small A, and when U and A are comparable
near the AFM-BOW transition, their competition is even stronger, resulting in only weak su-
perconducting correlations.
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Chapter 8

Conclusions and Future Perspectives

This thesis investigates the impact of quantum phonons on the Hubbard model, focusing on
the Su—Schrieffer-Heeger (SSH) coupling. The variational Monte Carlo method employed has
proven robust in both one- and two-dimensional lattice models. It provides accurate insights into
the interplay between lattice distortions and electronic correlations, revealing the emergence of
a rich variety of physical behaviors. In particular, in one-dimensional systems the formation of a
Luther—Emery liquid has been demonstrated and benchmarked against density-matrix renormal-
ization group calculations. In one dimension large clusters can be efficiently accessed, allowing
for a reliable characterization of the properties of the system in the thermodynamic limit.

In two dimensions, the situation becomes more intriguing and more debated due to the pos-
sible stabilization of superconducting states. Variational Monte Carlo calculations are, however,
limited to relatively small clusters. An additional complication arises from the fact that the spe-
cific implementation of the SSH interaction can significantly affect the physical properties. In
particular, the bond-centered SSH (bSSH) and site-centered SSH (0SSH ) models, both consid-
ering optical phonons, may lead to different outcomes, including distinct phase diagrams in the
hole-doped regime. This expectation is supported by a Hartree—Fock calculation we performed
in order to gain further insights into the superconducting properties. Future investigations will
be necessary to achieve a more comprehensive understanding of these models in the hole-doped
regime.

Looking ahead, several directions for future work can be identified.

e GPU Acceleration: Migrating the code to GPU-based implementations could signifi-
cantly speed up diagonalization processes, enabling the simulation of larger system sizes
and more complex calculations.

e Incorporating Pairings and Magnetic Fields: In two-dimensional systems, a coexis-
tence of bond-order wave and antiferromagnetic order may occur. To capture this behavior,
it is essential to employ a trial wave function that can represent both simultaneously. A
more advanced ansatz incorporating pairings and an in-plane magnetic field should there-
fore be developed. This requires replacing the Slater determinant with a Pfaffian, thus
allowing a more accurate description of phase coexistence in the half-filling phase diagram
of the 0SSH-Hubbard model on the square lattice. Such a wave function would unify the
antiferromagnetic, bond-order wave, and coexistence regions within a single variational
framework.

e Pairings and In-Plane Magnetic Fields: In two-dimensional systems, a coexistence
of bond-order wave and antiferromagnetic order may arise. To capture this behavior, it is
crucial to employ a trial wave function capable of representing both simultaneously and
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faithfully. A more advanced ansatz incorporating both pairings and an in-plane magnetic
field should therefore be developed, replacing the Slater determinant with a Pfaffian. This
would enable a unified variational framework for the antiferromagnetic, bond-order wave,
and coexistence regions, and allow for a more accurate study of phase coexistence in the
half-filling phase diagram of the 0SSH—-Hubbard model on the square lattice.

e Wave Function Refinement: Further improvements to the trial wave function could be
explored by incorporating additional terms inspired by neural-network-based ansétze. In
a preliminary study, we tested a phonon-based Restricted Boltzmann Machine preserving
lattice translations, added to the variational wave function to extend the description of
phonon dispersion beyond the simple Gaussian framework. The results, however, did
not show significant quantitative improvements: only in one dimension the variational
energy was slightly lowered, and for this reason the ansatz was not included in the final
analysis. Nonetheless, more sophisticated architectures, including deep neural networks,
remain highly relevant for these systems, and it cannot be excluded that they may yield
substantial improvements in two-dimensional studies.

e Putative Superconductive Phase in the Strongly Correlated Regime of the
0SSH—-Hubbard Model: Further investigations are required to characterize the phase
obtained by doping the system in the large-U, strong electron—phonon coupling regime,
particularly to clarify the nature of the superconducting phase that may emerge.

¢ Enhancing d-Wave Superconductivity in the bSSH Model: Implementing a backflow-
enhanced variational wave function for this model would enable a more precise search for
d-wave superconductivity, providing an instructive comparison with the behavior observed
in the 0SSH model.

e Multimode Phonon Effects in the aSSH Model: In the adiabatic (Born-Oppenheimer)
limit, the distortion pattern of phonons at half-filling leads to an infinitely degenerate
ground state in the thermodynamic limit, displaying multimode configurations. A key open
question is whether finite-frequency quantum phonons may induce an order-by-disorder
mechanism, favoring some patterns over others. Moreover, it remains intriguing to explore
whether, and in what form, superconductivity could develop in this model.

In summary, this work contributes to the understanding of SSH-like interactions in strongly
correlated systems, while opening several avenues for future research to explore more complex
phenomena and further refine our models. The findings presented here lay a solid foundation
for future studies on the role of lattice effects in quantum materials.
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Appendix A

Adiabatic and anti-adiabatic limits
with simplified SSH Hamiltonian

Within Sec. 3.1, we start from the 0SSH Hamiltonian:

-9
~ R R 4 . N Jin 1 .
H= *tz [1—a(Ziy1 — )] (CI,JCPFLU + CLLUCz',a) + Z [27% + 2mw2$?] , (A1)
1,0 (2
and show that, by applying a canonical transformation to rescale the coordinates of the phonon
degrees of freedom, it can be written as:

H= _tzi: {1 —a (Xm - XZH (é}éiﬂ + éjﬂéi) + % > {151-2 + XE] , (A.2)

The Hamiltonian in Eq. (A.2) allows us to perform our simulations by specifying only the
phonon frequency fiw. However, a slight issue arises. When working with the original Hamilto-
nian in Eq. (A.1), the adiabatic and anti-adiabatic limits of the phonon degrees of freedom are
well-defined in terms of the phonon mass m and frequency w through Eqgs. (2.9) and (2.59). For
clarity, we present these two limits again here.

In the adiabatic limit, corresponding to the Born-Oppenheimer approximation, the phonons
become classical by acquiring infinite mass:

m — 0o w—0 with K = mw? = const . (A.3)

In the anti-adiabatic limit, the phonon mass becomes negligible, allowing the phonon degrees of
freedom to be effectively integrated out:

m—0 w—=00 with K = mw? = const . (A4)

When using the Hamiltonian in Eq. (3.6), where only the phonon frequency needs to be specified,
it becomes less straightforward to derive the adiabatic and anti-adiabatic limits. A simple
interpretation based on Egs. (A.3) and (A.4) would suggest that in the adiabatic limit, the
phonon frequency tends to zero, while in the anti-adiabatic limit, it tends to infinity. Although
this explanation is correct, a simple sketch can help visualize the situation more clearly. In
Fig. A.1, we illustrate how, even without knowing the specific values of K and m, but only relying
on the relation K = w?m, decreasing w leads to a region of very large mass, corresponding to
the adiabatic limit, while, as w — 00, one approaches a region of vanishing mass, corresponding
to the anti-adiabatic limit.
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Figure A.1: Visualization of the adiabatic and anti-adiabatic limits (left and right panels, respectively),
based on the relation K = w?m. In the left panel, it is shown how, by decreasing the value of w, the
straight line relating 1/K and 1/m approaches the shaded region of infinite mass, corresponding to the
adiabatic limit. In the right panel, the same behavior is illustrated as w increases, where the straight line
relating m and K moves closer to the shaded region of vanishing mass, corresponding to the anti-adiabatic
limat.
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Appendix B

Derivatives of a slater determinant
depending on continuous coordinates:
automatic differentiation

In this appendix, we focus on the antisymmetric component of the wave function, denoted as
(X;ng|¥e), which is part of the variational wave function defined in Eq. (3.13). Our goal is to
show how to compute derivatives for this specific antisymmetric wave function. Specifically, we
are interested in:

e First-order derivatives with respect to the variational parameters, which are essential for
the optimization procedure, see Eq. (4.26).

e First- and second-order derivatives with respect to the phonon displacements {X;}, which

are necessary to compute the Laplacian that appears in the phonon part of the local energy,
see Eqgs. (4.19) and (4.21).

We begin by explicitly defining the wave function and discussing its implementation in Sec-
tions B.1 and B.2. For simplicity, we provide an explicit example of the wave function for the
one-dimensional case, although extending this treatment to the two-dimensional case is straight-
forward. (Throughout this analysis, we work within a reduced Hilbert subspace with a fixed
electron number and zero magnetization, such that > n;+ =3, n;| = Ne/2.)

In Section B.3, we provide a brief overview of automatic differentiation methods, which can
be categorized into forward and backward automatic differentiation. While backward automatic
differentiation is more efficient for computing first-order derivatives in our case, the forward
method, with appropriate modifications, is well-suited for computing the Laplacian with respect
to the phonon displacement coordinates. We refer to this modified method as the Forward
Laplacian method.

First, in Section B.4, we demonstrate how backward automatic differentiation can be used
to compute first-order derivatives of our wave function. Then, in Section B.5, we show how the
same first-order derivatives can be computed using forward automatic differentiation. Finally, in
Section B.6, we discuss how the Laplacian can be computed within the framework of automatic
differentiation and apply the Forward Laplacian method to our wave function in Section B.7.
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B.1 Wave function definition and implementation

We divide this section into two cases: the first considers a wave function that represents the
ground state of an auxiliary Hamiltonian without any pairing variational parameters, while the
second case includes pairing parameters.

B.1.1 Determinant without pairing terms

Considering a wave function that does not include any pairing variational parameters, the am-
plitude of a given configuration | X;n,) is computed as follows. First, the non-interacting and
real Hamiltonian f[ep (which explicitly depends on the phonon displacements {X;} in the con-
figuration | X)) can be written as:

Hep = D titloy,+nd e, + B (<1 [y, + 6 o) +
%,7,0 1,0 7
- Z gm (Xipm — Xi) é;r,créier,a ) (B'1>
1,M,0

where the hopping amplitudes (¢;; = t;;), the chemical potential y, the external magnetic field
B* and g, = g_m are real variational parameters.

Next, we introduce a new index I that runs over all lattice sites ¢ and the spin index o, so
that the fermionic operators éj » can be unified into a new vector a?}, defined as:

di = (el el ,éh)l with i € {1,...,2L}. (B.2)
The Hamiltonian can then be rewritten as a quadratic form:

Hep =Y dy Hps(X) d, (B.3)
I.J

where H; 7(X) is a 2L x 2L matrix. To find the ground state, we need to find the matrix
Ur,o(X) that diagonalizes Hy j(X) (we use the index I to indicate physical sites and the index
a to refer to the eigenvalues). In the following, we may omit the explicit dependence on X and
write Ur o, but one should always bear in mind that the matrix H; ; depends explicitly on the
phonon displacements {X;} in the local configuration | X).

Given that UTHU = E, where E = diag(\g, A1, ..., A2r) is the diagonal matrix of eigenvalues
sorted in ascending order, we can rewrite the Hamiltonian ﬁep as:

oy = Y- (v1d)) (UH0), | (0d) = 37 0 L (B.4)

)

where we define the new fermionic operators gZ)L as:

AL = Z Ul,ad; . (B5)
I

The ground state of Hc, can now be written in terms of these new fermionic operators as:

Ne

o) = T &% 10) - (B.6)

a=1
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The local state of electrons |n,) can be written as:
no) = dip dfy_ .. .d;Ne 0y, (B.7)

where Ry, ..., Ry, are the sites occupied by electrons in the configuration |n,).
It is not difficult to prove that the matrix element of the state |¢)g) over the local state | X;n,)
is given by the following determinant:

(X |We) = det [ﬁRi,a(X)} : (B.8)

where ﬁRi,a (X) is a N, x N, matrix formed by taking the rows R; and the first N, columns of
the matrix Uy o(X).

B.1.2 Determinant with pairing terms

In the case of a wave function that contains pairing terms, the procedure remains the same.
However, in order to write the auxiliary Hamiltonian as a quadratic form, we need to perform a
particle—hole transformation. The auxiliary Hamiltonian in the presence of pairing terms reads:

Zt’L] ’LO‘A]U_'_/’LZCZO’ 20+ZAZJCzTC ¢+hc +

7.]0-

+ ng(xi+m—x Zaz+mo+2h Xipm — Xi)elsel, . +he . (BY)

i,m,0

where the hopping (t;; = tj;), pairing (A;; = Aj;), chemical potential ;1 and backflow parameters
Jm = g—m and h,, = —h_,, are all real variational parameters.

We now define a 2L-dimensional vector cZ} (with index I running over all lattice sites ¢ and the
spin index o), which includes a particle-hole transformation in its definition:

dl = (cJ{T, el e, ,ém)l withi e {1,...,2L}. (B.10)

Since spin-up creation operators are mapped into other creation operators ( I — dT) but

spin-down creation operators are mapped into destruction operators (éj, s d 1), this trans-
formation maps spin-down states into the vacuum, and vice versa.

If |0> is the new vacuum state for the new fermionic operators at site j (i.c., d; |0) = ]+L 0) =
0), the local states are mapped in the following way:

0);, = di,[0)
1=y, = dldl,, [0),
), = ,¢\o>] - [0,
[4); = 48], 10); - ), (B-11)

We can define the occupation number of these new fermionic operators, related to their new
vacuum, as the eigenvalues u; of the operators oy = didj.

Since we work with a fixed number of up and down electrons, > . n;+ = > .nj = Ne/2,
expressing these constraints in terms of the occupation numbers of the new fermionic operators
yields the following relations:

L L L L
Znﬂ'vT:Z“J:Ne/2; ZnJ7$_Zl_uj+L):N6/2; Zuj+L:L_Ne/2-
j=1 j=1

j=1 j=1
(B.12)
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The total occupation of the new fermionic operators is therefore fixed at L independently of the
N.. It is immediate to notice that:

> ur=1L. (B.13)

At this point, the Hamiltonian ﬁep of Eq. (B.9) can be expressed as a quadratic form in
terms of the new particle-hole transformed fermionic operators from Eq. (B.10). All the same
steps from Eq. (B.3) to Eq. (B.8) can be followed here, with the key difference being that the
local state |n,) should be expressed in terms of the vacuum of the new fermionic operators, as
shown in Eq. (B.11). Therefore, the number of rows and columns to be taken from the matrix
Uro(X) is L instead of N, with Ug, o(X) being a L x L matrix.

B.2 Recap of wave function computation

In this section, we restate the key steps involved in computing the amplitude of the wave function
for a given local configuration | X;n,), using a set of variational parameters, which we denote
as «. This procedure is summarized in the simple flow diagram shown in Fig. B.1.

BN /

(HeR*™2E, H=H")

U ( UNU=E, UeR¥™", E=diag{i,... b} )

75)

Ch -

( 0 €REE, U= Uy with j< L )

4 (z=detU, zeR)

Figure B.1: Flow diagram illustrating the process of computing the amplitude of the wave function given
a local configuration and variational parameters.

Our primary goal is to compute the first and second derivatives of z = det U (as defined in

Fig. B.1) with respect to each coordinate X;. Additionally, we aim to compute the first deriva-
tives with respect to the variational parameters .
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B.3 Automatic differentiation

Automatic differentiation (AD) is an essential tool in modern computational science, commonly
used when calculating derivatives analytically becomes too complex or impractical. It is widely
used in machine learning frameworks and is entirely based on the iterative application of the
chain rule.

Unlike symbolic differentiation, AD does not require the construction of explicit analytical
expressions for derivatives, enabling differentiation through iteration loops with no limitations
except for memory usage. For any given function, AD provides the exact value of the derivative
at a given point, without the approximations typical of finite difference methods, while keeping
the computational cost proportional to the cost of evaluating the function itself.

B.3.1 Types of Automatic Differentiation

There are two primary types of automatic differentiation: forward (also called tangent) and
backward (also called adjoint) differentiation.

We consider a function f : R™ — R™ with argument x € R™, whose m X n-dimensional
Jacobian matrix Jy is defined as:

(‘]f)ij = 83;11(;() . (B.14)

The choice of which method to use depends on the relationship between m and n:

e Forward (Tangent) Automatic Differentiation : Most efficient when m > n. For-
ward AD computes a single column of the Jacobian in one pass, requiring n passes to
compute the entire Jacobian.

e Backward (Adjoint) Automatic Differentiation: Most efficient when n > m. Back-
ward AD computes a single row of the Jacobian in one pass, requiring m passes to compute
the entire Jacobian.

In the case where m = n, both methods have comparable efficiency, in principle. The choice
between them depends on the specific function and on the implementation details of automatic
differentiation.

Since the wave function amplitude is a scalar value (m = 1, real-valued in our case), backward
AD is the most efficient method for computing first-order derivatives, both with respect to the
variational parameters o and to the phonon displacements {X;}.

In the following sections, we will first show how we employ backward automatic differentiation
to compute first order derivatives. Next, we will show how the gradient with respect to phonon
displacements { X} can also be computed by forward automatic differentiation. At last, we will
focus on how to compute second order derivatives with respect to {X;} by means of a Forward
Laplacian method.

B.4 First order derivatives: Backward automatic differentiation

Backward automatic differentiation is particularly useful for computing first-order derivatives
of a wave function. The method described below can be used to compute the derivatives of
the antisymmetric part of the wave function (X;n,|¥.) with respect to both the phonon dis-
placements {X;} and the variational parameters a. However, since the procedure for efficiently
computing the Laplacian of (X;n,|¥,) with respect to {X;} automatically provides access to

111



the gradient, the procedure outlined below will be employed only for the variational parameters
« in our numerical implementation.

Backward automatic differentiation operates as follows: we begin by defining the adjoint of
the result as z = % = 1. This adjoint, z, is then propagated backward through the computa-
tional graph shown in Fig. B.1, moving from bottom to top, and ultimately reaching the initial
variables at the top of the figure. During this propagation, when the adjoint U is computed, it
is interpreted as U'ij = %Zij. Once the adjoint @y, is reached, the derivative 8%@ is obtained.

The rules for propagating adjoints for the matrix operations of interest are outlined in
Ref. [109]. In our case, the first step is to compute the adjoint of a determinant; since z = det ﬁ,

according to Ref. [109] we can write:
= SN
U=7%z (U— ) (B.15)

Note that U is a L x L matrix (assuming we are working with particle-hole fermions). Then the
2L x 2L matrix U is trivially obtained:

URi,j = [:jij for i,j S {1,L} ;
Uj; = 0 otherwise . (B.16)

Next, we consider the eigendecomposition of the symmetric matrix H written as HU = AU,
where U~ = U7 is the orthogonal matrix that performs the decomposition and A is the diagonal
matrix of eigenvalues, namely A = diag (A1, A, ...). The adjoint H is computed as follows:

H=U[Fo (UT0)]UT, (B.17)

where the ® operation is an element-wise product between matrices (all other operations are
standard matrix products), and the antisymmetric matrix F is defined as:

i A#EN
Fij = ) (B.18)
0 it =

where, for computational reasons, in the numerical implementation we set to zero all elements
corresponding to eigenvalues closer than a threshold 10711,

Finally, to propagate the adjoint through the function that returns the matrix H given the
parameters «, we compute:

_ - OH;;

where the partial derivatives %ZZ are known analytically.

B.5 First order derivatives: Forward automatic differentiation

In this section, continuing with the wave function shown in Fig. B.1, we discuss how the first-
order derivatives (computed in the previous section via backward AD) can also be obtained using
a forward automatic differentiation scheme. In particular, we focus on computing the gradient
with respect to the coordinates {X}.

Having fixed a certain coordinate X; with respect to which we want to differentiate, the idea
is to initialize a vector of tangent components X; = g—))é = ¢;; and propagate the tangent X

by means of the chain rule through all the intermediate steps of the flow diagram in Fig. B.1,
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moving from top to bottom. When, at some point in the calculation, one obtains the tangent

ﬁ, it corresponds to ﬁl,m = ag% At the end of the calculation, one obtains the derivative
J
Z

Z = 88)@ . The procedure is then simply repeated by looping over all the phonon coordinates X;.

The first step is straightforward; it only requires to propagate X element by element through

the matrix H: OH OH
(H)hn:: i a)leﬁ - (H)hn:: a)gl’ (B.20)

where we made use of the fact that X; = d; j, being X; the coordinate with respect to which we
want to differentiate.

Next, to propagate the tangents through the eigendecomposition of the matrix H, we just
need to compute the antisymmetric matrix F' defined in Eq. (B.18). Relying on known results
regarding the derivative of an eigendecomposition, see Ref. [109], we can find:

Uv=vlFo(UTHU)| (B.21)

where the ® operation is an element-wise product between matrices. Since the original matrix
H is symmetric, we assume that U~ = UT. .

The next step is trivial and only requires extracting the submatrix U from the matrix U
following the definition of U.

(0) =(v) withm<r. (B.22)

Ilm R;,m

Finally, relying on Ref. [109] for the derivative of a determinant, we compute 2:
z:zﬂ(ﬁ*ﬁ). (B.23)

We notice that, in the case of forward automatic differentiation, the procedure involves
looping over all coordinates {X;} to compute the gradient. For each coordinate, a different H,

U, U , and 2 is computed. However, the entire gradient could have been obtained with a single
backward pass, as shown in the previous section.

Specifically, since the adjoint H is the same for all variational parameters, the backward auto-
matic differentiation procedure needs to be performed only once to compute H. Once this is
done, obtaining the gradient with respect to the coordinates {X;} is straightforward. It only
requires computing:

_ _ OH;;
X}:E:Hwaﬁ, (B.24)
ij

where the partial derivatives %‘;‘élj are known analytically.

B.6 The Laplacian with Automatic Differentiation: computing
the Hessian matrix

In our specific case, we need to compute the Laplacian with respect to the phonon displace-
ments {X;}, thus, second-order derivatives are required. In most AD implementations (before
July 2023), the Laplacian was computed by first calculating the Hessian matrix and then taking
its trace (e.g., this is how the Laplacian calculation is implemented in the “Owl Scientific Com-
puting” library [110, 111]). Although widely used, this method is computationally inefficient, as
it involves calculating all mixed derivative terms, which are discarded after the trace is taken.
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Consider a function F' : R® — R with argument x € R®. The n X n-dimensional Hessian
matrix is defined as:

0?F(x)
H = . B.25
P00 = G, o (B.25)
However, we can define a function G : R™ — R™ that returns the gradient of F', namely:
0F (x)
i(X) = B.2
Gilx) = 2 (B.26)

Computing the n x n-dimensional Jacobian matrix Jg of the function G is equivalent to com-
puting the Hessian matrix of the initial function F:

2
Ja(x) = 8(;;(;() - ?935 a(;};) — Hp(x) . (B.27)
Therefore, to evaluate the Hessian matrix Hp(x) at a specific point x, we can apply automatic
differentiation twice: the first pass computes the gradient of F' at x, which corresponds to the
function G(x), and the second pass computes its Jacobian Jg(x) at the same point x.

There are four ways to compute the Hessian, each with different computational efficiencies.
The name of each method depends on whether forward or backward AD was employed to
compute the gradient and the Hessian, namely: forward-over-forward, forward-over-backward,
backward-over-forward, and backward-over-backward. The pros and cons of these methods are
discussed in “The Autodiff Cookbook” section of the JAX library [112]. In the JAX library,
the “hessian” function explicitly computes the entire Hessian matrix using the forward-over-
backward method, where the backward pass is applied first to compute the gradient, followed
by the forward pass.

B.7 Forward Laplacian method: directly computing the Lapla-
cian

Although computing the full Hessian and taking its trace is a commonly used method, it is
inefficient in our context since we only need the sum of the diagonal elements of the Hessian
to compute the Laplacian. A more efficient algorithm, introduced in July 2023 as a preprint
and later published in 2024 [113|, computes the Laplacian directly without requiring the full
Hessian. This method computes the Laplacian in a single forward pass (directly computing first
and second derivatives), bypassing the need for mixed derivatives and avoiding the storage of
the full Hessian.

Now we extend the treatment of the Section B.5, where we showed a simple forward AD
scheme, to directly compute the Laplacian with respect to the coordinates {X;} by means of a
single forward pass.

Having fixed a certain coordinate X; with respect to which we want to differentiate, this time
we initialize two vectors of tangent components: X; = 0; ; and X = d; j, one for propagating the

02U} m

first and the other for the second derivative. The tangent U will correspond to Ulm = —x
j

B.7.1 Relations among tangents

First, we need to show a few relations regarding the tangents of various matrix operations. We
derive all relations regarding second order tangents &. As for the usual tangents &, we just show
the relations as they are stated in Ref. [109], without deriving them from first principles.
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B.7.1.1 Inverse of a matrix

c = At

C = —AlAAt, (B.28)
B.7.1.2 Determinant of a matrix

y = detd
y = y Tr [A_l A}
o= g [A Al by [ A byt [a ] =

_ y{(Tr {A*l A])2 ~Tr {A*IA At A} + Tr {A*l A]} . (B.29)

B.7.1.3 Eigendecomposition of a symmetric matrix

Given a real symmetric matrix, A = AT we define its eigenvalues and eigenvectors according to
the relation:
AUJ' = )\j'Uj 5 (B30)

where ); is the j-th eigenvalue, related to the eigenvector v;. The eigenvectors v; are the column
of the orthogonal matrix U, with UT = U™!; the eigenvector equation can thus be written as:

AU = AU , (B.31)

where A is a diagonal matrix formed by the eigenvalues: A = diag (A1, A2, ...). We define the
F matrix as in Eq. (B.18). According to Ref. [109], the tangents are:

. T
i = v Ay

v = UlFe(vTAv)|. (B.32)
We first compute the tangent of the matrix F' of the inverse eigenvalue differences:

[V
: oyar O NEA
iy = . (B.33)

0 i\ =

Next, we can compute U easily:
U =0 :F@ (UTA U)] +U [F@ (UTA U)] n
+ UlFo (UTAdv)|+ulFo (UTAU)| +

+ U :F@ ((U)TA U)] , (B.34)

where A and A must be given as initial tangents to be propagated, while terms F, U, and F
have been defined above.
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B.7.2 Computing the Laplacian for of the wave function

For the specific case of the wave function shown in Fig. B.1, since the SSH coupling is linear with
respect to the phonon coordinates, the second derivative of H with respect to each coordinate
X is always vanishing. Therefore:

R C R

Computing U and U only requires to apply Egs. (B.32) and (B.34), with the slight simplification
that H =0 in our case.
Obtaining U and U is trivial and only involves extracting a submatrix:

U) = (0 with m < L | (B.36)
(9),,= ().,

the case of U has been shown in Eq. (B.22).

At last, one only needs to apply Eq. (B.30) to obtain Z and 2. Looping over all phonon
coordinates X; allows us to compute all derivatives.

Since the quantities that are physically relevant are the first and second derivatives divided
by the function itself, we notice that the value of the determinant simplifies when dividing the
derivatives by z.
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