Chapter 21

Problems

Problem 21.1 (Change of coordinates and tensor components)

Let us consider T € TZ(V) with V a vector space of dimension n. Let us fix
a basis {€;}i=1,..n inV and let {El}lzln be the dual basis in V*. Let us
consider a change of basis in V and let {€;};=1,...n and {E’}Zzln be the new
basis of V and of V*. Let us denote the change of basis as &; = Ai7e;. Write
the relation between T,ij, the components of T in the first basis, and Tc‘”’, the
components of T in the second basis. Generalize this result for a general tensor
TeTl(V).

Problem 21.2 (Contraction of a tensor in coordinates)

Let us consider T € TZ(V) with V a vector space of dimension n. Let us fiz a
the contraction C}. Write the components of the tensor C{T. Ezpress now the
tensor T in a new basis e; = Aijej and in the corresponding dual basis. Write
the components of the tensor C1T in the new basis. Generalize the above result
to the Cj contraction of a generic tensor T € T{ (AM).

Problem 21.3 (Covariant derivative: component expression)
Let us consider a vector field V', a vector field W on a manifold .# and a
coordinate system (U, ¢) associated to coordinates (z*,...,z™).

1. Write the components of D(V , W) in the given coordinate system.

2. Consider a second coordinate system (V1)) associated to coordinates (y*,
ooy y™) and with UNV # 0. Write then the change in the components of
V and W in UNV. Write also the change in the components of D(V , W)
mUNV.

Do the same computations for a tensor w € TV () and for a tensor T €
TH(A). Generalize all the results for a generic T € TI (A).

Solution:
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But covariant derivative preserves contractions. Contracting the above
equality we obtain

1,m

ei (B (e))) = B* <Z Fzz-ea> + D(e:, E¥)(e)),
which gives
Z 'Y E"(eq) + e;(D(es, EY)).
In turn this implies

O_Zl—‘uék 67,, ))j7

from which we get

(D(ei, EY)); = —T;

(YN

) )
o™ w; BE*. Then we
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Let us now consider a generic (0, 1)-tensor w =
have

(D(ei,w))x = er(D(eiw))

D(ei,z’;wy-m)

1,m

= Z{ (wj) E’ +wJD(ei7Ej)])

3

= ek(ei(wj)Ej +ij(ei7Ej))

<.

= 3 (eilwen(B) + wien(Dle:, B))

3

3

(ei(wj)(Si — Wi sz)

Il
-

1,m
= ei(wr) - Z“-’J‘ng-
J

We are going to denote with a semicolon the covariant derivative also in
this case, i.e.
1,m

_ J
Wi = e,-(wk) - E wil,.
J
In a coordinate basis {9; }i=1,...,m the above becomes

,m
— J
Wk = Ojwg — E wil',.
J
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