Chapter 12

Lecture 12

12.1 Connections on manifolds - 4 -

12.1.1 Component expression of the covariant derivative

We will now compute explicitly D (V, (D (W, Z))) in its local form, i.e. when
a given basis {e;};=1,..m In the tangent space is fixed, so that V' = lem vte;,
W = Zjlm wie; and Z = Y, 2Fe;,. We start with
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so that )
(D(W,2)) =Y 2t
k

where we set up the following

Notation 12.1 (Covariant derivative components)
We will denote the covariant derivative operation on vector/tensor components
with a semicolon in the indices, as follows,

330

where
1,m
i def. i ik
25 = ej(z)—l—E 2"
k

If we make the choice of a coordinate basis for {€;}i=1,..m, t.e. {€}i=1,. . m =
{0i}i=1.....m, then we have
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Using a “” to denote usual partial derivatives we see that the notation for
covariant derivatives is just a generalization of the one for partial derivatives,
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If we define the second covariant derivative of a vector field Z as the covari-
ant derivative of the covariant derivative of Z, i.e. D (—,D(—,Z)), then in
component notation (i.e. after choosing a coordinate system, as usual, we have

o=l
Zij = 2 iy

Generalizing we then have
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so that
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= [2% 5wk v + 2% pwh o] (12.1)
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To gain some more confidence in passing from the intrinsic notation to the com-
ponent expression, we are going to derive the above result for D (V,D (W, Z))
again, by using the properties of the connection, writing as usual the vector
fields in a given coordinate basis {0;}i=1,..m. We have

1,m 1,m 1,m
D(V,D(W,Z)) = S 00D (> w2 o
g J k
1,m 1,m 1,m
= Z’UZD a“D ijaj,zzkak
g J k

1,m 1,m
— ZUZD ( 77211)]1) @,z’“@k)

7.k

0,J
1,m 1,

= ZviD (&,wj Z (8 2F 428D (8],8k))>
i k
1I,m 1,m 1,m

= Zle (6l,wj (Zajzkﬁk —|—Zz ngal
i k k.l
1,m 1,m 1,m

= ZviD (&,wj (Z@ 2F 0, +Zz Fklak
— -

k,l

1,m 1,m 1,m
= ZviD (31,10]2 (0 z +ZZF ) )
k
1,m
= Z v'D &,w z ]8k)
N
1,m
= Z vl (&-wjzk;j@k + w! D ((91, Zk;jak))
N
1,m
= Z v’ [&»wjzk;j&k + w? (6¢Zk;j8k + Zk;jD (81', 8k))]

.3,k

1,m 1,m
= Zv l@wjz Ok +wl0;2F ]8k+2wj kTh0

1,5,k

1,m 1,m
= Zv l@wjz Jak—I—w]@,Z ]8k+zwj ij IO+
.5,k

7m )m
i Jk i Jk
+ E w’ z ;lFﬁjak — E w’ z ;lFﬁj(’)k]
l l

(©2004 by Stefano Ansoldi — Please, read statement on cover page



[12.2].74 Lecture 12

1,m 1,m
i i Jk i,,.7 .k l
= g v' 0w’ 2%, ;0 + g v'w? 2% 10k +
i,7.k 1,5,k,l
1,m
+ E viwd 9,27 ;0 +
1,9,k
1,m 1m
=+ i,,.7 .k ‘Fl o — 7k Fl o
vwizl 01 wrz 1l 450k
1,5,k,1 1,5,k,1
1,m 1,m
_ ik i ik g
= g v'2" ;0w O + g V2" w0 +
.5,k 1,5,k,l
1,m
+ g viwd 9,27 ;0 +
irjik
1,m 1,m
0,7 1 k ) Kk l
+ E v'wl 2 0, — E w’ 2" 1550
1,5,k,l 1,5,k,l
1,m 1,m
= E v’zk;j &»w]—l—g wngl O +
.5,k l
1,m 1,m 1,m
i,.J k l k k l
+ E v'w’! | 0;27 5 + E z i — E z ;lFij Ok
ik ] ]
1,m 1,m
= E v"zk;jwj;iak—i— E v"uﬂ(zk;j);ﬁk
1,5,k 1,5,k
1,m
= > [yt + 2F w0 o
i,5.k

Note that in the passage before the last one we explicitly see that the covariant
derivative is a tensor.

12.2 Curvature - 1 -

12.2.1 Definition of the Riemann tensor and a basic prop-
erty

Definition 12.1 (Riemann curvature tensor)
The Riemann curvature tensor is a map

R(—, =)= V(M) x V(M) x V(M) — V(MA).

such that for all triples of vector fields V., W, Z, the vector field R(V,W)Z
is defined as

RV W)Z=D((V,(D(W,Z)))—D(W,(D(V,Z)-D([V,W],Z).
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If we choose a basis on the tangent space {e;};=1,..n and let {Ej}jzl,___ﬁm be
its dual basis the components of the Riemann tensor are defined as'

Rl L EY(R(e;, ex)e;).

We remember that in terms of the dual basis {Ej}r=1,...m Wwe can also write
(D(W,2))' = E'(D(W,Z))
or, of course,
(D(V,(D(W,2)))" = E'(D(V,(D(W,2)))).
We are going to use the above relations in what follows.

Proposition 12.1 (Riemann tensor and covariant derivatives)
The Riemann tensor expresses the non-commutativity of the second covariant
derivatives of a vector field.

Proof:

We are going to use the definitions above. From the definition of the
Riemann tensor we can extract the components thanks to
E'(R(V,W)Z) = E'(D(V,(D(W,Z2)))-E(DW,(D(V,2)))+
~E(D (V. W], 2))
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Of course the left-hand side gives

1,m
E'(R(V,W)Z)=> R'ijv'w"?

4,5,k

1Please, pay close attention to the index order in the left and right sides of the coming
definition!
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so that
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and, since V and W are arbitrary vectors,
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