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A quantum system in zero field

quantum
system
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The parameter ξ

No magnetic field, box centered at the origin:[
1
2

p2 + V (r)
]
χ(r) = εχ(r), χ(r) real function

Parameter ξ → the box position: H(R) =
1
2

p2+V (r − R)

⟨r|ψ(R)⟩ = χ(r − R)

If there is a magnetic field (somewhere):

H(R) =
1
2
[p +

e
c

A(r) ]2 + V (r − R)

⟨r|ψ(R)⟩ = e−iφ(r)χ(r − R)

φ(r) =
e
ℏc

∫ r

R
A(r′) · dr′
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Berry connection & Berry phase

Formal solution!

However: In the region where B(r) vanishes, φ(r) is a single
valued function of r, and ⟨r|ψ(R)⟩ is an “honest” electronic
wavefunction.

What about the dependence on the “slow” parameter R?

Berry connection:

i⟨ψ(R)|∇Rψ(R)⟩ = i⟨χ(R)|∇Rχ(R)⟩ − e
ℏc

A(R)

Berry phase:

γ = − e
ℏc

∮
C

A(R) · dR
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A closer look at the Berry phase γ

Chapter 2

Early discoveries

2.1 The Aharonov-Bohm effect: A paradox?

The Aharonov-Bohm effect is the paradigm for a measurable effect induced by
an inaccessible flux. We anticipate that in many other phenomena such flux may
be purely “geometrical” or “topological”, without any relationship to a genuine
magnetic field: this is e.g., the case considered in the next Section. It is only
in the Aharonov-Bohm effect that one addresses indeed the inaccessible flux of
a magnetic field, as present e.g. inside a solenoid. An interference experiment
detects the presence of the flux even when the electronic motion is confined in
the region outside the solenoid, where the magnetic field is zero. This seems
paradoxical: something which “happens” in a region not visited by the quantum
particle may affect some observable properties. Indeed, the founding fathers of
quantum mechanics (in the 1920s) failed to notice such peculiar feature. It only
surfaced more than 30 years afterwards in the milestone paper by Aharonov and
Bohm [23], appeared in 1959, whose abstract states verbatim “...contrary to the
conclusions of classical mechanics, there exist effects of potential on charged
particles, even in the regions where all the fields (and therefore the forces on the
particles) vanish”.

The paper was shocking, and its conclusions were challenged by several au-
thors; nonetheless experimental validations appeared as early as 1960 [25, 26].
The main message of Ref. [23] is at the basis of many subsequent developments

Figure 2.1: The Aharonov-Bohm interference experiment (From Ref. [24])

10

γ = − e
ℏc

∮
C

A(R) · dR = − e
ℏc

Φ

In this problem (and only in this problem):
The “geometric vector potential” coincides with the
magnetic vector potential (times a constant)

e
hc is the “flux quantum”: γ = −2π Φ

Φ0

Only the fractional part of Φ/Φ0 is relevant
The Berry phase γ is observable (mod 2π)
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Bottom line (no paradox!)
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1 Aharonov-Bohm revisited

2 Born-Oppenheimer approx. in molecules (B = 0)

3 The Z2 topological invariant

4 Born-Oppenheimer approx. in molecules (B ̸= 0)
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Reexamining the Born-Oppenheimer approximation

H([R], [x]) = −
∑

j

ℏ2

2Mj
∇2

Rj
+ Hel([R], [x])

[x]: electronic degrees of freedom (orbital & spin)
[R]: nuclear coordinates Rj
−iℏ∇Rj : canonical nuclear momenta

Hel([R], [x]) = electronic kinetic energy
+ electron-electron interaction
+ electron-nuclear interaction
+ nuclear-nuclear interaction
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Recipe

Product ansatz: Ψ([R], [x]) = ⟨ [x] |Ψel([R])⟩Φ([R])

Solve the electronic Schrödinger equation at fixed Rj :

Hel([R], [x]) ⟨ [x] |Ψel([R])⟩ = Eel([R]) ⟨ [x] |Ψel([R])⟩

Use Eel([R]) as the potential energy for nuclear motion:−
∑

j

ℏ2

2Mj
∇2

Rj
+ Eel([R])

 Φ([R]) = E Φ([R])

Textbook example: Vibrational levels of a biatomic
molecule.
On many occasions, the nuclear motion can be considered
as purely classical (Schrödinger −→ Newton).
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A closer look at the Born-Oppenheimer recipe

Product ansatz: Ψ([R], [x]) = ⟨ [x] |Ψel([R])⟩Φ([R])

The operator ∇Rj acting on Ψ([R], [x]):

∇RjΨ([R], [x]) = ⟨ [x] |Ψel([R])⟩∇RjΦ([R])

+ ⟨ [x] |∇RjΨel([R])⟩Φ([R])

Multiplying by ⟨Ψel([R]) | [x] ⟩ and integrating in d [x]:∫
d [x] ⟨Ψel([R]) | [x] ⟩∇RjΨ([R], [x])

=
(
∇Rj + ⟨Ψel([R]) |∇RjΨel([R])⟩

)
Φ([R])

Nuclear kinetic energy, after [x] is “integrated out”:

TN =
∑

j

ℏ2

2Mj

(
−iℏ∇Rj − iℏ⟨Ψel([R]) |∇RjΨel([R])⟩

)2
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A term was missing!

Naive Born-Oppenheimer approximation:(
TN + Eel([R])

)
Φ([R]) = E Φ([R]), TN = −

∑
j

ℏ2

2Mj
∇2

Rj

More accurate Born-Oppenheimer approximation:

TN =
∑

j

1
2Mj

(
−iℏ∇Rj − iℏ⟨Ψel([R]) |∇RjΨel([R])⟩

)2

The electronic Berry connection acts as a “geometric
vector potential” in the nuclear Hamiltonian

In most cases the correction is neglected: Why?
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The hydrogen (or sodium) trimer, LCAO

Conical intersection in the trimer

A

B C

Homonuclear trimer in its equilateral configuration:
Degenerate HOMO
|1⟩ = 1√

2
( |B⟩−|C⟩ ) ; |2⟩ = 1√

6
( 2|A⟩−|B⟩−|C⟩ )

Berry’s phase — 2010 – p. 24

|2⟩ = 1√
6
( |B⟩+|C⟩ −2 |A⟩ )

|1⟩ = 1√
2
( |C⟩−|B⟩ )

|0⟩ = 1√
3
( |A⟩+|B⟩+|C⟩ )

Equilateral geometry, 3 valence electrons: degenerate
HOMO (ε1 = ε2)
Broken-symmetry equilibrium geometry: isosceles
Jahn-Teller splitting (ε1 ̸= ε2)

|1⟩ is the HOMO, |2⟩ is the LUMO
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Born-Oppenheimer surfaces

pseudorotation
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Born-Oppenheimer surfaces

pseudorotation

“conical intersection”

a.k.a. “diabolical point”

1812 illustration of woman with
diabolo

The Greek word "diabolos" means "the liar" or "the one that commits perjury", from the verb "diaballo",
which means "to throw in", "to generate confusion", "to divide", or "to make someone fall". Later the word
"diabolos" was used by Christian writers as "the liar that speaks against God". From this meaning come
many modern languages' words for "devil" (French: diable, Italian: diavolo, Spanish: diablo, Portuguese:
diabo, German: Teufel, Polish: diabeł).

Confusion about the provenance of the name may have arisen from the earlier name "the devil on two
sticks", although nowadays this often also refers to another circus-based skill toy, the devil stick.

Design
The design of diabolos has varied through history and across the
world. Chinese diabolos have been made of bamboo. Wooden
diabolos were common in Victorian times in Britain. Rubber diabolos
were first patented by Gustave Phillippart in 1905. [2] In the late
twentieth century a rubberised plastic material was first used. Metal
has also been used especially for fire diabolos.

The size and weight of diabolos varies. Diabolos with more weight
tend to retain their momentum for longer, whereas small, light
diabolos can be thrown higher and are easier to accelerate to high
speeds. Rubber diabolos are less prone to breakage yet are more
prone to deformations. More commonly used are plastic-rubber
hybrids that allow flex but hold their shape. One-sided diabolos are
also available but are more difficult to use. For beginners diabolos of
a diameter of min 9 cm are recommended.

Basic principles
The most basic act of diabolo manipulation is to cause the spool to
spin while it is suspended from the string. This is commonly
achieved by dragging the string across the axle in such a way that the
friction causes the spool to roll. By repeatedly lifting one of the
handsticks while providing slack with the other the speed of rotation of the spool can be increased as the
spool "rolls" down the string. The lifting hand is typically the user's dominant hand. This method is known
as acceleration.

Further increases in speed are obtained by a variety of techniques, including power whips; accelerations,
such as Chinese wip thrusts and loop acceleration; power burners; and orbit tricks.

Once speed is built up, the diaboloist typically performs a routine based on various advanced tricks outlined
below. The best diaboloists can work these tricks smoothly and also accelerate keeping the diabolo in a
constant motion without having to pause to speed up the spin again. The diabolo will stay balanced as long
as there is speed.

Tricks and styles

Fundamental tricks
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Nuclear dynamics

Eel(ξ) = Eel(ξ) ϑ-independent

Eel(ξ) =
1
2

k(ξ2 ± 2 ξmin ξ)

Lowest BO surface:
minimum in ξmin

Eel(ξmin) = −1
2

k ξ2
min = −EJT

Classical: Free motion at valley’s bottom, M = 3m
& transverse oscillations

Quantized pseudorotations:

Φmn(ξ, ϑ) ∝ Hn(αξ) e−
ω
2 (ξ−ξmin)

2
eimϑ

m ∈ Z, n = 0,1,2, . . .
Ground state: m=0, n=0
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H. C. Longuet-Higgins et al. (1958)Conical intersection in the trimer

A

B C

Homonuclear trimer in its equilateral configuration:
Degenerate HOMO
|1⟩ = 1√

2
( |B⟩−|C⟩ ) ; |2⟩ = 1√

6
( 2|A⟩−|B⟩−|C⟩ )

Berry’s phase — 2010 – p. 24

The electronic wfn ⟨r|ψel(ξ)⟩ changes sign (a π phase)
The total wfn Ψ(ξ, r) = ⟨r|ψel(ξ)⟩Φ(ξ) must be single-valued
Even the nuclear wfn must change sign

⇒ Different quantization rules!

Φmn(ξ, ϑ) ∝ Hn(αξ) e−
ω
2 (ξ−ξmin)

2
eimϑ

m half-integer, n = 0,1,2, . . .
Ground state: m = 1

2 ,n = 0
Observable effect in QM, no effect in CM
(the system does not visit the conical intersection)
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Molecular Aharonov-Bohm effect

Chapter 2

Early discoveries

2.1 The Aharonov-Bohm effect: A paradox?

The Aharonov-Bohm effect is the paradigm for a measurable effect induced by
an inaccessible flux. We anticipate that in many other phenomena such flux may
be purely “geometrical” or “topological”, without any relationship to a genuine
magnetic field: this is e.g., the case considered in the next Section. It is only
in the Aharonov-Bohm effect that one addresses indeed the inaccessible flux of
a magnetic field, as present e.g. inside a solenoid. An interference experiment
detects the presence of the flux even when the electronic motion is confined in
the region outside the solenoid, where the magnetic field is zero. This seems
paradoxical: something which “happens” in a region not visited by the quantum
particle may affect some observable properties. Indeed, the founding fathers of
quantum mechanics (in the 1920s) failed to notice such peculiar feature. It only
surfaced more than 30 years afterwards in the milestone paper by Aharonov and
Bohm [23], appeared in 1959, whose abstract states verbatim “...contrary to the
conclusions of classical mechanics, there exist effects of potential on charged
particles, even in the regions where all the fields (and therefore the forces on the
particles) vanish”.

The paper was shocking, and its conclusions were challenged by several au-
thors; nonetheless experimental validations appeared as early as 1960 [25, 26].
The main message of Ref. [23] is at the basis of many subsequent developments

Figure 2.1: The Aharonov-Bohm interference experiment (From Ref. [24])

10

Aharonov-Bohm effect (real B field):

γ =

∮
C
A(ξ) · dξ = −2π

Φ

Φ0
mod 2π

Molecular Aharonov-Bohm effect (B = 0):

γ =

∮
C
A(ξ) · dξ = π mod 2π

Same as having a δ-like flux tube at the conical intersection

Φ =
Φ0

2
(half-quantum, a.k.a. “π flux”)
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Berry phase: discrete algorithm

γ =
N∑

j=1

∆φj,j+1

= − Im log ⟨ψ(ξ1)|ψ(ξ2)⟩⟨ψ(ξ2)|ψ(ξ3)⟩ . . . ⟨ψ(ξN)|ψ(ξ1)⟩

The Berry phase

|ψ(ξj+1)⟩

|ψ(ξj)⟩

γ =
N

∑

j=1

∆ϕj,j+1

= − Im log ⟨ψ(ξ1)|ψ(ξ2)⟩⟨ψ(ξ2)|ψ(ξ3)⟩ . . . . . . ⟨ψ(ξN )|ψ(ξ1)⟩

Berry’s phase — 2010 – p. 25

N = 3

Three points are enough

|ψ(ξ2)⟩ ∝ |B⟩−|A⟩

|ψ(ξ3)⟩ ∝ |C⟩−|A⟩

|ψ(ξ1)⟩ ∝ |B⟩−|C⟩

Berry’s phase — 2010 – p. 26

⟨ψ(ξ1)|ψ(ξ2)⟩⟨ψ(ξ2)|ψ(ξ3)⟩⟨ψ(ξ3)|ψ(ξ1)⟩ = −1
8
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Outline

1 Aharonov-Bohm revisited

2 Born-Oppenheimer approx. in molecules (B = 0)

3 The Z2 topological invariant

4 Born-Oppenheimer approx. in molecules (B ̸= 0)



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Topology & conical intersections

Herzberg & Longuet-Higgins, 1963:

78 POTENTIAL ENERGY SURFACES 

Following Teller we denote the two independent co-ordinates by x and y ,  and 
take the origin at the point where Hl1 = H22 and Hl2 = 0. The secular equations 
may then be cast in the form : 

W + h , x - E ,  zy c1 

[ZY, W+h,x-E] [c , l  = O 
or 

W + ( m + k ) x - E ,  Zy 
ly ,  

where m = +(hi + hz), k = 3(h1- h2). The eigenvalues are 
E = W + mx ,/(k2x2 + 12y2), 

and this is the equation of a double cone with vertex at the origin. 
This result was obtained by Teller,4 but he did not draw attention to the following 

property of the wave function near the origin. Define an angle 6 by the equations 
kx = R cos 8, l y  = R sin 8, (2.7 

where 
R = J(k2x2+ Z2y2)>0. 

Taking the lower root of (2.5), namely, 

we deduce that on the lower sheet of the energy surface the coefficients c1 and c2 

satisfy 

E = W - t m x - R ,  (2.9) 

R + R  cos 8, R sin 
R sin 8, R + R  cos 

It follows that 
c1 -sin8 cosB-1 
c2 1+cos 8 sin 8 
-=-=-- - - -tan 30. 

(2.10) 

(2.11) 

Hence, if t,b is to be real, like ~1 and q 2 ,  we must have 
c1 = sin $9, c2 = -cos 30, (2.12) 

or c1 = -sin $8, c2 = cos 38. (2.13) 
In either case, as we move round the origin keeping R constant and allowing 6 to 
increase from 0 to 27r, both c1 and cz change sign, and so does t,b. This result is 
a generalization of one which has been proved 5 in connection with the Jahn-Teller 
effect, 6 where one also encounters a conically self-intersecting potential surface. 
It shows that a conically self-intersecting potential surface has a different topolo- 
gical character from a pair of distinct surfaces which happen to meet at a point. 
Indeed, if an electronic wave function changes sign when we move round a closed 
loop in configuration space, we can conclude that somewhere inside the loop there 
must be a singular point at which the wave function is degenerate; in other words, 
there must be a genuine conical intersection, leading to an upper or lower sheet of 
the surface, as the case may be. 

3. THREE HYDROGEN-LIKE ATOMS 

A useful illustration of the above generalizations is a system of three hydrogen 
atoms near the vertices of an equilateral triangle. If the internuclear distances 
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Berry phase γ
Topologically trivial: γ = 0 mod 2π = π × (0 mod 2)
Topologically nontrivial: γ = π mod 2π = π × (1 mod 2)
Topological invariant ∈ Z2
(Z2 = additive group of the integers mod 2)
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Robustness of the topological invariant

Two-valued topological invariant:
The Z2 index is either 0 or 1 (mod 2)

The index is robust against deformations of the path C,
provided it does not cross the “obstruction”
The index is very robust against continuous deformations
of Hamiltonian & wave function,
provided the HOMO-LUMO gap does not close
We can even “continuously deformate” the wfn into the
exact correlated one (if ground state non degenerate)
Key role of time-reversal invariance
In modern jargon:
Z2 invariant is “protected” by time-reversal symmetry
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Outline

1 Aharonov-Bohm revisited

2 Born-Oppenheimer approx. in molecules (B = 0)

3 The Z2 topological invariant

4 Born-Oppenheimer approx. in molecules (B ̸= 0)
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BO approx. for the H atom, B = 0

H(R, r) = − ℏ2

2M
∇2

R + Hel(R, r)

Hel(R, r) = − ℏ2

2m
∇2

r −
e2

|r − R|

Lowest BO surface:

Eel(R) = const = − e2

2a0
, ⟨r|ψel(R)⟩ ∝ e−|r−R|/a0

BO Recipe: − ℏ2

2M
∇2

RΦ(R)− e2

2a0
Φ(R) = EΦ(R)

EBO(k) =
ℏ2k2

2M
− e2

2a0
, ΨBO(R, r) ∝ e−|r−R|/a0 eik·R
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Compare exact with Born-Oppenheimer approx.

H(R, r) = − ℏ2

2M
∇2

R − ℏ2

2m
∇2

r −
e2

|r − R|

Separable using: R̃ =
M R + m r

M + m
, r̃ = r − R

E(k) =
ℏ2k2

2(M + m)
− µe2

2a0
, µ =

m M
m + M

EBO(k) =
ℏ2k2

2M
− e2

2a0
lim

m/M→0
E(k) = EBO(k)
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Compare exact with Born-Oppenheimer approx.

H(R, r) = − ℏ2

2M
∇2

R − ℏ2

2m
∇2

r −
e2

|r − R|

Separable using: R̃ =
M R + m r

M + m
, r̃ = r − R

E(k) =
ℏ2k2

2(M + m)
− µe2

2a0
, µ =

m M
m + M

EBO(k) =
ℏ2k2

2M
− e2

2a0
, k ≪ 1

a0
lim

m/M→0
E(k) = EBO(k)
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BO approx. for the H atom, B ̸= 0
(Neglecting irrelevant spin-dependent terms)

H(R, r) =
1

2M

[
−iℏ∇R − e

c
A(R)

]2
+ Hel(R, r)

Hel(R, r) =
1

2m

[
−iℏ∇r +

e
c

A(r)
]2

− e2

|r − R|

In a constant B field Eel(R) = Eel = const

Naive recipe:
1

2M

[
−iℏ∇R − e

c
A(R)

]2
Φ(R) − Eel Φ(R) = EΦ(R)

Same kinetic energy as if the proton were “naked”
Classical limit: the H atom is deflected by a Lorentz force
A neutral system is not deflected by a Lorentz force



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

BO approx. for the H atom, B ̸= 0
(Neglecting irrelevant spin-dependent terms)
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Solution of the paradox

“Screened” Born-Oppenheimer approximation:
Schmelcher, Cederbaum, & Meyer, 1988

Better:
Berry Connection & Berry curvature (same as for B = 0)

1
2M

[
−iℏ∇R − e

c
A(R)

]2
→ 1

2M

[
−iℏ∇R − e

c
A(R)− ℏA(R)

]2

A(R) genuine vector potential of magnetic origin
A(R) = i⟨ψel(R)|∇Rψel(R)⟩ Berry connection
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Detailed reckoning in the central gauge

Hel(R, r) =
1

2m

[
−iℏ∇r +

e
2c

B × r
]2

− e2

|r − R|

Hel(0, r) =
1

2m

[
−iℏ∇r +

e
2c

B × r
]2

− e2

r
⟨r|ψel(0)⟩ = ψ̃0(r) complex wfn, cylindrical symmetry

⟨r|ψel(R)⟩ = e−
ie

2ℏc r·B×R ψ̃0(|r − R|)

A(R) = i⟨ψel(R)|∇Rψel(R)⟩ = − e
2ℏc

B × R = − e
ℏc

A(R)

TN =
1

2M

[
−iℏ∇R − e

c
A(R)− ℏA(R)

]2
=

ℏ2

2M
∇2

R
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Magnetic & geometric together

H atom
Paradox solved (both quantum nucleus & classical nucleus)
In the classical limit no Lorentz force
Hamiltonian (quantum & classical)
The Berry connection cancels the vector potential
Newton Eq. (gauge invariant):
The Berry curvature cancels the magnetic field

Molecule (rotations & vibrations in a B field)
The two terms do not cancel
They are of the same order of magnitude
The geometric term is important even for classical nuclei:
“geometric Lorentz force” in Newton Eq.
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B = 0 vs. B ̸= 0 in Born-Oppenheimer

B = 0 (time-reversal symmetric)
Conical intersections ⇒ nontrivial geometric effects
The electronic wfn can be chosen as real
The Berry curvature vanishes (or is singular)
Classical nuclei not affected by geometric effects
The Berry phase only shows up when quantising the nuclei

B ̸= 0 (time-reversal symmetry absent)
No singularity needed in the Born-Oppenheimer surface
The electronic wfn must be complex
The Berry curvature is generally nonzero
Classical nuclei are affected by geometric effects
The Berry curvature enters the Newton Eq. for the nuclei
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B = 0 vs. B ̸= 0 in Born-Oppenheimer

B = 0 (time-reversal symmetric)
Conical intersections ⇒ nontrivial geometric effects
The electronic wfn can be chosen as real
The Berry curvature vanishes (or is singular)
Classical nuclei not affected by geometric effects
The Berry phase only shows up when quantising the nuclei

B ̸= 0 (time-reversal symmetry absent)
No singularity needed in the Born-Oppenheimer surface
The electronic wfn must be complex
The Berry curvature is generally nonzero
Classical nuclei are affected by geometric effects
The Berry curvature enters the Newton Eq. for the nuclei
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